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Un coloreo de un grafo es una asignación de colores a sus vértices de modo tal que todo par 

de vértices adyacentes recibe colores distintos. Un coloreo acíclico de un grafo es un coloreo 

tal que ningún ciclo del grafo recibe exactamente dos colores, y el número cromático acíclico 

XA(G)de un grafo G se define como el número mínimo de colores necesarios para garantizar 

la existencia de un coloreo acíclico de G. Dado un grafo G, el problema de coloreo acíclico 

consiste en hallar un coloreo acíclico de G con XA(G) colores. Este problema surge en el 

contexto de la implementación de algoritmos eficientes para el cálculo de matrices Hessianas 

poco densas y simétricas a través de métodos de sustitución.  

 

Dado un grafo G y un entero k, el problema de determinar si XA(G) <= k es un problema NP-

completo, con lo cual no se conocen algoritmos eficientes (es decir, polinomiales en el 

tamaño de G) para este problema. En particular, el problema de determinar si XA(G) <= 3 es 

NP-completo. 

 

Una técnica que suele ser exitosa para la resolución computacional de problemas de 

optimización combinatoria es el planteo de algoritmos basados en planos de corte, sobre la 

base de una formulación del problema como un modelo de programación lineal entera. Este 

enfoque involucra el estudio de la cápsula convexa de las soluciones factibles del modelo 

planteado, buscando familias de desigualdades válidas que puedan ser incorporadas en un 

algoritmo de este tipo. Dado que este enfoque resultó útil para muchos otros problemas, en 

esta tesis se comienza este estudio para el problema de coloreo acíclico. 

 

En esta tesis se introduce un modelo de programación lineal entera para el problema de 

coloreo acíclico y se estudian sus propiedades. Se analiza la dimensión de la cápsula convexa 

de las soluciones factibles y, sobre esta base, se estudian desigualdades válidas y se analizan 

sus propiedades. Se presentan familias de desigualdades válidas basadas en ciclos y cliques 

del grafo, y se prueba bajo qué condiciones estas desigualdades definen facetas del poliedro 

cápsula convexa asociado con la formulación. Se muestra que todas las desigualdades 

presentadas en este trabajo definen facetas bajo condiciones generales. 

 

Se estudia además el rango disyuntivo de las familias de desigualdades presentadas en este 

trabajo, asociado al operador BCC definido por Balas, Ceria y Cornuéjols. Se propone en esta 

tesis un concepto complementario al de rango disyuntivo, llamado anti-rango disyuntivo de 

una desigualdad válida. Este parámetro es de interés como medida teórica de la calidad de la 

desigualdad, y se estudian los anti-rangos disyuntivos de las desigualdades presentadas en 

este trabajo. 

 

o. Resumen en portugués: 

 

Resumo 

 

Uma coloração de um grafo é uma atribuição de cores para seus vértices tais que quaisquer 

dois vértices adjacentes recebem distintas cores. Uma coloração acíclica é uma coloração de 

tal modo que nenhum ciclo recebe exatamente duas cores, e o número cromático acíclico 

XA(G) de um grafo G é o número mínimo de cores em qualquer coloração aciclica de G. O 

problema de coloração acíclica surge no contexto do cálculo da matriz Hessiana através de 
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métodos de substituição. Dado um grafo G e um inteiro k, determinar se XA(G) <= k é NP-

completo, mesmo para k = 3, de modo tal que não são conhecidos algoritmos eficientes (isto 

é, polinomiais no tamanho de G) para este problema. 

 

A abordagem geralmente bem-sucedida para a solução de problemas de otimização 

combinatória, na prática, é a implementação de algoritmos baseados em planos de corte, com 

base em uma formulação de programação inteira do problema. Este método envolve o estudo 

do convex hull de todas as soluções viáveis, procurando desigualdades válidas que podam ser 

incorporados em um tal algoritmo. Esta abordagem tem atingido sucesso para muitos outros 

problemas, e nesta tese começamos essa análise para o problema de coloração acíclica. 

 

Introduzimos um modelo de programação inteira para o problema de coloração acíclica e 

estudamos suas propriedades. Analisamos a dimensão do convex hull de todas as soluções 

viáveis e, com base nesse resultado, exploramos desigualdades válidas e analisamos suas 

propriedades. Apresentamos várias famílias de desigualdades validas baseadas em ciclos e 

cliques no gráfo, e procuramos condições que garantem que estas desigualdades definem 

facetas. Mostramos que todas as desigualdades introduzidas nesta tese definem facetas sob 

condições bastante gerais. Estudamos também o rango disjuntivo das famílias de 

desigualdades válidas apresentadas neste trabalho, associado com o operador BCC definido 

por Balas, Ceria, e Cornuéjols. Propomos nesta tese um parâmetro complementar, chamado 

de anti-rank disjuntivo de uma desigualdade válida. Este parâmetro é de interesse como uma 

medida teórica da força de uma desigualdade, e estudamos os anti-rangos das desigualdades 

apresentadas neste trabalho. 

 

 

p. Resumen en inglés: 

 

Abstract 

 

A coloring of a graph is an assignment of colors to its vertices such that any two vertices 

receive distinct colors whenever they are adjacent. An acyclic coloring is a coloring such that 

no cycle receives exactly two colors, and the acyclic chromatic number XA(G) of a graph G is 

the minimum number of colors in any such coloring of G. The acyclic coloring problem arises 

in the context of efficient computations of sparse and symmetric Hessian matrices via 

substitution methods. 

 

Given a graph G and an integer k, determining whether XA(G) <= k or not is NP-complete 

even for k=3, so no efficient algorithms (i.e., polynomial in the size of G) are known for this 

problem. In particular, the problem of determining whether XA(G) <= 3 is NP-complete. 

 

A usually-successful approach for solving combinatorial optimization problems in practice is 

the implementation of cutting-plane-based algorithms, based on an integer programming 

formulation of the problem. This method involves studying the convex hull of all feasible 

solutions, searching for valid inequalities that may be incorporated in such an algorithm. 

Since this approach has been very successful for many other problems, in this thesis we start 

such analysis for the acyclic coloring problem. 
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We introduce an integer programming model for the acyclic coloring problem and we study 

its properties. We analyze the dimension of the convex hull of all feasible solutions and, 

based on this result, we explore valid inequalities and analyze their properties. We present 

several families of valid inequalities based on cycles and cliques in the graph, and we prove 

conditions ensuring facetness. We show that all the inequalities introduced in this thesis are 

facet-defining under quite general conditions. 

 

We also study the disjunctive rank of the families of valid inequalities presented in this work, 

associated with the BCC operator defined by Balas, Ceria, and Cornuéjols. We propose in this 

thesis a complementary parameter, called the disjunctive anti-rank of a valid inequality. This 

parameter is of interest as a theoretical measure of the strength of an inequality, and we study 

the anti-ranks of the inequalities presented in this work. 
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 Aportes Originales:  
 

Se realiza en esta tesis un estudio del problema de coloreo acíclico, que surge en el contexto 

de la optimización no lineal con grandes números de variables. Se introduce un modelo de 

programación lineal entera para este problema (Capítulo 1) y se estudia el poliedro asociado 

con esta formulación. Se identifican propiedades generales como su dimensión, un sistema 

minimal de ecuaciones y las propiedades de facetitud de las restricciones del modelo 

(Capítulo 2). Se presentan ocho familias de desigualdades válidas basadas en ciclos y seis 

familias de desigualdades válidas basadas en ciclos y cliques del grafo. Se proporcionan 

condiciones bajo las cuales estas desigualdades definen facetas del poliedro bajo estudio, 

siendo en algunos casos condiciones necesarias y suficientes (Capítulos 3 y 4). Se estudia el 

rango disyuntivo de estas familias de desigualdades, definiendo y estudiando también una 

medida simétrica, que en esta tesis se propone denominar “anti-rango disyuntivo” (Capítulo 

5). Finalmente, se presentan experimentos computacionales que analizan la calidad empírica 

de las desigualdades válidas halladas en el trabajo (Capítulo 6). 
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❆ ♠✐s ❞♦❝❡♥t❡s✱ ♣♦r t♦❞♦ ❧♦ q✉❡ ♠❡ ❡♥s❡ñ❛r♦♥ ② ❛②✉❞❛r♦♥ ❛ s✉♣❡r❛r♠❡ ❝❛❞❛ ❞í❛✳

❆ ❧♦s ❥✉r❛❞♦s✱ ♣♦r t♦♠❛rs❡ ❡❧ t✐❡♠♣♦ ♣❛r❛ ❧❡❡r ❡st❛ t❡s✐s ② ❛♣♦rt❛r ❝♦♥ ✈❛❧✐♦s♦s ❝♦♠❡♥t❛r✐♦s✳

❆ t♦❞♦s ❧♦s q✉❡ tr❛❜❛❥❛♥ ❡♥ ❡❧ ■♥st✐t✉t♦ ❞❡ ❈✐❡♥❝✐❛s ❞❡ ❧❛ ❯♥✐✈❡rs✐❞❛❞ ❞❡ ●❡♥❡r❛❧ ❙❛r♠✐❡♥t♦✱ ♣♦r

❣❡♥❡r❛r ✉♥ ❣r❛♥ ❝❧✐♠❛ ❞❡ tr❛❜❛❥♦✳ ❊♥ ❡s♣❡❝✐❛❧ q✉✐❡r♦ ❛❣r❛❞❡❝❡r ❛ ▼❛rtí♥ ❙❛❢❡✱ ♣♦r ❤❛❝❡r ❤❛st❛ ❧♦

✐♠♣♦s✐❜❧❡ ♣❛r❛ ❛②✉❞❛r♠❡ ❛ ❛❧❝❛♥③❛r ♠✐ ♦❜❥❡t✐✈♦✳ ❆ ♠✐s ❛❧✉♠♥♦s✱ ♣♦r s✉s ✐♥✜♥✐t❛s ♠✉❡str❛s ❞❡ ❛❢❡❝t♦✳



❋✐♥❛❧♠❡♥t❡ q✉✐❡r♦ ❛❣r❛❞❡❝❡r ❛ ♠✐s ❛♠✐❣♦s ❞❡❧ ❛❧♠❛✱ ❆♥❛✱ ❈❛r♦❧✱ ❙❛♥❞r❛✱ ❉✉♥❝❛♥✱ ▼✐❣✉❡❧ ② ❚♦t♦✱

q✉❡ s✐❡♠♣r❡ ❝♦♥✜❛r♦♥ ❡♥ ♠í ② ♠❡ ❛②✉❞❛r♦♥ ❝♦♥ s✉s ♣❛❧❛❜r❛s ♠ás ❞❡ ❧♦ q✉❡ s❡ ✐♠❛❣✐♥❛♥✳



❘❡s✉♠❡♥

❯♥ ❝♦❧♦r❡♦ ❞❡ ✉♥ ❣r❛❢♦ ❡s ✉♥❛ ❛s✐❣♥❛❝✐ó♥ ❞❡ ❝♦❧♦r❡s ❛ s✉s ✈ért✐❝❡s ❞❡ ♠♦❞♦ t❛❧ q✉❡ t♦❞♦ ♣❛r ❞❡

✈ért✐❝❡s ❛❞②❛❝❡♥t❡s r❡❝✐❜❡ ❝♦❧♦r❡s ❞✐st✐♥t♦s✳ ❯♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❞❡ ✉♥ ❣r❛❢♦ ❡s ✉♥ ❝♦❧♦r❡♦ t❛❧ q✉❡ ♥✐♥❣ú♥

❝✐❝❧♦ ❞❡❧ ❣r❛❢♦ r❡❝✐❜❡ ❡①❛❝t❛♠❡♥t❡ ❞♦s ❝♦❧♦r❡s✱ ② ❡❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❛❝í❝❧✐❝♦ χA(G) ❞❡ ✉♥ ❣r❛❢♦ G s❡

❞❡✜♥❡ ❝♦♠♦ ❡❧ ♥ú♠❡r♦ ♠í♥✐♠♦ ❞❡ ❝♦❧♦r❡s ♥❡❝❡s❛r✐♦s ♣❛r❛ ❣❛r❛♥t✐③❛r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦

❞❡ G✳ ❉❛❞♦ ✉♥ ❣r❛❢♦ G✱ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❝♦♥s✐st❡ ❡♥ ❤❛❧❧❛r ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❞❡ G ❝♦♥

χA(G) ❝♦❧♦r❡s✳ ❊st❡ ♣r♦❜❧❡♠❛ s✉r❣❡ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❛❧❣♦r✐t♠♦s ❡✜❝✐❡♥t❡s ♣❛r❛

❡❧ ❝á❧❝✉❧♦ ❞❡ ♠❛tr✐❝❡s ❍❡ss✐❛♥❛s ♣♦❝♦ ❞❡♥s❛s ② s✐♠étr✐❝❛s ❛ tr❛✈és ❞❡ ♠ét♦❞♦s ❞❡ s✉st✐t✉❝✐ó♥✳

❉❛❞♦ ✉♥ ❣r❛❢♦ G ② ✉♥ ❡♥t❡r♦ k✱ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❞❡t❡r♠✐♥❛r s✐ χA(G) ≤ k ❡s ✉♥ ♣r♦❜❧❡♠❛ ◆P✲

❝♦♠♣❧❡t♦✱ ❝♦♥ ❧♦ ❝✉❛❧ ♥♦ s❡ ❝♦♥♦❝❡♥ ❛❧❣♦r✐t♠♦s ❡✜❝✐❡♥t❡s ✭❡s ❞❡❝✐r✱ ♣♦❧✐♥♦♠✐❛❧❡s ❡♥ ❡❧ t❛♠❛ñ♦ ❞❡ G✮

♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❞❡t❡r♠✐♥❛r s✐ χA(G) ≤ 3 ❡s ◆P✲❝♦♠♣❧❡t♦✳

❯♥❛ té❝♥✐❝❛ q✉❡ s✉❡❧❡ s❡r ❡①✐t♦s❛ ♣❛r❛ ❧❛ r❡s♦❧✉❝✐ó♥ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥

❝♦♠❜✐♥❛t♦r✐❛ ❡s ❡❧ ♣❧❛♥t❡♦ ❞❡ ❛❧❣♦r✐t♠♦s ❜❛s❛❞♦s ❡♥ ♣❧❛♥♦s ❞❡ ❝♦rt❡✱ s♦❜r❡ ❧❛ ❜❛s❡ ❞❡ ✉♥❛ ❢♦r♠✉❧❛❝✐ó♥

❞❡❧ ♣r♦❜❧❡♠❛ ❝♦♠♦ ✉♥ ♠♦❞❡❧♦ ❞❡ ♣r♦❣r❛♠❛❝✐ó♥ ❧✐♥❡❛❧ ❡♥t❡r❛✳ ❊st❡ ❡♥❢♦q✉❡ ✐♥✈♦❧✉❝r❛ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛

❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s ❞❡❧ ♠♦❞❡❧♦ ♣❧❛♥t❡❛❞♦✱ ❜✉s❝❛♥❞♦ ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s

✈á❧✐❞❛s q✉❡ ♣✉❡❞❛♥ s❡r ✐♥❝♦r♣♦r❛❞❛s ❡♥ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ❡st❡ t✐♣♦✳ ❉❛❞♦ q✉❡ ❡st❡ ❡♥❢♦q✉❡ r❡s✉❧tó

út✐❧ ♣❛r❛ ♠✉❝❤♦s ♦tr♦s ♣r♦❜❧❡♠❛s✱ ❡♥ ❡st❛ t❡s✐s s❡ ❝♦♠✐❡♥③❛ ❡st❡ ❡st✉❞✐♦ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦

❛❝í❝❧✐❝♦✳

❙❡ ✐♥tr♦❞✉❝❡ ✉♥ ♠♦❞❡❧♦ ❞❡ ♣r♦❣r❛♠❛❝✐ó♥ ❧✐♥❡❛❧ ❡♥t❡r❛ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ② s❡

❡st✉❞✐❛♥ s✉s ♣r♦♣✐❡❞❛❞❡s✳ ❙❡ ❛♥❛❧✐③❛ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s ②✱

s♦❜r❡ ❡st❛ ❜❛s❡✱ s❡ ❡st✉❞✐❛♥ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ② s❡ ❛♥❛❧✐③❛♥ s✉s ♣r♦♣✐❡❞❛❞❡s✳ ❙❡ ♣r❡s❡♥t❛♥ ❢❛♠✐❧✐❛s

❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ❜❛s❛❞❛s ❡♥ ❝✐❝❧♦s ② ❝❧✐q✉❡s ❞❡❧ ❣r❛❢♦✱ ② s❡ ♣r✉❡❜❛ ❜❛❥♦ q✉é ❝♦♥❞✐❝✐♦♥❡s ❡st❛s

❞❡s✐❣✉❛❧❞❛❞❡s ❞❡✜♥❡♥ ❢❛❝❡t❛s ❞❡❧ ♣♦❧✐❡❞r♦ ❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❛s♦❝✐❛❞♦ ❝♦♥ ❧❛ ❢♦r♠✉❧❛❝✐ó♥✳ ❙❡ ♠✉❡str❛

q✉❡ t♦❞❛s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♣r❡s❡♥t❛❞❛s ❡♥ ❡st❡ tr❛❜❛❥♦ ❞❡✜♥❡♥ ❢❛❝❡t❛s ❜❛❥♦ ❝♦♥❞✐❝✐♦♥❡s ❣❡♥❡r❛❧❡s✳

❙❡ ❡st✉❞✐❛ ❛❞❡♠ás ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❛❧❣✉♥❛s ❞❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ♣r❡s❡♥t❛❞❛s ❡♥

❡st❡ tr❛❜❛❥♦✱ ❛s♦❝✐❛❞♦ ❛❧ ♦♣❡r❛❞♦r ❇❈❈ ❞❡✜♥✐❞♦ ♣♦r ❇❛❧❛s✱ ❈❡r✐❛ ② ❈♦r♥✉é❥♦❧s✳ ❙❡ ♣r♦♣♦♥❡ ❡♥ ❡st❛ t❡s✐s

✐



✐✐

✉♥ ❝♦♥❝❡♣t♦ ❝♦♠♣❧❡♠❡♥t❛r✐♦ ❛❧ ❞❡ r❛♥❣♦ ❞✐s②✉♥t✐✈♦✱ ❧❧❛♠❛❞♦ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞

✈á❧✐❞❛✳ ❊st❡ ♣❛rá♠❡tr♦ ❡s ❞❡ ✐♥t❡rés ❝♦♠♦ ♠❡❞✐❞❛ t❡ór✐❝❛ ❞❡ ❧❛ ❝❛❧✐❞❛❞ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✱ ② s❡ ❡st✉❞✐❛♥

❧♦s ❛♥t✐✲r❛♥❣♦s ❞✐s②✉♥t✐✈♦s ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡st✉❞✐❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳



❆❜str❛❝t

❆ ❝♦❧♦r✐♥❣ ♦❢ ❛ ❣r❛♣❤ ✐s ❛♥ ❛ss✐❣♥♠❡♥t ♦❢ ❝♦❧♦rs t♦ ✐ts ✈❡rt✐❝❡s s✉❝❤ t❤❛t ❛♥② t✇♦ ✈❡rt✐❝❡s r❡❝❡✐✈❡

❞✐st✐♥❝t ❝♦❧♦rs ✇❤❡♥❡✈❡r t❤❡② ❛r❡ ❛❞❥❛❝❡♥t✳ ❆♥ ❛❝②❝❧✐❝ ❝♦❧♦r✐♥❣ ✐s ❛ ❝♦❧♦r✐♥❣ s✉❝❤ t❤❛t ♥♦ ❝②❝❧❡ r❡❝❡✐✈❡s

❡①❛❝t❧② t✇♦ ❝♦❧♦rs✱ ❛♥❞ t❤❡ ❛❝②❝❧✐❝ ❝❤r♦♠❛t✐❝ ♥✉♠❜❡r χA(G) ♦❢ ❛ ❣r❛♣❤ G ✐s t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r

♦❢ ❝♦❧♦rs ✐♥ ❛♥② s✉❝❤ ❝♦❧♦r✐♥❣ ♦❢ G✳ ❚❤❡ ❛❝②❝❧✐❝ ❝♦❧♦r✐♥❣ ♣r♦❜❧❡♠ ❛r✐s❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❡✣❝✐❡♥t

❝♦♠♣✉t❛t✐♦♥s ♦❢ s♣❛rs❡ ❛♥❞ s②♠♠❡tr✐❝ ❍❡ss✐❛♥ ♠❛tr✐❝❡s ✈✐❛ s✉❜st✐t✉t✐♦♥ ♠❡t❤♦❞s✳

●✐✈❡♥ ❛ ❣r❛♣❤ G ❛♥❞ ❛♥ ✐♥t❡❣❡r k✱ ❞❡t❡r♠✐♥✐♥❣ ✇❤❡t❤❡r χA(G) ≤ k ♦r ♥♦t ✐s ◆P✲❝♦♠♣❧❡t❡ ❡✈❡♥

❢♦r k = 3✱ s♦ ♥♦ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s ✭✐✳❡✳✱ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ G✮ ❛r❡ ❦♥♦✇♥ ❢♦r t❤✐s ♣r♦❜❧❡♠✳ ■♥

♣❛rt✐❝✉❧❛r✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡t❡r♠✐♥✐♥❣ ✇❤❡t❤❡r χA(G) ≤ 3 ✐s ◆P✲❝♦♠♣❧❡t❡✳

❆ ✉s✉❛❧❧②✲s✉❝❝❡ss❢✉❧ ❛♣♣r♦❛❝❤ ❢♦r s♦❧✈✐♥❣ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✐♥ ♣r❛❝t✐❝❡ ✐s t❤❡

✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❝✉tt✐♥❣✲♣❧❛♥❡✲❜❛s❡❞ ❛❧❣♦r✐t❤♠s✱ ❜❛s❡❞ ♦♥ ❛♥ ✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣ ❢♦r♠✉❧❛t✐♦♥ ♦❢

t❤❡ ♣r♦❜❧❡♠✳ ❚❤✐s ♠❡t❤♦❞ ✐♥✈♦❧✈❡s st✉❞②✐♥❣ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ ❛❧❧ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s✱ s❡❛r❝❤✐♥❣ ❢♦r

✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s t❤❛t ♠❛② ❜❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥ s✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠✳ ❙✐♥❝❡ t❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ✈❡r②

s✉❝❝❡ss❢✉❧ ❢♦r ♠❛♥② ♦t❤❡r ♣r♦❜❧❡♠s✱ ✐♥ t❤✐s t❤❡s✐s ✇❡ st❛rt s✉❝❤ ❛♥❛❧②s✐s ❢♦r t❤❡ ❛❝②❝❧✐❝ ❝♦❧♦r✐♥❣ ♣r♦❜❧❡♠✳

❲❡ ✐♥tr♦❞✉❝❡ ❛♥ ✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣ ♠♦❞❡❧ ❢♦r t❤❡ ❛❝②❝❧✐❝ ❝♦❧♦r✐♥❣ ♣r♦❜❧❡♠ ❛♥❞ ✇❡ st✉❞② ✐ts

♣r♦♣❡rt✐❡s✳ ❲❡ ❛♥❛❧②③❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ ❛❧❧ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s ❛♥❞✱ ❜❛s❡❞ ♦♥ t❤✐s

r❡s✉❧t✱ ✇❡ ❡①♣❧♦r❡ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ❛♥❛❧②③❡ t❤❡✐r ♣r♦♣❡rt✐❡s✳ ❲❡ ♣r❡s❡♥t s❡✈❡r❛❧ ❢❛♠✐❧✐❡s ♦❢ ✈❛❧✐❞

✐♥❡q✉❛❧✐t✐❡s ❜❛s❡❞ ♦♥ ❝②❝❧❡s ❛♥❞ ❝❧✐q✉❡s ✐♥ t❤❡ ❣r❛♣❤✱ ❛♥❞ ✇❡ ♣r♦✈❡ ❝♦♥❞✐t✐♦♥s ❡♥s✉r✐♥❣ ❢❛❝❡t♥❡ss✳ ❲❡

s❤♦✇ t❤❛t ❛❧❧ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s t❤❡s✐s ❛r❡ ❢❛❝❡t✲❞❡✜♥✐♥❣ ✉♥❞❡r q✉✐t❡ ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s✳

❲❡ ❛❧s♦ st✉❞② t❤❡ ❞✐s❥✉♥❝t✐✈❡ r❛♥❦ ♦❢ s♦♠❡ ♦❢ t❤❡ ❢❛♠✐❧✐❡s ♦❢ t❤❡ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s ♣r❡s❡♥t❡❞ ✐♥

t❤✐s ✇♦r❦✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❇❈❈ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ❜② ❇❛❧❛s✱ ❈❡r✐❛✱ ❛♥❞ ❈♦r♥✉é❥♦❧s✳ ❲❡ ♣r♦♣♦s❡

✐♥ t❤✐s t❤❡s✐s ❛ ❝♦♠♣❧❡♠❡♥t❛r② ♣❛r❛♠❡t❡r✱ ❝❛❧❧❡❞ t❤❡ ❞✐s❥✉♥❝t✐✈❡ ❛♥t✐✲r❛♥❦ ♦❢ ❛ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t②✳ ❚❤✐s

♣❛r❛♠❡t❡r ✐s ♦❢ ✐♥t❡r❡st ❛s ❛ t❤❡♦r❡t✐❝❛❧ ♠❡❛s✉r❡ ♦❢ t❤❡ str❡♥❣t❤ ♦❢ ❛♥ ✐♥❡q✉❛❧✐t②✱ ❛♥❞ ✇❡ st✉❞② t❤❡

❛♥t✐✲r❛♥❦s ♦❢ t❤❡ ✐♥❡q✉❛❧✐t✐❡s st✉❞✐❡❞ ❜❡❢♦r❡✳

✐✐✐
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✻✳ ❊①♣❡r✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s ✼✸

✻✳✶✳ ▼❛r❝♦ ❡♠♣ír✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✻✳✷✳ ❘❡s✉❧t❛❞♦s s♦❜r❡ ✐♥st❛♥❝✐❛s ❞❡ ❛❧t❛ ❞❡♥s✐❞❛❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✻✳✸✳ ❘❡s✉❧t❛❞♦s s♦❜r❡ ✐♥st❛♥❝✐❛s ❞❡ ♠❡❞✐❛♥❛ ❞❡♥s✐❞❛❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✼✳ ❈♦♥❝❧✉s✐♦♥❡s ✽✶

✼✳✶✳ ❚r❛❜❛❥♦s ❢✉t✉r♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

❆✳ ❈♦♥❝❡♣t♦s ❜ás✐❝♦s ✽✺

❆✳✶✳ ❚❡♦rí❛ ❞❡ ❣r❛❢♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

❆✳✷✳ ❚❡♦rí❛ ♣♦❧✐❡❞r❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

❆✳✸✳ ❈♦♠♣❧❡❥✐❞❛❞ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

❇✳ ❍❡rr❛♠✐❡♥t❛s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s ✽✾

❇✳✶✳ P❖❘❚❆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

❇✳✷✳ Pr♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛❝✐ó♥ ❧✐♥❡❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵
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❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉❝❝✐ó♥

✶✳✶✳ Pr♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦

❯♥ ❝♦❧♦r❡♦ ❞❡ ✉♥ ❣r❛❢♦ G ❡s ✉♥❛ ❛s✐❣♥❛❝✐ó♥ ❞❡ ❝♦❧♦r❡s ❛ ❧♦s ✈ért✐❝❡s ❞❡ G ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❞♦s

✈ért✐❝❡s ❛❞②❛❝❡♥t❡s r❡❝✐❜❡♥ ❞✐st✐♥t♦ ❝♦❧♦r✳ ❯♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❞❡ ✉♥ ❣r❛❢♦ ❡s ✉♥ ❝♦❧♦r❡♦ t❛❧ q✉❡ ♥✐♥❣ú♥

❝✐❝❧♦ ❞❡ G r❡❝✐❜❡ ❡①❛❝t❛♠❡♥t❡ ❞♦s ❝♦❧♦r❡s✱ ✐✳❡✳✱ ❡❧ s✉❜❣r❛❢♦ ❞❡ G ✐♥❞✉❝✐❞♦ ♣♦r ❞♦s ❝❧❛s❡s ❞❡ ❝♦❧♦r❡s

❝✉❛❧❡sq✉✐❡r❛ ❡s ❛❝í❝❧✐❝♦✳ P♦r ❡❥❡♠♣❧♦✱ ❧❛ ❋✐❣✉r❛ ✶✳✶ ♠✉❡str❛ ✉♥ ❣r❛❢♦ ② ✉♥❛ ❛s✐❣♥❛❝✐ó♥ ❞❡ ❝♦❧♦r❡s ❛

s✉s ✈ért✐❝❡s q✉❡ ❞❡✜♥❡ ✉♥ ❝♦❧♦r❡♦✳ ❊st❡ ❝♦❧♦r❡♦ ✉t✐❧✐③❛ ❞♦s ❝♦❧♦r❡s ② ♣♦r ❧♦ t❛♥t♦ ♥♦ ❡s ❛❝í❝❧✐❝♦✱ ❞❛❞♦

q✉❡ t♦❞♦s ❧♦s ❝✐❝❧♦s ❞❡❧ ❣r❛❢♦ r❡❝✐❜❡♥ ❡①❛❝t❛♠❡♥t❡ ❞♦s ❝♦❧♦r❡s✳ ▲❛ ❋✐❣✉r❛ ✶✳✷✱ ❡♥ ❝❛♠❜✐♦✱ ♠✉❡str❛ ✉♥

❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❞❡❧ ❣r❛❢♦✳ ❚♦❞♦s ❧♦s ❝✐❝❧♦s ❞❡❧ ❣r❛❢♦ r❡❝✐❜❡♥ ❡♥ ❡st❡ ❝❛s♦ ❡①❛❝t❛♠❡♥t❡ tr❡s ❝♦❧♦r❡s✱ ②

♣♦r ❧♦ t❛♥t♦ ❡❧ ❝♦❧♦r❡♦ ❡s ❛❝í❝❧✐❝♦✳ ❊♥ ❝✉❛❧q✉✐❡r ❝♦❧♦r❡♦ ❞❡ ✉♥ ❣r❛❢♦ ❧♦s ❝✐❝❧♦s ✐♠♣❛r❡s r❡❝✐❜❡♥ ❛❧ ♠❡♥♦s

tr❡s ❝♦❧♦r❡s✱ ❝♦♥ ❧♦ ❝✉❛❧ ❛❧❝❛♥③❛ ❝♦♥ ❝❤❡q✉❡❛r ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❛❝✐❝❧✐❝✐❞❛❞ ♣❛r❛ ❧♦s ❝✐❝❧♦s ♣❛r❡s✳

❊❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❛❝í❝❧✐❝♦ χA(G) ❞❡ ✉♥ ❣r❛❢♦ G ❡s ❡❧ ♠í♥✐♠♦ ♥ú♠❡r♦ ❞❡ ❝♦❧♦r❡s ♥❡❝❡s❛r✐♦s ♣❛r❛

♦❜t❡♥❡r ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❞❡ G✳ P♦r ❡❥❡♠♣❧♦✱ ❡❧ ❣r❛❢♦ G ❞❡ ❧❛ ❋✐❣✉r❛ ✶✳✷ t✐❡♥❡ χA(G) = 3✳ ❉❛❞♦

❋✐❣✉r❛ ✶✳✶✿ ❈♦❧♦r❡♦✳ ❋✐❣✉r❛ ✶✳✷✿ ❈♦❧♦r❡♦ ❛❝í❝❧✐❝♦✳

✶



✶✳✷✳ ▼♦t✐✈❛❝✐ó♥ ✷

✉♥ ❣r❛❢♦ G✱ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❝♦♥s✐st❡ ❡♥ ❤❛❧❧❛r χA(G)✱ ② ❡st❡ ♣r♦❜❧❡♠❛ ❡s ◆P✲❤❛r❞

❬✹✹❪✳ ■♥❝❧✉s♦ ❞❡t❡r♠✐♥❛r s✐ ❡❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❛❝í❝❧✐❝♦ ❞❡ ✉♥ ❣r❛❢♦ ❡s ❛ ❧♦ s✉♠♦ ✸ ❡s ✉♥ ♣r♦❜❧❡♠❛

◆P✲❝♦♠♣❧❡t♦ ❬✼✵❪✱ ❞❡ ❧❛ ♠✐s♠❛ ❢♦r♠❛ q✉❡ s✉❝❡❞❡ ♣❛r❛ ❡❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❝❧ás✐❝♦✳

✶✳✷✳ ▼♦t✐✈❛❝✐ó♥

❊❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ s✉r❣❡ ♥❛t✉r❛❧♠❡♥t❡ ❝♦♠♦ ♠♦❞❡❧♦ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❝♦♠❜✐♥❛t♦r✐❛ ❡♥

❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ r❡s♦❧✉❝✐ó♥ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♣❛rt✐❝✐ó♥ ❞❡ ♠❛tr✐❝❡s ✭✈❡r✱ ♣♦r ❡❥❡♠♣❧♦✱ ❬✹✹✱ ✹✺✱ ✺✺✱ ✺✻✱ ✺✽✱

✺✾❪✮✳ ▼✉❝❤♦s ❛❧❣♦r✐t♠♦s ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ♥✉♠ér✐❝❛ ② s✐st❡♠❛s ❞❡ ❡❝✉❛❝✐♦♥❡s

♥♦ ❧✐♥❡❛❧❡s r❡q✉✐❡r❡♥ ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡ ❧❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ♦ ❍❡ss✐❛♥❛ ❛s♦❝✐❛❞❛ ❛❧ ♣r♦❜❧❡♠❛✳

❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ f : Rn → R✱ ❧❛♠❛tr✐③ ❍❡ss✐❛♥❛ ❞❡ f ❡♥ x ❡s ❧❛ ♠❛tr✐③ ❝✉❛❞r❛❞❛H = (hij) ∈ R
n×n

❞❡ ❧❛s s❡❣✉♥❞❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s ❞❡ f ✱ ❞♦♥❞❡ ❡❧ ❡❧❡♠❡♥t♦ hij ❞❡ ❧❛ ♠❛tr✐③ ❡s hij = ∇2f(x)ij =

δ2f
δxiδxj

(x)✳ ❊st❛ ♠❛tr✐③ ❡s ❣❡♥❡r❛❧♠❡♥t❡ s✐♠étr✐❝❛ ②✱ ❝✉❛♥❞♦ r❡s✉❧t❛ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♥ ✉♥ ❣r❛♥ ♥ú♠❡r♦

❞❡ ✈❛r✐❛❜❧❡s✱ ❤❛❜✐t✉❛❧♠❡♥t❡ ❡s ♣♦❝♦ ❞❡♥s❛✳ ❆♣r♦✈❡❝❤❛♥❞♦ ❡st❛ ❡str✉❝t✉r❛ ❞❡ ❧❛s ♠❛tr✐❝❡s✱ ❡s ♣♦s✐❜❧❡

r❡❞✉❝✐r ❡♥ ❢♦r♠❛ s✐❣♥✐✜❝❛t✐✈❛ ❧❛s ❡✈❛❧✉❛❝✐♦♥❡s ❞❡ ❧❛ ❢✉♥❝✐ó♥ ♥❡❝❡s❛r✐❛s ♣❛r❛ ❝❛❧❝✉❧❛r H✱ ❛❝♦rt❛♥❞♦ ❛sí

❡❧ t✐❡♠♣♦ ❞❡ ❡❥❡❝✉❝✐ó♥ ② ❡❧ ✉s♦ ❞❡ ♠❡♠♦r✐❛ ♣❛r❛ ❡st❡ ❝á❧❝✉❧♦✳

❊❧ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛r ❡❧ ♥ú♠❡r♦ ❞❡ ❡✈❛❧✉❛❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ♣❛r❛ ❡st✐♠❛r ❞✐❝❤❛ ♠❛tr✐③ s❡ ♣✉❡❞❡

❢♦r♠✉❧❛r ❝♦♠♦ ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❬✹✹❪✳ ❆s✉♠✐♠♦s q✉❡ ❝♦♥♦❝❡♠♦s ❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ❧♦s

❡❧❡♠❡♥t♦s ♥♦ ♥✉❧♦s ❞❡ ❧❛ ♠❛tr✐③✱ ♣❡r♦ ♥♦ s✉s ✈❛❧♦r❡s✳ ❈♦♥ ❡st♦s ❞❛t♦s s❡ ❝♦♥str✉②❡ ✉♥ ❣r❛❢♦ G ❝✉②♦s

✈ért✐❝❡s r❡♣r❡s❡♥t❛♥ ❧❛s ❝♦❧✉♠♥❛s ❞❡ ❧❛ ♠❛tr✐③ ② ❞♦s ✈ért✐❝❡s i✱ j s❡rá♥ ❛❞②❛❝❡♥t❡s s✐ ❡❧ ❡❧❡♠❡♥t♦ ij ❞❡

❧❛ ♠❛tr✐③ ❡s ♥♦ ♥✉❧♦ ✭❋✐❣✉r❛ ✶✳✸✮✳ ❙❡❛ P = {C1, . . . , Ck} ✉♥❛ ♣❛rt✐❝✐ó♥ ❞❡ ❧❛s ❝♦❧✉♠♥❛s ❞❡ H ②✱ ♣❛r❛

❝❛❞❛ i = 1, . . . , k✱ ❧❧❛♠❛♠♦s di ∈ {0, 1}n ❛❧ ✈❡❝t♦r ❝❛r❛❝t❡ríst✐❝♦ ❞❡ Ci✳ ❊s ❞❡❝✐r✱ ❧❛ j✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛

❞❡ di ❡s ✶ s✐ ② só❧♦ s✐ j ∈ Ci✱ ♣❛r❛ j = 1, . . . , n✳ ❉❡❝✐♠♦s q✉❡ P ❡s s✉st✐t✉✐❜❧❡ s✐ H × (d1, . . . , dk✮ ❡s ✉♥❛

♠❛tr✐③ tr✐❛♥❣✉❧❛r✱ ② ♣♦r ❧♦ t❛♥t♦ ✉♥ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s s♦❜r❡ ❡st❛ ♠❛tr✐③ s❡ ♣✉❡❞❡ r❡s♦❧✈❡r ♣♦r ❡❧

♠ét♦❞♦ ❞❡ s✉st✐t✉❝✐ó♥✳

❊♥ ❬✺✺❪ s❡ ♣r✉❡❜❛ q✉❡ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❞❡ G ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛ ♣❛rt✐❝✐ó♥ s✉st✐t✉✐❜❧❡ ❞❡ H ②

✈✐❝❡✈❡rs❛✱ ❞♦♥❞❡ ❧♦s ❝♦❧♦r❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ❣r✉♣♦s ❞❡ ❧❛ ♣❛rt✐❝✐ó♥ ✭✈❡r ❋✐❣✉r❛ ✶✳✸✮✳ ▼ás ❛ú♥✱ ✉♥❛

♣❛rt✐❝✐ó♥ s✉st✐t✉✐❜❧❡ ❝♦♥ ❡❧ ♠í♥✐♠♦ ♥ú♠❡r♦ ❞❡ ❣r✉♣♦s ❡stá ❞❛❞❛ ♣♦r ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❝♦♥ ❧❛ ♠❡♥♦r

❝❛♥t✐❞❛❞ ❞❡ ❝♦❧♦r❡s✳ P♦r ❡st❡ ♠♦t✐✈♦✱ ❡s ❞❡ ✐♥t❡rés ❝♦♥t❛r ❝♦♥ ♠ét♦❞♦s ♣❛r❛ r❡s♦❧✈❡r ❡❧ ♣r♦❜❧❡♠❛ ❞❡

❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❡♥ ❧❛ ♣rá❝t✐❝❛✱ ② ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❛ t❡s✐s ❡s r❡❛❧✐③❛r ✉♥❛ ❝♦♥tr✐❜✉❝✐ó♥ ❡♥ ❡st❛ ❞✐r❡❝❝✐ó♥✳



✸

❋✐❣✉r❛ ✶✳✸✿ P❛rt✐❝✐ó♥ s✉st✐t✉✐❜❧❡ ❞❡ ❧❛s ❝♦❧✉♠♥❛s ❞❡ ❧❛ ♠❛tr✐③ s✐♠étr✐❝❛ ② s✉ r❡♣r❡s❡♥t❛❝✐ó♥ ❝♦♠♦

❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❞❡❧ ❣r❛❢♦ ❞❡ ❛❞②❛❝❡♥❝✐❛ ❛s♦❝✐❛❞♦✳

✶✳✸✳ ❚r❛❜❛❥♦s ♣r❡✈✐♦s

❊❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❢✉❡ ✐♥tr♦❞✉❝✐❞♦ ♣♦r ●rü♥❜❛✉♠ ❡♥ ✶✾✼✸ ❬✻✵❪✱ ❝♦♠♦ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥

❞❡ ❧❛ ♥♦❝✐ó♥ ❞❡ ♣♦✐♥t ❛r❜♦r✐❝✐t②✳ ❊♥ ❡st❡ tr❛❜❛❥♦ s❡ ♣r✉❡❜❛ q✉❡ ✉♥ ❣r❛❢♦ ❝♦♥ ❣r❛❞♦ ♠á①✐♠♦ ✸ t✐❡♥❡

✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❝♦♥ ✹ ❝♦❧♦r❡s✳ ❊♥ ❬✸✹❪✱ ❇✉r♥st❡✐♥ ♣r♦❜ó q✉❡ ✉♥ ❣r❛❢♦ ❝♦♥ ❣r❛❞♦ ♠á①✐♠♦ ✹ t✐❡♥❡ ✉♥

❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❝♦♥ ✺ ❝♦❧♦r❡s✳ ❊♥ ❬✺✷❪ s❡ ❞❡♠♦stró q✉❡ ✉♥ ❣r❛❢♦ ❝♦♥ ❣r❛❞♦ ♠á①✐♠♦ ✺ t✐❡♥❡ ✉♥ ❝♦❧♦r❡♦

❛❝í❝❧✐❝♦ ❝♦♥ ❛ ❧♦ s✉♠♦ ✾ ❝♦❧♦r❡s✳ ❊♥ ❬✶✶✵❪ s❡ ♠❡❥♦ró ❡st❛ ❝♦t❛ ❛ ✽ ❝♦❧♦r❡s ② ❡♥ ❬✼✷❪ ❛ ✼ ❝♦❧♦r❡s✳ ❊♥ ❬✶✵✻❪

s❡ ❞❡♠♦stró q✉❡ ✉♥ ❣r❛❢♦ ❝♦♥ ❣r❛❞♦ ♠á①✐♠♦ ✻ t✐❡♥❡ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❝♦♥ ❛ ❧♦ s✉♠♦ ✶✷ ❝♦❧♦r❡s✳ ❊st❛

❝♦t❛ ❢✉❡ ♠❡❥♦r❛❞❛ ♣♦r ❍♦❝q✉❛r❞ ❛ ✶✶ ❝♦❧♦r❡s ❬✻✶❪✳

❯♥ r❡s✉❧t❛❞♦ ❣❡♥❡r❛❧ ❢✉❡ ♣r❡s❡♥t❛❞♦ ❡♥ ❬✼❪✱ ❞♦♥❞❡ s❡ ❞❡♠♦stró q✉❡ t♦❞♦ ❣r❛❢♦G ❝♦♥ ❣r❛❞♦ ♠á①✐♠♦∆

t✐❡♥❡ χA(G) ≤ 50∆
4
3 ✳ ❆❞❡♠ás✱ ❡①✐st❡♥ ❣r❛❢♦s ❝♦♥ χA(G) = Ω(∆

4
3 /(log∆)

1
3 )✳ ❈❛✐ ❡t ❛❧✳ ❬✸✺❪ ❞❡♠♦str❛r♦♥

q✉❡ ❡❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❛❝í❝❧✐❝♦ ❞❡ ❧♦s ❣r❛❢♦s ❝♦♥ ❣r❛❞♦ ♠á①✐♠♦ ∆ ≥ 4 ② ❣✐rt❤ ✭❧❛ ❧♦♥❣✐t✉❞ ❞❡❧ ❝✐❝❧♦

s✐♠♣❧❡ ♠ás ❝♦rt♦ ❡♥ ❡❧ ❣r❛❢♦✮ g ≥ 4∆✱ ❡s ❧✐♥❡❛❧ ❡♥ s✉ ❣r❛❞♦ ♠á①✐♠♦✱ ❞♦♥❞❡ χA(G) ≤ 12∆✳ ❋❡rt✐♥ ②

❘❛s♣❛✉❞ ❬✺✶❪ ❞❡♠♦str❛r♦♥ q✉❡ ✉♥ ❣r❛❢♦ ❝♦♥ ❣r❛❞♦ ♠á①✐♠♦ ∆ ≥ 5 s❡ ♣✉❡❞❡ ❝♦❧♦r❡❛r ❛❝í❝❧✐❝❛♠❡♥t❡ ❝♦♥

∆(∆− 1)/2 ❝♦❧♦r❡s s✐ ∆ ❡s ♣❛r✱ ② ❝♦♥ ∆(∆− 1)/2− 1 ❝♦❧♦r❡s ❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦✳

●❡❜r❡♠❡❞❤✐♥ ❡t ❛❧✳ ❞❡♠♦str❛r♦♥ q✉❡ t♦❞♦ ❝♦❧♦r❡♦ ♣r♦♣✐♦ ❞❡ ✉♥ ❣r❛❢♦ ❝♦r❞❛❧ ❡s t❛♠❜✐é♥ ✉♥ ❝♦❧♦r❡♦

❛❝í❝❧✐❝♦ ❬✺✾❪✳ ❉❛❞♦ q✉❡ ❧♦s ❣r❛❢♦s ❝♦r❞❛❧❡s ♣✉❡❞❡♥ ❝♦❧♦r❡❛rs❡ ❞❡ ♠❛♥❡r❛ ó♣t✐♠❛ ❡♥ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✱

t❛♠❜✐é♥ s❡ ❧♦s ♣✉❡❞❡ ❝♦❧♦r❡❛r ❛❝í❝❧✐❝❛♠❡♥t❡ ❡♥ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✳

❊❧ ❣❡♥✉s ✭♦ ❣é♥❡r♦✮ ❞❡ ✉♥ ❣r❛❢♦ G ❡s ❡❧ ♠í♥✐♠♦ ♥ú♠❡r♦ ♥❛t✉r❛❧ n t❛❧ q✉❡ G ♣✉❡❞❡ r❡♣r❡s❡♥t❛rs❡

s✐♥ ❝r✉❝❡s ❡♥ ✉♥❛ s✉♣❡r✜❝✐❡ ❞❡ ❣é♥❡r♦ n✳ ❊st♦ ❡q✉✐✈❛❧❡ ❛❧ ♠í♥✐♠♦ ♥ú♠❡r♦ ❞❡ ✏♠❛♥✐❥❛s✑ ♦ ❤❛♥❞❧❡s q✉❡

❤❛② q✉❡ ❛❣r❡❣❛r ❛ ❧❛ ❡s❢❡r❛ ♣❛r❛ q✉❡ ❡❧ ❣r❛❢♦ ♣✉❡❞❛ s❡r ❞✐❜✉❥❛❞♦ s✐♥ q✉❡ s✉s ❛r✐st❛s s❡ ❝r✉❝❡♥✳ P♦r ❧♦

t❛♥t♦✱ ✉♥ ❣r❛❢♦ ♣❧❛♥❛r t✐❡♥❡ ❣❡♥✉s ✵✳



✶✳✸✳ ❚r❛❜❛❥♦s ♣r❡✈✐♦s ✹

●rü♥❜❛✉♠ ❬✻✵❪ ❞❡♠♦stró q✉❡ t♦❞♦ ❣r❛❢♦ ♣❧❛♥❛r t✐❡♥❡ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❝♦♥ ✾ ❝♦❧♦r❡s ② ❝♦♥❥❡t✉ró

q✉❡ t✐❡♥❡ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❝♦♥ ❛ ❧♦ s✉♠♦ ✺ ❝♦❧♦r❡s ❬✻✵❪✳ ▲❛ ✈❛❧✐❞❡③ ❞❡ ❡st❛ ❝♦♥❥❡t✉r❛ ❢✉❡ ❞❡♠♦str❛❞❛

♣♦r ❇♦r♦❞✐♥ ❡♥ ✶✾✼✾ ❬✶✾❪✳ Pr❡✈✐❛♠❡♥t❡✱ ▼✐t❝❤❡♠ ❞❡♠♦stró ❡♥ ✶✾✼✹ q✉❡ ❧♦s ❣r❛❢♦s ♣❧❛♥❛r❡s s❡ ♣✉❡❞❡♥

❝♦❧♦r❡❛r ❛❝í❝❧✐❝❛♠❡♥t❡ ❝♦♥ ✽ ❝♦❧♦r❡s ❬✾✵❪✱ ❆❧❜❡rts♦♥ ② ❇❡r♠❛♥ ❝♦♥ ✼ ❝♦❧♦r❡s ❬✹❪ ② ❑♦st♦❝❤❦❛ ❝♦♥ ✻

❝♦❧♦r❡s ❬✻✾❪✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ s❡ ♣r♦❜ó ❡♥ ❬✸✵❪ q✉❡ t♦❞♦ ❣r❛❢♦ ♣❧❛♥❛r ❝♦♥ ❣✐rt❤ g ≥ 5 t✐❡♥❡ ♥ú♠❡r♦

❝r♦♠át✐❝♦ ❛❝í❝❧✐❝♦ χA(G) ≤ 4❀ ② s✐ g ≥ 7✱ ❡♥t♦♥❝❡s χA(G) ≤ 3✳

❆❧❜❡rts♦♥ ② ❇❡r♠❛♥ ❞❡♠♦str❛r♦♥ ❡♥ ❬✸✱ ✺❪ q✉❡ t♦❞♦ ❣r❛❢♦ ❝♦♥ ❣❡♥✉s ♠❛②♦r ❛ ✵ ♣✉❡❞❡ ❝♦❧♦r❡❛rs❡

❛❝í❝❧✐❝❛♠❡♥t❡ ❝♦♥ 4n+ 4 ❝♦❧♦r❡s✳ ❆❧♦♥ ❡t ❛❧✳ ♠❡❥♦r❛r♦♥ ❡st❛ ❝♦t❛ ❡♥ ❬✽❪✳

❯♥ ❣r❛❢♦ ❡s ✶✲♣❧❛♥❛r s✐ ♣✉❡❞❡ s❡r ❣r❛✜❝❛❞♦ ❡♥ ✉♥ ♣❧❛♥♦ ❞❡ ♠❛♥❡r❛ t❛❧ q✉❡ ❝❛❞❛ ❛r✐st❛ ❝r✉❝❡ ❛ ❧♦

s✉♠♦ ✉♥❛ ✈❡③ ♦tr❛ ❛r✐st❛✳ ❊❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❛❝í❝❧✐❝♦ ❞❡ t♦❞♦ ❣r❛❢♦ ✶✲♣❧❛♥❛r ❡s ❛ ❧♦ s✉♠♦ ✷✵ ❬✷✾❪✳

❯♥❛ s✉❜❞✐✈✐s✐ó♥ ❞❡ ✉♥ ❣r❛❢♦ G ❝♦♥s✐st❡ ❡♥ r❡❡♠♣❧❛③❛r ❝❛❞❛ ❛r✐st❛ ❞❡ G ♣♦r ✉♥ ❝❛♠✐♥♦✳ ❆ ❧♦s

✈ért✐❝❡s ✐♥t❡r♥♦s ❞❡❧ ❝❛♠✐♥♦ s❡ ❧♦s ❧❧❛♠❛ ✈ért✐❝❡s ❞❡ ❧❛ ❞✐✈✐s✐ó♥ ✭❞✐✈✐s✐♦♥ ✈❡rt✐❝❡s✮✳ ❲♦♦❞ ❞❡♠♦stró ❡♥

❬✶✵✾❪ q✉❡ t♦❞♦ ❣r❛❢♦ t✐❡♥❡ ✉♥❛ s✉❜❞✐✈✐s✐ó♥ ❝♦♥ ❞♦s ✈ért✐❝❡s ♣♦r ❛r✐st❛ q✉❡ ❡s ❛❝í❝❧✐❝❛♠❡♥t❡ ✸✲❝♦❧♦r❡❛❜❧❡✳

❆♥❣❡❧✐♥✐ ② ❋r❛t✐ ❬✾❪ ❞❡♠♦str❛r♦♥ q✉❡ t♦❞♦ ❣r❛❢♦ ♣❧❛♥❛r ❞❡ n ✈ért✐❝❡s t✐❡♥❡ ✉♥❛ s✉❜❞✐✈✐s✐ó♥ ❞❡ ✉♥ ✈ért✐❝❡

♣♦r ❛r✐st❛ q✉❡ ❡s ❛❝í❝❧✐❝❛♠❡♥t❡ ✸✲❝♦❧♦r❡❛❜❧❡ ❞♦♥❞❡ ❡❧ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ✈ért✐❝❡s ❞❡ ❧❛ ❞✐✈✐s✐ó♥ ❡s ❛ ❧♦

s✉♠♦ 3n − 6✳ ▼♦♥❞❛❧ ❡t ❛❧✳ ❬✾✶❪ ❞❡♠♦str❛r♦♥ q✉❡ t♦❞♦ ❣r❛❢♦ ♣❧❛♥❛r tr✐❛♥❣✉❧❛❞♦ ❝♦♥ n ✈ért✐❝❡s t✐❡♥❡

✉♥❛ s✉❜❞✐✈✐s✐ó♥ ❞❡ ❛ ❧♦ s✉♠♦ ✉♥ ✈ért✐❝❡ ♣♦r ❛r✐st❛ q✉❡ ❡s ❛❝í❝❧✐❝❛♠❡♥t❡ ✹✲❝♦❧♦r❡❛❜❧❡ ❝♦♥ ✉♥ t♦t❛❧ ❞❡

✈ért✐❝❡s ❞❡ ❧❛ ❞✐✈✐s✐ó♥ ❞❡ ❛ ❧♦ s✉♠♦ 2n−6✳ ❊♥ ❬✾✷❪ ❞❡♠♦str❛r♦♥ q✉❡ ❡st♦s ❣r❛❢♦s t✐❡♥❡♥ ✉♥❛ s✉❜❞✐✈✐s✐ó♥

❞❡ ❛ ❧♦ s✉♠♦ ✉♥ ✈ért✐❝❡ ♣♦r ❛r✐st❛ q✉❡ ❡s ✸✲❝♦❧♦r❡❛❜❧❡ ❛❝í❝❧✐❝❛♠❡♥t❡ ❝♦♥ ✉♥❛ ❝❛♥t✐❞❛❞ ❞❡ ✈ért✐❝❡s ❞❡ ❧❛

❞✐✈✐s✐ó♥ ❞❡ ❛ ❧♦ s✉♠♦ 2, 75n− 6✳ ❊♥ ❬✾✸❪ s❡ ♠❡❥♦r❛r♦♥ ❡st❛ ❝♦t❛s✱ ♣r♦❜❛♥❞♦ q✉❡ t♦❞♦ ❣r❛❢♦ ♣❧❛♥❛r t✐❡♥❡

✉♥❛ s✉❜❞✐✈✐s✐ó♥ ❞❡ ✶ ✈ért✐❝❡ q✉❡ ❡s ✸✲❝♦❧♦r❡❛❜❧❡ ❛❝í❝❧✐❝❛♠❡♥t❡ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ ✹✲❝♦❧♦r❡❛❜❧❡✮✱ ❞♦♥❞❡ ❡❧

♥ú♠❡r♦ ❞❡ ❧♦s ✈ért✐❝❡s ❞❡ ❧❛ ❞✐✈✐s✐ó♥ ❡s ❛ ❧♦ s✉♠♦ 2n− 5 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ n− 3✮✳

❯♥ ❝♦❧♦r❡♦ ❡str❡❧❧❛ ✭st❛r ❝♦❧♦r✐♥❣✮ ❞❡ ✉♥ ❣r❛❢♦ ❡s ✉♥ ❝♦❧♦r❡♦ ❡♥ ❡❧ ❝✉❛❧ ♥✐♥❣ú♥ ❝❛♠✐♥♦ ❞❡ ❧♦♥❣✐t✉❞ ✸

❞❡❧ ❣r❛❢♦ G ❡stá ❝♦❧♦r❡❛❞♦ ❝♦♥ ❡①❛❝t❛♠❡♥t❡ ❞♦s ❝♦❧♦r❡s✳ ❙✐ χA(G) ≤ k✱ ❡♥t♦♥❝❡s χS(G) ≤ k2k−1 ❬✺✸❪✱

❞♦♥❞❡ χS(G) ❞❡♥♦t❛ ❡❧ ♠í♥✐♠♦ ♥ú♠❡r♦ ❞❡ ❝♦❧♦r❡s ♥❡❝❡s❛r✐♦s ♣❛r❛ ♦❜t❡♥❡r ✉♥ ❝♦❧♦r❡♦ ❡str❡❧❧❛ ❞❡ G✳

P♦st❡r✐♦r♠❡♥t❡ ❡st❛ r❡str✐❝❝✐ó♥ s❡ ♠❡❥♦ró ❡♥ ❬✻❪✱ ❞❡♠♦str❛♥❞♦ q✉❡ χS(G) ≤ χA(G)(2χA(G)− 1)✳

❊①✐st❡♥ r❡s✉❧t❛❞♦s ❛❞✐❝✐♦♥❛❧❡s q✉❡ r❡❧❛❝✐♦♥❛♥ ❡❧ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ② ❡❧ ❝♦❧♦r❡♦ ❡str❡❧❧❛ ♣❛r❛ ❝✐❡rt❛s

❝❧❛s❡s ❞❡ ❣r❛❢♦s✱ ✐♥❝❧✉②❡♥❞♦ ❣r❛❢♦s tr✐✈✐❛❧♠❡♥t❡ ♣❡r❢❡❝t♦s ② ❝♦❣r❛❢♦s ❬✽✵❪❀ ❝♦❣r❛❢♦s ❬✽✶❪❀ ❣r❛❢♦s ❝❡♥tr❛❧❡s✱

♠❡❞✐❛♥♦s ② t♦t❛❧❡s ❞❡ ❧♦s ❣r❛❢♦s ❜✐✲st❛r ❬✶✶❪❀ ❣r❛❢♦s ❝❡♥tr❛❧❡s✱ ♠❡❞✐❛♥♦s✱ t♦t❛❧❡s ② ❞❡ ❧í♥❡❛s ❞❡ ❧♦s ❣r❛❢♦s

❞♦✉❜❧❡ st❛r ❬✶✵❪❀ ② ❧♦s ❣r❛❢♦s ❝♦r♦♥❛ ❞❡ Pn ⊙ K2 ❬✶✵✵❪✳ ❚❛♠❜✐é♥ s❡ ♦❜t✉✈✐❡r♦♥ ♥✉♠❡r♦s♦s r❡s✉❧t❛❞♦s

s♦❜r❡ ❡st♦s ❝♦❧♦r❡♦s ❡♥ ❣r❛❢♦s ❝♦♥str✉✐❞♦s ❛ ♣❛rt✐r ❞❡ ❝✐❡rt❛s ♦♣❡r❛❝✐♦♥❡s✱ ❝♦♠♦ ❡❧ ♣r♦❞✉❝t♦ ❝❛rt❡s✐❛♥♦

❞❡ ❝❛♠✐♥♦s ❬✺✵❪✱ ár❜♦❧❡s ❬✻✻❪✱ ❝✐❝❧♦s ❬✻✹❪ ② ❣r❛❢♦s ❝♦♠♣❧❡t♦s ❬✻✺❪✱ ② ❡❧ ❥♦✐♥ ❞❡ ❣r❛❢♦s ❬✼✾❪✳

❯♥ ❝♦❧♦r❡♦ ♥♦✲r❡♣❡t✐t✐✈♦ ❞❡ ✉♥ ❣r❛❢♦ ❡s ✉♥ ❝♦❧♦r❡♦ f ❡♥ ❡❧ ❝✉❛❧ ♥♦ ❡①✐st❡ ✉♥ ❡♥t❡r♦ r ≥ 1 ② ✉♥



✺

❝❛♠✐♥♦ s✐♠♣❧❡ v1, . . . , v2r t❛❧ q✉❡ f(vi) = f(vi+r) ♣❛r❛ t♦❞♦ i = 1, . . . , r✳ ❊♥ ❬✹✼❪ s❡ ❞❡♠♦stró q✉❡ t♦❞♦

❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❞❡ ✉♥ ❝♦❣r❛❢♦ ❡s t❛♠❜✐é♥ ♥♦✲r❡♣❡t✐t✐✈♦✳

❊❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❞✐r✐❣✐❞♦ ✭♦r✐❡♥t❡❞ ❝❤r♦♠❛t✐❝ ♥✉♠❜❡r✮✱ ❞❡ ✉♥ ❣r❛❢♦ ❞✐r✐❣✐❞♦ ~G ❡s ❡❧ ♠❡♥♦r

♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❡♥ ✉♥ ❣r❛❢♦ ❞✐r✐❣✐❞♦ ~H ♣❛r❛ ❡❧ ❝✉❛❧ ❡①✐st❡ ✉♥ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ~G ❛ ~H✳ ❊❧ ♥ú♠❡r♦

❝r♦♠át✐❝♦ ❞✐r✐❣✐❞♦ χo(G) ❞❡ ✉♥ ❣r❛❢♦ ♥♦ ❞✐r✐❣✐❞♦ G ❡s ❡❧ ♠á①✐♠♦ ❞❡ ❧♦s ♥ú♠❡r♦s ❝r♦♠át✐❝♦s ❞✐r✐❣✐❞♦s

❞❡ t♦❞❛s ❧❛s ♣♦s✐❜❧❡s ♦r✐❡♥t❛❝✐♦♥❡s ❞❡ G✳ ❊♥ ❬✼✶❪ s❡ ❡st❛❜❧❡❝✐ó ✉♥❛ ❝♦t❛ s✉♣❡r✐♦r ❞❡❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦

❛❝í❝❧✐❝♦ ❞❡ ✉♥ ❣r❛❢♦ G ❡♥ tér♠✐♥♦s ❞❡❧ ❞✐r✐❣✐❞♦ ② ❡♥ ❬✶✵✶❪ ✉♥❛ ❝♦t❛ ✐♥❢❡r✐♦r ❞❡❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❞✐r✐❣✐❞♦

❡♥ tér♠✐♥♦s ❞❡❧ ❛❝í❝❧✐❝♦✳ ❊♥ ❬✾✾❪ s❡ ❞❡♠♦stró ✉♥❛ ❝♦t❛ ♣❛r❛ ❡❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ♣❛r❛ ❡❧ (n,m)✲❝♦❧♦r❡♦

❞✐r✐❣✐❞♦ ❞❡ ✉♥ ❣r❛❢♦ G ♠✐①t♦ ✭❝♦♥ n ❝♦❧♦r❡s ♣❛r❛ ❝♦❧♦r❡❛r ❧♦s ❛r❝♦s ② m ♣❛r❛ ❧❛s ❛r✐st❛s✮✱ ❡♥ ❢✉♥❝✐ó♥

❞❡❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❛❝í❝❧✐❝♦ ❞❡❧ ❣r❛❢♦ s✉❜②❛❝❡♥t❡ ♥♦ ❞✐r✐❣✐❞♦✳

❊♥ ❬✾✽❪ s❡ r❡❧❛❝✐♦♥❛ ❡❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❛❝í❝❧✐❝♦ ❞❡ ✉♥ ❣r❛❢♦ G ❝♦♥ ❡❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❞❡ t♦❞♦s

s✉s ♠❡♥♦r❡s ✭♠✐♥♦rs✮✳ ❯♥ ♠✐♥♦r ❞❡ ✉♥ ❣r❛❢♦ G s❡ ♦❜t✐❡♥❡ ❛♣❧✐❝❛♥❞♦ ✉♥❛ s❡❝✉❡♥❝✐❛ ❞❡ ❝♦♥tr❛❝❝✐♦♥❡s

❞❡ ❛r✐st❛s ❛ ✉♥ s✉❜❣r❛❢♦ ❞❡ G✳

❙❡ ❝♦♥♦❝❡ ❡❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❛❝í❝❧✐❝♦ ♣❛r❛ ❛❧❣✉♥❛s ❝❧❛s❡s ❞❡ ❣r❛❢♦s✱ ✐♥❝❧✉②❡♥❞♦ ❡❧ ❣r❛❢♦ ❝❡♥tr❛❧

❞❡❧ ❣r❛❢♦ ❉✉t❝❤✲❲✐♥❞♠✐❧❧✱ ❣r❛❢♦ ❙✉♥❧❡t ② ❣r❛❢♦s ❝♦r♦♥❛ ❬✶✵✹❪❀ ❣r❛❢♦ ❝❡♥tr❛❧ ❞❡❧ ❣r❛❢♦ ●❡❛r ❬✶✸❪❀ ❣r❛❢♦s

❝❡♥tr❛❧❡s ❞❡ ❝✐❝❧♦s✱ ❜✐♣❛rt✐t♦s ❝♦♠♣❧❡t♦s ② ❣r❛❢♦s ❝♦♠♣❧❡t♦s ❬✶✷❪❀ ❣r❛❢♦s ♠❡❞✐❛♥♦s✱ ❝❡♥tr❛❧❡s ② t♦t❛❧❡s

❞❡ ❧♦s ❣r❛❢♦s ❍❡❧♠ ❬✶✹❪❀ ❣r❛❢♦s ♠❡❞✐❛♥♦s✱ ❝❡♥tr❛❧❡s ② t♦t❛❧❡s ❞❡ ❧♦s ❣r❛❢♦s ❡str❡❧❧❛ ❬✶✵✺❪✳

❚❛♠❜✐é♥ s❡ ❤❛❧❧❛r♦♥ ❛❧❣♦r✐t♠♦s ♣♦❧✐♥♦♠✐❛❧❡s q✉❡ ♦❜t✐❡♥❡♥ ❡❧ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ó♣t✐♠♦ ♣❛r❛ ❝✐❡rt❛s

❝❧❛s❡s ❞❡ ❣r❛❢♦s✿ ✭❡✈❡♥✲❤♦❧❡✱ ❞✐❛♠♦♥❞✮✲❢r❡❡✱ tr✐✈✐❛❧♠❡♥t❡ ♣❡r❢❡❝t♦s ② ❝♦❣r❛❢♦s ❬✽✵❪❀ ❣r❛❢♦ ❝❡♥tr❛❧ ❞❡ ❧♦s

❣r❛❢♦s ●❡❛r ❬✶✸❪❀ ❧♦s ❝♦❣r❛❢♦s ❬✼✾✱ ✽✶❪❀ P4✲t✐❞② ② (q, q − 4)✲❣r❛❢♦s ❬✸✼✱ ✼✻❪❀ ❣r❛❢♦s ❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ②

❣r❛❢♦s ❝♦♥ ✉♥❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ s♣❧✐t ❞❡ ❛♥❝❤♦ ❛❝♦t❛❞♦ ❬✹✼❪✳

❯♥ ▲✲❝♦❧♦r❡♦ ❞❡ ✉♥ ❣r❛❢♦ G ❡s ✉♥ ❝♦❧♦r❡♦ ✈á❧✐❞♦ t❛❧ q✉❡ ❝❛❞❛ ✈ért✐❝❡ r❡❝✐❜❡ ✉♥ ❝♦❧♦r ❞❡ s✉ ❧✐st❛ ❞❡

❝♦❧♦r❡s ❛s♦❝✐❛❞❛✳ ❯♥ ❣r❛❢♦ ❡s k✲❝♦❧♦r❡❛❜❧❡ ♣♦r ❧✐st❛s s✐ ❡①✐st❡ ✉♥ L✲❝♦❧♦r❡♦ ♣❛r❛ ❝✉❛❧q✉✐❡r ❛s✐❣♥❛❝✐ó♥ ❞❡

✉♥❛ ❧✐st❛ ❞❡ k ❝♦❧♦r❡s ❛ ❝❛❞❛ ✉♥♦ ❞❡ s✉s ✈ért✐❝❡s✳

❊♥ ❬✷✷❪ ❇♦r♦❞✐♥ ❡t ❛❧✳ ❞❡♠♦str❛r♦♥ q✉❡ t♦❞♦ ❣r❛❢♦ ♣❧❛♥❛r ❡s ✼✲❝♦❧♦r❡❛❜❧❡ ❛❝í❝❧✐❝❛♠❡♥t❡ ♣♦r ❧✐st❛s✳

❊s ❞❡❝✐r✱ s✐ t♦❞♦ ✈ért✐❝❡ v ❞❡ ✉♥ ❣r❛❢♦ ♣❧❛♥❛r G t✐❡♥❡ ✉♥❛ ❧✐st❛ ❞❡ s✐❡t❡ ❝♦❧♦r❡s ♣♦s✐❜❧❡s✱ ❡♥t♦♥❝❡s s❡

♣✉❡❞❡ ♦❜t❡♥❡r ✉♥ ❝♦❧♦r❡♦ ❞❡ G q✉❡ s❡❛ ❛❝í❝❧✐❝♦✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❝♦♥❥❡t✉r❛r♦♥ q✉❡ t♦❞♦ ❣r❛❢♦ ♣❧❛♥❛r ❡s

✺✲❝♦❧♦r❡❛❜❧❡ ❛❝í❝❧✐❝❛♠❡♥t❡ ♣♦r ❧✐st❛s✳ ❍❛st❛ ❞♦♥❞❡ s❛❜❡♠♦s ❡st❛ ❝♦♥❥❡t✉r❛ s✐❣✉❡ ❛❜✐❡rt❛✱ s✐ ❜✐❡♥ s❡ ❤❛

✈❡r✐✜❝❛❞♦ ♣❛r❛ ❝✐❡rt❛s s✉❜❝❧❛s❡s ❞❡ ❣r❛❢♦s ♣❧❛♥❛r❡s ❬✷✹✱ ✹✵✱ ✹✸✱ ✾✻✱ ✶✶✶❪✳ ▼♦♥t❛ss✐❡r ❡t ❛❧✳ ❞❡♠♦str❛r♦♥

q✉❡ ❡st❛ ❝♦♥❥❡t✉r❛ ❡s ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ ❣r❛❢♦ ❝♦♥ ❣✐rt❤ ♠❛②♦r ♦ ✐❣✉❛❧ ❛ ✺ ❬✾✹❪✳ ❊♥ ❬✾✻❪ s❡ ♣r♦❜ó ❡❧

♠✐s♠♦ r❡s✉❧t❛❞♦ ♣❛r❛ t♦❞♦ ❣r❛❢♦ ♣❧❛♥❛r s✐♥ ✹✲❝✐❝❧♦s ② ✺✲❝✐❝❧♦s ♦ s✐♥ ✹✲❝✐❝❧♦s ② ✻✲❝✐❝❧♦s✳ ❩❤❛♥❣ ② ❳✉ ❬✶✶✶❪

❧♦ ❞❡♠♦str❛r♦♥ ♣❛r❛ ❣r❛❢♦s ♣❧❛♥❛r❡s s✐♥ ✹✲❝✐❝❧♦s ♥✐ ✻✲❝✐❝❧♦s ❝♦r❞❛❧❡s✳ ❈❤❡♥ ② ❲❛♥❣ ❬✹✸❪✱ ♣❛r❛ ❣r❛❢♦s

♣❧❛♥❛r❡s s✐♥ ✹✲❝✐❝❧♦s ♥✐ tr✐á♥❣✉❧♦s ❛ ❞✐st❛♥❝✐❛ ♠❡♥♦r ❛ ✸✳ ❇♦r♦❞✐♥ ❡ ■✈❛♥♦✈❛ ❬✷✹❪ ❞❡♠♦str❛r♦♥ q✉❡ t♦❞♦



✶✳✹✳ ▼♦❞❡❧♦ ❞❡ ♣r♦❣r❛♠❛❝✐ó♥ ❡♥t❡r❛ ✻

❣r❛❢♦ ♣❧❛♥❛r ❡s ✺✲❝♦❧♦r❡❛❜❧❡ ❛❝í❝❧✐❝❛♠❡♥t❡ ♣♦r ❧✐st❛s s✐ ♥♦ ❝♦♥t✐❡♥❡ tr✐á♥❣✉❧♦s ❛❞②❛❝❡♥t❡s ❛ i✲❝✐❝❧♦s ❝♦♥

3 ≤ i ≤ 5✱ ♥✐ ✹✲❝✐❝❧♦s ❛❞②❛❝❡♥t❡s ❛ i✲❝✐❝❧♦s ❝♦♥ 4 ≤ i ≤ 6✳ ▲✉❡❣♦ ❞❡♠♦str❛r♦♥ q✉❡ ❧❛ ❝♦♥❥❡t✉r❛ ❡s ✈á❧✐❞❛

♣❛r❛ t♦❞♦ ❣r❛❢♦ ♣❧❛♥❛r s✐♥ ✹✲❝✐❝❧♦s ❬✷✺❪✳

❊♥ ❬✶✵✼❪ s❡ ❞❡♠♦stró q✉❡ t♦❞♦ ❣r❛❢♦ ♣❧❛♥❛r s✐♥ ✹✲❝✐❝❧♦s ❡s ✻✲❝♦❧♦r❡❛❜❧❡ ❛❝í❝❧✐❝❛♠❡♥t❡ ♣♦r ❧✐st❛s ②

❡♥ ❬✶✵✽❪ s❡ ♠❡❥♦ró ❡st❡ r❡s✉❧t❛❞♦✳ ❚❛♠❜✐é♥ s❡ ♦❜t✉✈✐❡r♦♥ ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ q✉❡ ✉♥ ❣r❛❢♦ ♣❧❛♥❛r s❡❛

✹✲❝♦❧♦r❡❛❜❧❡ ❛❝í❝❧✐❝❛♠❡♥t❡ ♣♦r ❧✐st❛s ❡♥ ❬✷✽✱ ✷✻✱ ✷✼✱ ✸✾✱ ✹✷✱ ✹✶✱ ✾✺❪ ② ✸✲❝♦❧♦r❡❛❜❧❡ ❛❝í❝❧✐❝❛♠❡♥t❡ ♣♦r

❧✐st❛s ❡♥ ❬✷✶✱ ✷✵✱ ✻✷✱ ✷✸✱ ✻✸❪✳

❊❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ t✐❡♥❡ ✉♥❛ ❡str❡❝❤❛ r❡❧❛❝✐ó♥ ❝♦♥ ❡❧ ♠✐♥✐♠✉♠ ❢❡❡❞❜❛❝❦ ✈❡rt❡① s❡t

♣r♦❜❧❡♠✳ ❊st❡ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♥ ❤❛❧❧❛r ❡❧ ♠❡♥♦r ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❞❡ ✉♥ ❣r❛❢♦ ❞❡ ♠❛♥❡r❛ t❛❧

q✉❡ ❛❧ ❜♦rr❛r❧♦s ❡❧ ❣r❛❢♦ q✉❡ s❡ ♦❜t✐❡♥❡ ❡s ❛❝í❝❧✐❝♦✳ ❊♥ ❬✹✾❪ s❡ ❡st❛❜❧❡❝✐ó ✉♥❛ ❝♦♥❡①✐ó♥ ❡♥tr❡ ❡❧ ♥ú♠❡r♦

❝r♦♠át✐❝♦ ❛❝í❝❧✐❝♦ ❞❡❧ ❣r❛❢♦ ② ❡❧ ❝❛r❞✐♥❛❧ ❞❡ ❞✐❝❤♦ ❝♦♥❥✉♥t♦✳

❙❡ ❞❡s❛rr♦❧❧ó ✉♥ ❛❧❣♦r✐t♠♦ ❤❡✉ríst✐❝♦ ❡✜❝✐❡♥t❡ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❡♥ ❬✺✽❪ ❜❛s❛❞♦ ❡♥

❧❛ ❡①♣❧♦t❛❝✐ó♥ ❞❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧♦s s✉❜❣r❛❢♦s ✐♥❞✉❝✐❞♦s ✷✲❝♦❧♦r❡❛❜❧❡s✳ ❊st❡ ❛❧❣♦r✐t♠♦✱ ❥✉♥t♦ ❛❧ ❛❧❣♦✲

r✐t♠♦ ♣❛r❛ r❡❝✉♣❡r❛r ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❞❡ ❧❛ ♠❛tr✐③ ❍❡ss✐❛♥❛ ❛ ♣❛rt✐r ❞❡ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ♦❜t❡♥✐❞❛

✉t✐❧✐③❛♥❞♦ ❡❧ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✱ ❢♦r♠❛♥ ♣❛rt❡ ❞❡❧ ♣❛q✉❡t❡ ❞❡ s♦❢t✇❛r❡ ❈♦❧P❛❝❦ ❬✺✼❪✳ ❊st❡ ❛❧❣♦r✐t♠♦ ❞❡

r❡❝✉♣❡r❛❝✐ó♥ s❡ ❞❡s❝r✐❜❡ ② ❛♥❛❧✐③❛ ❡♥ ❢♦r♠❛ ❞❡t❛❧❧❛❞❛ ❡♥ ❬✺✾❪✱ ✐♥❝❧✉②❡♥❞♦ s✉ ❝♦♠♣❧❡❥✐❞❛❞ ② ❡st❛❜✐❧✐❞❛❞

♥✉♠ér✐❝❛ ② t❛♠❜✐é♥ s❡ ♣r❡s❡♥t❛♥ r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛❧❡s ❞❡ ❡st♦s ❞♦s ❛❧❣♦r✐t♠♦s s♦❜r❡ ❝❛s♦s r❡❛❧❡s✳

❈♦♠♦ ♣✉❡❞❡ ✈❡rs❡ ❛ ♣❛rt✐r ❞❡ ❧♦s tr❛❜❛❥♦s ♠❡♥❝✐♦♥❛❞♦s✱ t♦❞♦s ❧♦s tr❛❜❛❥♦s ♣r❡✈✐♦s s♦❜r❡ ❡st❡

♣r♦❜❧❡♠❛ ♣r♦✈✐❡♥❡♥ ❞❡ ❧❛ t❡♦rí❛ ❞❡ ❣r❛❢♦s✱ ♣r♦❜❛♥❞♦ ❝♦t❛s s♦❜r❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❝♦❧♦r❡s ♥❡❝❡s❛r✐❛

♣❛r❛ ♦❜t❡♥❡r ❝♦❧♦r❡♦s ❛❝í❝❧✐❝♦s ❡♥ ❝❧❛s❡s ♣❛rt✐❝✉❧❛r❡s ❞❡ ❣r❛❢♦s ♦ ❜✐❡♥ ❡st✉❞✐❛♥❞♦ ♣r♦♣✐❡❞❛❞❡s ❞❡❧

♣r♦❜❧❡♠❛ s♦❜r❡ ❝❧❛s❡s ♣❛rt✐❝✉❧❛r❡s ❞❡ ❣r❛❢♦s✳ ◆♦ ❡st❛♠♦s ❛❧ t❛♥t♦ ❞❡ ❡st✉❞✐♦s q✉❡ ❛♣✉♥t❡♥ ❛ ❧❛ r❡s♦❧✉❝✐ó♥

♣rá❝t✐❝❛ ❞❡ ❡st❡ ♣r♦❜❧❡♠❛✱ ❛❞❡♠ás ❞❡ ❧♦s ♠ét♦❞♦s ❤❡✉r✐íst✐❝♦s ♠❡♥❝✐♦♥❛❞♦s ❡♥ ❡❧ ♣árr❛❢♦ ❛♥t❡r✐♦r✳

❊st❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s ✕❥✉♥t♦ ❝♦♥ ❡❧ ✐♥t❡rés ♣r♦♣✐♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❝♦♠♦ ♠♦❞❡❧♦ ❝♦♠❜✐♥❛t♦r✐♦✕ ♠♦t✐✈❛♥

❡❧ ❡st✉❞✐♦ ❞❡ ❡st❡ ♣r♦❜❧❡♠❛ ❞❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ❞❡ ❧❛ ♣r♦❣r❛♠❛❝✐ó♥ ❧✐♥❡❛❧ ❡♥t❡r❛✱ ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦

❞❡ ❢✉♥❞❛r ❧❛ ❜❛s❡ t❡ór✐❝❛ s♦❜r❡ ❧❛ ❝✉❛❧ ♣✉❡❞❛ ❡♥❝❛r❛rs❡ ❧❛ r❡s♦❧✉❝✐ó♥ ❞❡ ❡st❡ ♣r♦❜❧❡♠❛ ❡♥ ❢♦r♠❛ ❡①❛❝t❛

♣♦r ♠❡❞✐♦ ❞❡ té❝♥✐❝❛s ❜❛s❛❞❛s ❡♥ ♣❧❛♥♦s ❞❡ ❝♦rt❡✳

✶✳✹✳ ▼♦❞❡❧♦ ❞❡ ♣r♦❣r❛♠❛❝✐ó♥ ❡♥t❡r❛

❈♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❛❜❧❡❝❡r ✉♥ ♣✉♥t♦ ❞❡ ♣❛rt✐❞❛ ♣❛r❛ ❡❧ ❡st✉❞✐♦ ♣♦❧✐❡❞r❛❧ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦✲

r❡♦ ❛❝í❝❧✐❝♦✱ ✐♥tr♦❞✉❝✐♠♦s ❡♥ ❡st❛ s❡❝❝✐ó♥ ✉♥❛ ❢♦r♠✉❧❛❝✐ó♥ ♥❛t✉r❛❧ ❞❡ ♣r♦❣r❛♠❛❝✐ó♥ ❡♥t❡r❛ ♣❛r❛ ❡st❡

♣r♦❜❧❡♠❛✳ ❙❡❛♥ G = (V,E) ✉♥ ❣r❛❢♦ ♥♦ ❞✐r✐❣✐❞♦ ② C ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❝♦❧♦r❡s✳ ❆s✉♠✐♠♦s ❛ ❧♦ ❧❛r❣♦ ❞❡

❡st❡ tr❛❜❛❥♦ q✉❡ G ♥♦ t✐❡♥❡ ✈ért✐❝❡s ❛✐s❧❛❞♦s✳ P❛r❛ ❝❛❞❛ ✈ért✐❝❡ v ∈ V ② ❝❛❞❛ ❝♦❧♦r c ∈ C✱ ❞❡✜♥✐♠♦s ❧❛



✼

✈❛r✐❛❜❧❡s ❞❡ ❛s✐❣♥❛❝✐ó♥ xvc✱ ❞❡ ♠♦❞♦ t❛❧ q✉❡ xvc = 1 s✐ ❛❧ ✈ért✐❝❡ v s❡ ❧❡ ❛s✐❣♥❛ ❡❧ ❝♦❧♦r c✱ ② xic = 0

❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦✳ P❛r❛ t♦❞♦ ❝♦❧♦r c ∈ C ❞❡✜♥✐♠♦s ❧❛ ✈❛r✐❛❜❧❡ ❞❡ ❝♦❧♦r wc✱ ❞❡ ♠♦❞♦ t❛❧ q✉❡ wc = 1 s✐

❛❧❣ú♥ ✈ért✐❝❡ ✉t✐❧✐③❛ ❡❧ ❝♦❧♦r c ② wc = 0 ❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦✳

▲❧❛♠❡♠♦s CC ⊆ 2V ❛❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❧♦s ❝✐❝❧♦s ❞❡ G✳ ❊❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ♣✉❡❞❡

s❡r ❢♦r♠✉❧❛❞♦ ❡♥ tér♠✐♥♦s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❛s✐❣♥❛❝✐ó♥ ② ❝♦❧♦r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

♠✐♥
∑

c∈C

wc

s✳t✳
∑

c∈C

xvc = 1 ∀v ∈ V ✭✶✳✶✮

xuc + xvc ≤ wc ∀uv ∈ E, ∀c ∈ C ✭✶✳✷✮
∑

v∈C

xvc + xvc′ ≤ |C| − 1 ∀C ∈ CC, ∀c, c′ ∈ C, c 6= c′ ✭✶✳✸✮

xvc ∈ {0, 1} ∀v ∈ V, ∀c ∈ C ✭✶✳✹✮

wc ∈ {0, 1} ∀c ∈ C ✭✶✳✺✮

▲❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦ ❜✉s❝❛ ♠✐♥✐♠✐③❛r ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❝♦❧♦r❡s ✉s❛❞♦s✳ ▲❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮ ✐♠♣♦♥❡♥

q✉❡ ❝❛❞❛ ✈ért✐❝❡ ❞❡❜❡ r❡❝✐❜✐r ❡①❛❝t❛♠❡♥t❡ ✉♥ ❝♦❧♦r✱ ♠✐❡♥tr❛s q✉❡ ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✷✮ ❡✈✐t❛♥ q✉❡ ❞♦s

✈ért✐❝❡s ❛❞②❛❝❡♥t❡s r❡❝✐❜❛♥ ❡❧ ♠✐s♠♦ ❝♦❧♦r✳ ◆♦t❛r q✉❡ ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✷✮ s♦♥ s✉✜❝✐❡♥t❡s ♣❛r❛ ❞❡✜♥✐r

❝♦rr❡❝t❛♠❡♥t❡ ❧❛s ✈❛r✐❛❜❧❡s w ❞❛❞♦ q✉❡ ❛s✉♠✐♠♦s q✉❡ G ♥♦ t✐❡♥❡ ✈ért✐❝❡s ❛✐s❧❛❞♦s✳ ❋✐♥❛❧♠❡♥t❡✱ ❧❛s

r❡str✐❝❝✐♦♥❡s ✭✶✳✸✮ ❡✈✐t❛♥ q✉❡ ✉♥ ❝✐❝❧♦ r❡❝✐❜❛ ❡①❛❝t❛♠❡♥t❡ ❞♦s ❝♦❧♦r❡s✳ ◆♦t❛r q✉❡ ❡st❛s r❡str✐❝❝✐♦♥❡s ♥♦

♥❡❝❡s✐t❛♥ ❛♣❧✐❝❛rs❡ s♦❜r❡ t♦❞♦ ❝✐❝❧♦ ❡♥ CC✱ ❞❛❞♦ q✉❡ t♦❞♦ ❝✐❝❧♦ ✐♠♣❛r s✐❡♠♣r❡ r❡❝✐❜❡ ❛❧ ♠❡♥♦s tr❡s

❝♦❧♦r❡s ❡♥ t♦❞♦ ❝♦❧♦r❡♦ ❢❛❝t✐❜❧❡✳ P♦r ❧♦ t❛♥t♦✱ ♣♦❞❡♠♦s ❧✐♠✐t❛r ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✸✮ s♦❧❛♠❡♥t❡ ❛ ❧♦s

❝✐❝❧♦s ♣❛r❡s ✐♥❞✉❝✐❞♦s ❞❡ G✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✳ ❉❡✜♥✐♠♦s ❝♦♠♦ PS(G, C) ⊆ R
|V ||C|+|C| ❛ ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❞❡ ❧♦s ✈❡❝t♦r❡s (x,w) ∈

R
|V ||C|+|C| q✉❡ s❛t✐s❢❛❝❡♥ ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮✲✭✶✳✺✮✳

❊❧ ❡st✉❞✐♦ ❞❡ ❡st❡ ♣♦❧✐❡❞r♦ ❡s ❡❧ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡ ❡st❛ t❡s✐s✳ ❆♥❛❧✐③❛r❡♠♦s ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛

❞❡ ❧♦s ✈❡❝t♦r❡s ❞❡ ✐♥❝✐❞❡♥❝✐❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s ❞❡❧ ♣r♦❜❧❡♠❛✱ ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦

❞❡ ❡①♣❧♦r❛r s✉s ♣r♦♣✐❡❞❛❞❡s ❣❡♥❡r❛❧❡s ② ❡♥❝♦♥tr❛r ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s q✉❡ ♣✉❡❞❛♥ s❡r

✐♥❝♦r♣♦r❛❞❛s ❛ ✉♥ ♠ét♦❞♦ ❜❛s❛❞♦ ❡♥ ♣❧❛♥♦s ❞❡ ❝♦rt❡✳ ❊st❛♠♦s ✐♥t❡r❡s❛❞♦s ❡♥ ❛♥❛❧✐③❛r ❧❛ ✏❝❛❧✐❞❛❞✑

t❡ór✐❝❛ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ❤❛❧❧❛❞❛s✱ ② ♣❛r❛ ❡st♦ ✉t✐❧✐③❛r❡♠♦s ❡❧ ❤❡❝❤♦ ❞❡ ❞❡✜♥✐r ❢❛❝❡t❛s ❞❡❧

♣♦❧✐❡❞r♦ ❡♥ ❝✉❡st✐ó♥ ② ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s✱ ❝♦♠♦ ♠❡❞✐❞❛s t❡ór✐❝❛s ❞❡ s✉ ❝❛❧✐❞❛❞✳

❉❡ ❡st❛ ❢♦r♠❛✱ s❡ ❡s♣❡r❛ ♦❜t❡♥❡r ✉♥ ❝♦♥♦❝✐♠✐❡♥t♦ ♣❛r❝✐❛❧ ❞❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❡st❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛✱



✶✳✺✳ ❈♦♥t❡♥✐❞♦ ❞❡ ❧❛ t❡s✐s ✽

q✉❡ ♣✉❡❞❛ s❡r ✉t✐❧✐③❛❞♦ ❡♥ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ♣rá❝t✐❝❛ ❞❡ ✉♥ ❛❧❣♦r✐t♠♦ ❜❛s❛❞♦ ❡♥ ♣❧❛♥♦s ❞❡ ❝♦rt❡ ♣❛r❛

❡❧ ♣r♦❜❧❡♠❛✳ ❊st✉❞✐♦s ♣♦❧✐❡❞r❛❧❡s s✐♠✐❧❛r❡s s❡ r❡❛❧✐③❛r♦♥ ♣❛r❛ ♠✉❝❤♦s ♦tr♦s ♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥

❝♦♠❜✐♥❛t♦r✐❛ ❡♥ ❣❡♥❡r❛❧ ② ❞❡ ❝♦❧♦r❡♦ ❡♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❝❧ás✐❝♦

❬✸✻✱ ✹✻✱ ✺✹✱ ✽✼✱ ✽✽❪✱ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❡q✉✐t❛t✐✈♦ ❬✽✺❪✱ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♠✉❧t✐❝♦❧♦r❡♦ ❬✽✾❪ ② ♣r♦❜❧❡♠❛

❞❡ ❝♦❧♦r❡♦ ❝♦♥ ♠í♥✐♠❛s ❛❞②❛❝❡♥❝✐❛s ❬✹✽❪✳

▲❛ ❢♦r♠✉❧❛❝✐ó♥ ❞❛❞❛ ♣♦r ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮✲✭✶✳✷✮ ② ✭✶✳✹✮✲✭✶✳✺✮ ❝♦rr❡s♣♦♥❞❡ ❛❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦

❝❧ás✐❝♦ ❞❡ ✈ért✐❝❡s ② ❢✉❡ ❡①t❡♥s❛♠❡♥t❡ ❡st✉❞✐❛❞❛✱ ❥✉♥t♦ ❝♦♥ r❡str✐❝❝✐♦♥❡s ❞❡ r♦♠♣✐♠✐❡♥t♦ ❞❡ s✐♠❡trí❛s✱

❡♥ ❬✹✻✱ ✽✼✱ ✽✽❪✳ P♦r ❡st❡ ♠♦t✐✈♦ ❡♥ ❡st❛ t❡s✐s ♥♦s ❝♦♥❝❡♥tr❛♠♦s ❡♥ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s q✉❡ s✉r❣❡♥ ❞❡

❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❛❝✐❝❧✐❝✐❞❛❞✱ ❡♥ ♣❛rt✐❝✉❧❛r s♦❜r❡ ❝✐❝❧♦s ♣❛r❡s ✐♥❞✉❝✐❞♦s✳

✶✳✺✳ ❈♦♥t❡♥✐❞♦ ❞❡ ❧❛ t❡s✐s

▲❛ t❡s✐s ❡stá ♦r❣❛♥✐③❛❞❛ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳ ❊♥ ❡❧ ❈❛♣ít✉❧♦ ✷ ❞❛♠♦s ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s

❣❡♥❡r❛❧❡s ❞❡❧ ♣♦❧✐❡❞r♦ ❛s♦❝✐❛❞♦ ❛ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ✐♥tr♦❞✉❝✐❞❛ ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✶✳✹✳ ❈❛r❛❝t❡r✐③❛♠♦s ❧❛

❞✐♠❡♥s✐ó♥ ❞❡ PS(G, C) ❝✉❛♥❞♦ |C| > χA(G) ② ♣r❡s❡♥t❛♠♦s ✉♥ s✐st❡♠❛ ♠✐♥✐♠❛❧ ❞❡ ❡❝✉❛❝✐♦♥❡s ♣❛r❛ ❡❧

♣♦❧✐❡❞r♦ ❡♥ ❡st❡ ❝❛s♦✳ ❚❛♠❜✐é♥ ❞❡♠♦str❛♠♦s q✉❡ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ♥♦ ♣✉❡❞❡ ❢♦r♠✉❧❛rs❡

❡♥ tér♠✐♥♦s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❛s✐❣♥❛❝✐ó♥ ② ♦r❞❡♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ♦r✐❡♥t❛t✐♦♥ ♠♦❞❡❧ ♣r❡s❡♥t❛❞♦

❡♥ ❬✶✽❪✳ ▲✉❡❣♦✱ s❡ ❛♥❛❧✐③❛♥ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❝✉á❧❡s ❞❡✜♥❡♥ ❢❛❝❡t❛s ❞❡❧

♣♦❧✐❡❞r♦ ❜❛❥♦ ❡st✉❞✐♦✳ ❉❡♠♦str❛♠♦s q✉❡ ❧❛s ❝♦t❛s ✐♥❢❡r✐♦r❡s ♣❛r❛ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❛s✐❣♥❛❝✐ó♥ ② ❧❛s ❝♦t❛s

s✉♣❡r✐♦r❡s ♣❛r❛ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❝♦❧♦r ❞❡✜♥❡♥ ❢❛❝❡t❛s ❞❡ PS(G, C)✳ ❚❛♠❜✐é♥ ❞❡♠♦str❛♠♦s q✉❡ ❞❡✜♥❡♥

❢❛❝❡t❛s ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡ ❛❞②❛❝❡♥❝✐❛ ② ❛❝✐❝❧✐❝✐❞❛❞✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✸ ✐♥tr♦❞✉❝✐♠♦s ❝✐♥❝♦ ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s q✉❡ s✉r❣❡♥ ❞❡ ❧❛s ♣r♦♣✐❡✲

❞❛❞❡s ❞❡ ❛❝✐❝❧✐❝✐❞❛❞ q✉❡ ✐♥✈♦❧✉❝r❛♥ ✉♥❛ ❝❛♥t✐❞❛❞ ✜❥❛ ❞❡ ❝♦❧♦r❡s ② ❞❡♠♦str❛♠♦s ❜❛❥♦ q✉é ❝♦♥❞✐❝✐♦♥❡s

❞❡✜♥❡♥ ❢❛❝❡t❛s✳ ❊♥ ♣r✐♠❡r tér♠✐♥♦ ♣r❡s❡♥t❛♠♦s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r✱ ❞❡✜♥✐❞❛s s♦❜r❡ ✉♥ ❝✐❝❧♦

♣❛r ❞❡❧ ❣r❛❢♦✳ ❉❡♠♦str❛♠♦s ❧❛ ✈❛❧✐❞❡③ ② ❞❡t❡r♠✐♥❛♠♦s ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ② s✉✜❝✐❡♥t❡s ♣❛r❛ ❧❛s

❝✉❛❧❡s ❞❡✜♥❡♥ ❢❛❝❡t❛s✳ ▲✉❡❣♦ ♣r❡s❡♥t❛♠♦s ✉♥❛ ♣r✐♠❡r❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❡st❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s✱

❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✶✲r❡♣❧✐❝❛t❡❞ t✇♦✲❝♦❧♦r✱ ❞❡✜♥✐❞❛s s♦❜r❡ ✉♥❛ ❡str✉❝t✉r❛ q✉❡ s❡ ♦❜t✉✈♦ r❡❡♠♣❧❛③❛♥❞♦

✉♥ ✈ért✐❝❡ ❞❡❧ ❝✐❝❧♦ ♣♦r ✉♥❛ ❝❧✐q✉❡✳ ❆ ♣❛rt✐r ❞❡ ❡st❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ♦❜t✉✈✐♠♦s ♦tr❛✱ ❧❛s ❞❡✲

s✐❣✉❛❧❞❛❞❡s r❡♣❧✐❝❛t❡❞ t✇♦✲❝♦❧♦r✱ ❞❡✜♥✐❞❛s s♦❜r❡ ✉♥ ✏❝✐❝❧♦ ❞❡ ❝❧✐q✉❡s✑ ✭❢♦r♠❛❧♠❡♥t❡✱ s♦❜r❡ ✉♥ K✲❝✐❝❧♦✮✳

❊st❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s t❛♠❜✐é♥ ✐♥❞✉❝❡♥ ❢❛❝❡t❛s ❞❡ PS(G, C)✳ ❯♥ ❡st✉❞✐♦ s✐♠✐❧❛r s❡ r❡❛❧✐③❛

s♦❜r❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s r❡✐♥❢♦r❝❡❞ t✇♦✲❝♦❧♦r ② ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s s❡♠✐❝②❝❧❡ ✇❡✐❣❤t❡❞ ❝♦❧♦r✳

❊st❛s ❢❛♠✐❧✐❛s s❡ ❞❡✜♥❡♥ s♦❜r❡ ✉♥ ❝✐❝❧♦ ♣❛r ② ❧✉❡❣♦ s❡ ❣❡♥❡r❛❧✐③❛♥ s♦❜r❡ K✲❝✐❝❧♦s q✉❡ ❝✉♠♣❧❡♥ ❝♦♥

❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s ❛❞✐❝✐♦♥❛❧❡s✳ ❋✐♥❛❧♠❡♥t❡✱ ♣r❡s❡♥t❛♠♦s ❞♦s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s✱ ❧❛s ❞❡✲



✾

s✐❣✉❛❧❞❛❞❡s ❢♦✉r✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ② ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s t❤r❡❡✲❝♦❧♦r✳ ▲❛s ❞♦s ❢❛♠✐❧✐❛s ✐♥❞✉❝❡♥ ❢❛❝❡t❛s

❞❡ PS(G, C)✳ ▲♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❢✉❡r♦♥ ♣r❡s❡♥t❛❞♦s ❡♥ ❬✸✶❪✱ s❛❧✈♦ ❧❛s ❣❡♥❡r❛❧✐③❛❝✐♦♥❡s ❞❡

❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ② ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s s❡♠✐❝②❝❧❡ ✇❡✐❣❤t❡❞ ❝♦❧♦r✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✹ s❡ ✐♥tr♦❞✉❝❡♥ ❝✉❛tr♦ ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ✐♥✈♦❧✉❝r❛♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡

❝♦❧♦r❡s✱ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧❛s ♣r❡s❡♥t❛❞❛s ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ② ❡st✉❞✐❛♠♦s ❜❛❥♦ q✉é ❝♦♥❞✐❝✐♦♥❡s ❞❡✜♥❡♥

❢❛❝❡t❛s ❞❡ PS(G, C)✳ ❚r❡s ❞❡ ❡st❛s ❢❛♠✐❧✐❛s✱ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞✐st✐♥❣✉✐s❤❡❞ ❞♦❧♦rs✱ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s

t❤r❡❡✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ② ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♣r♦♠✐♥❡♥t ✈❡rt❡①✱ ❡stá♥ ❞❡✜♥✐❞❛s s♦❜r❡ ❝✐❝❧♦s ♣❛r❡s ② s❡

❞❡t❡r♠✐♥❛r♦♥ ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ② s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ❞❡✜♥❛♥ ❢❛❝❡t❛s ❞❡❧ ♣♦❧✐❡❞r♦ ❜❛❥♦ ❡st✉❞✐♦✳

▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❦❡t ❡stá♥ ❞❡✜♥✐❞❛s s♦❜r❡ ♦tr♦ t✐♣♦ ❞❡ ❡str✉❝t✉r❛✱ ❡♥ ❧❛ ❝✉❛❧ ❡stá ✐♥✈♦❧✉❝r❛❞❛ ✉♥

❝✐❝❧♦ ♣❛r ② ✉♥❛ ❝❧✐q✉❡✳ ❋✐♥❛❧♠❡♥t❡✱ s❡ ❣❡♥❡r❛❧✐③❛ ❡st❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥s✐❞❡r❛♥❞♦ ✉♥ ❝✐❝❧♦

♣❛r ② ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❝❧✐q✉❡s✳ ▲♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❢✉❡r♦♥ ♣r❡s❡♥t❛❞♦s ❡♥ ❬✸✶❪✱ s❛❧✈♦ ❧❛s

❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❦❡t ② s✉ ❣❡♥❡r❛❧✐③❛❝✐ó♥✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✺ r❡❛❧✐③❛♠♦s ❡❧ ❡st✉❞✐♦ ❞❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❛❧❣✉♥❛s ❞❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧✲

❞❛❞❡s ♣r❡s❡♥t❛❞❛s ❡♥ ❧♦s ❈❛♣ít✉❧♦s ✸ ② ✹✱ ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ♦❜t❡♥❡r ✉♥❛ ♠❡❞✐❞❛ t❡ór✐❝❛ ❛❧t❡r♥❛t✐✈❛

❞❡ s✉ ❢♦rt❛❧❡③❛✱ ❛❞❡♠ás ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❢❛❝❡t✐t✉❞✳ ❊♥ ♣r✐♠❡r tér♠✐♥♦ s❡ ✐♥tr♦❞✉❝❡ ❧❛ ❞❡✜♥✐❝✐ó♥

❞❡❧ ♦♣❡r❛❞♦r ❇❈❈ ❞❡ ❇❛❧❛s✱ ❈❡r✐❛ ② ❈♦r♥✉é❥♦❧s✱ q✉❡ ❛♣❧✐❝❛❞♦ ❛ ❧❛ r❡❧❛❥❛❝✐ó♥ ❞❡ ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❞❡

❧❛s s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s ❣❡♥❡r❛ ✉♥❛ ♥✉❡✈❛ r❡❧❛❥❛❝✐ó♥ q✉❡ ❡stá ✐♥❝❧✉✐❞❛ ❡♥ ❧❛ ❛♥t❡r✐♦r✳ ❚❛♠❜✐é♥ s❡ ❞❡✜♥❡

❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛ ② s❡ ✐♥tr♦❞✉❝❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦

❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛✱ ❝♦♠♦ ✉♥ ❝♦♥❝❡♣t♦ ❞✉❛❧ ❞❡❧ r❛♥❣♦✳ ▲✉❡❣♦ ❡st✉❞✐❛♠♦s ❡❧ r❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦

❞✐s②✉♥t✐✈♦ ❞❡ ❛❧❣✉♥❛s ❞❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ♣r❡s❡♥t❛❞❛s ❡♥ ❧♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✳

▲♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❢✉❡r♦♥ ♣r❡s❡♥t❛❞♦s ❡♥ ❬✸✸❪✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✻ s❡ ♣r❡s❡♥t❛♥ r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ❞❡ ❡①♣❡r✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s s♦❜r❡ ✉♥

❛❧❣♦r✐t♠♦ ❞❡ t✐♣♦ ❜r❛♥❝❤ ✫ ❝✉t✳ ❊st✉❞✐❛♠♦s ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ② s✉ ❡❢❡❝t✐✲

✈✐❞❛❞ ❞❡ ♠❛♥❡r❛ ❡♠♣ír✐❝❛✱ ❝♦♠♦ ✉♥❛ ❜❛s❡ ♣❛r❛ ❢✉t✉r❛s ✐♠♣❧❡♠❡♥t❛❝✐♦♥❡s✳ ❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❡ ❝❛♣ít✉❧♦

♥♦ ❡s ✐♠♣❧❡♠❡♥t❛r ✉♥ ❛❧❣♦r✐t♠♦ ❝♦♠♣❧❡t♦ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛✱ s✐♥♦ s♦❧❛♠❡♥t❡ ❝♦♥t❛r ❝♦♥ ✉♥❛ ♣r✐♠❡r❛ ❢❛s❡

❞❡ ❡①♣❡r✐♠❡♥t♦s s♦❜r❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❤❛❧❧❛❞❛s ❡♥ ❡st❡ tr❛❜❛❥♦✳ ❙❡ ❞❡s❝r✐❜❡ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ✉♥

❛❧❣♦r✐t♠♦ ❜r❛♥❝❤ ✫ ❝✉t ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛✱ ✐♥❝❧✉②❡♥❞♦ ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡ s❡♣❛r❛❝✐ó♥ ♣❛r❛ ❧❛s ❢❛♠✐❧✐❛s

❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s✱ ② s❡ ♠✉❡str❛♥ r❡s✉❧t❛❞♦s ❞❡ ❡①♣❡r✐♠❡♥t♦s s♦❜r❡ ❡st❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥✳ ▲♦s

r❡s✉❧t❛❞♦s ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❢✉❡r♦♥ ♣r❡s❡♥t❛❞♦s ❡♥ ❬✸✶❪✳

❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✼ ♣r❡s❡♥t❛♠♦s ❧❛s ❝♦♥❝❧✉s✐♦♥❡s ❞❡ ❡st❡ tr❛❜❛❥♦ ② ❛❧❣✉♥❛s ❧í♥❡❛s ♣♦t❡♥✲

❝✐❛❧❡s ❞❡ ❞❡s❛rr♦❧❧♦ ❢✉t✉r♦✳





❈❛♣ít✉❧♦ ✷

Pr♦♣✐❡❞❛❞❡s ❣❡♥❡r❛❧❡s ❞❡❧ ♣♦❧✐❡❞r♦ ❞❡

❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ❛♥❛❧✐③❛r❡♠♦s ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❜ás✐❝❛s ❞❡❧ ♣♦❧✐❡❞r♦ ❛s♦❝✐❛❞♦ ❛ ❧❛ ❢♦r♠✉❧❛❝✐ó♥

✐♥tr♦❞✉❝✐❞❛ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ r❡s✉❧t❛ ❞❡ ✐♥t❡rés ❝❛r❛❝t❡r✐③❛r s✉ ❞✐♠❡♥s✐ó♥✱ ❞❛❞♦

q✉❡ ❝♦♥t❛r ❝♦♥ ✐♥❢♦r♠❛❝✐ó♥ s♦❜r❡ ❧❛ ❞✐♠❡♥s✐ó♥ ❡s ❞❡ ❣r❛♥ ❛②✉❞❛ ♣❛r❛ ❛♥❛❧✐③❛r s✐ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛

❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡❧ ♣♦❧✐❡❞r♦ ❡♥ ❝✉❡st✐ó♥✳ ❈❛r❛❝t❡r✐③❛r❡♠♦s ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✷✳✶ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ PS(G, C)

❝✉❛♥❞♦ |C| > χA(G)✱ ❞❛♥❞♦ ❛❞❡♠ás ✉♥ s✐st❡♠❛ ♠✐♥✐♠❛❧ ❞❡ ❡❝✉❛❝✐♦♥❡s ♣❛r❛ ❡st❡ ❝❛s♦✳ ▲❛ ❙❡❝❝✐ó♥ ✷✳✷

♣r❡s❡♥t❛ ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❣❡♥❡r❛❧❡s ❞❡ ❧❛ ❢♦r♠✉❧❛❝✐ó♥✱ ✐♥❝❧✉②❡♥❞♦ ✉♥❛ ❞✐s❝✉s✐ó♥ s♦❜r❡ ❛❧t❡r♥❛t✐✈❛s

♣❛r❛ ❡❧ ♠♦❞❡❧❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛✳ ❊♥ ❧❛ ❙❡❝❝✐ó♥ ✷✳✸ ❡st✉❞✐❛♠♦s ❝✉á❧❡s ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦

♣❧❛♥t❡❛❞♦ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❞❡✜♥❡♥ ❢❛❝❡t❛s ❞❡ PS(G, C)✳

✷✳✶✳ ❉✐♠❡♥s✐ó♥

❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❡st✉❞✐❛♠♦s ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ PS(G, C)✳ ❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❝❛r❛❝t❡r✐③❛ ❡st❛ ❞✐✲

♠❡♥s✐ó♥ ❝✉❛♥❞♦ |C| > χA(G)✱ ❞❛♥❞♦ ❛❞❡♠ás ✉♥ s✐st❡♠❛ ♠✐♥✐♠❛❧ ❞❡ ❡❝✉❛❝✐♦♥❡s q✉❡ s❡rá út✐❧ ❡♥ ❧❛s

❞❡♠♦str❛❝✐♦♥❡s ❞❡ ❢❛❝❡t✐t✉❞ ❞❡ ❧♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✳ ❙✐ P ❡s ✉♥ ♣♦❧✐❡❞r♦✱ ❞❡♥♦t❛♠♦s ♣♦r dim(P ) ❛

s✉ ❞✐♠❡♥s✐ó♥✳

❚❡♦r❡♠❛ ✷✳✶✳ ❙✐ |C| > χA(G)✱ ❡♥t♦♥❝❡s dim(PS(G, C)) = |V |(|C|− 1)+ |C|✳ ❆❞❡♠ás✱ ❧❛s r❡str✐❝❝✐♦♥❡s

✭✶✳✶✮ ♣r♦✈❡❡♥ ❞❡ ✉♥ s✐st❡♠❛ ♠✐♥✐♠❛❧ ❞❡ ❡❝✉❛❝✐♦♥❡s ♣❛r❛ PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ λz = λ0 ✉♥❛ ✐❣✉❛❧❞❛❞ q✉❡ ❡s ✈❡r✐✜❝❛❞❛ ♣♦r t♦❞❛s ❧❛s s♦❧✉❝✐♦♥❡s z = (x,w) ∈

PS(G, C)✳ ❉❡❜❡♠♦s ♣r♦❜❛r q✉❡ (λ, λ0) ❡s ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮✳

✶✶



✷✳✷✳ Pr♦♣✐❡❞❛❞❡s ❞❡ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ✶✷

❙❡❛ c ∈ C ② s❡❛ z = (x,w) ∈ PS(G, C) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ t❛❧ q✉❡ wc = 0 ✭❡st❛ s♦❧✉❝✐ó♥ ❡①✐st❡

❞❛❞♦ q✉❡ |C| > χA(G)✮✳ ❙❡❛ w′ = w + ec ✭✐✳❡✳✱ w′ s❡ ♦❜t✐❡♥❡ ❞❡ w r❡❡♠♣❧❛③❛♥❞♦ wc = 0 ♣♦r w′
c = 1✮✳

❉❛❞♦ q✉❡ z′ = (x,w′) ❡s t❛♠❜✐é♥ ❢❛❝t✐❜❧❡✱ ❡♥t♦♥❝❡s λz = λ0 = λz′✳ P❡r♦ z ② z′ só❧♦ ❞✐✜❡r❡♥ ❡♥ ❧❛s

✈❛r✐❛❜❧❡s wc✱ ❡♥t♦♥❝❡s λwc
= 0✳

❙❡❛ i ∈ V ✉♥ ✈ért✐❝❡ ❛r❜✐tr❛r✐♦ ② s❡❛♥ c, c′ ∈ C ❞♦s ❝♦❧♦r❡s ❞✐st✐♥t♦s✳ ◆♦♠❜r❛♠♦s ✶ = (1, . . . , 1) ❛❧

✈❡❝t♦r ❝♦♠♣✉❡st♦ ♣♦r ✉♥♦s✳ ❙❡❛ z = (x,✶) ∈ PS(G, C) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❝♦♥ xic = 1 ② xjc′ = 0 ♣❛r❛

t♦❞♦ j ∈ V ✭✐✳❡✳✱ ❡❧ ❝♦❧♦r c′ ♥♦ ❡s ✉t✐❧✐③❛❞♦ ❡♥ z✮✳ ❉✐❝❤❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❡①✐st❡ ❞❛❞♦ q✉❡ |C| > χA(G)✳

❉❡✜♥✐♠♦s z′ = (x′,✶) ∈ PS(G, C) ❛

x′
jc = xjc ∀j ∈ V \{i}, ∀c ∈ C,

x′
it = 0 ∀t ∈ C\{c′},

x′
ic′ = 1.

◆♦t❛r q✉❡ z′ ❡s ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❞❛❞♦ q✉❡ c′ ♥♦ ❡s ✉s❛❞♦ ❡♥ z✳ ❈♦♠♦ λz = λ0 = λz′ ② z ② z′ só❧♦

❞✐✜❡r❡♥ ❡♥ s✉s ✈❛r✐❛❜❧❡s xic ② xic′ ✱ ❡♥t♦♥❝❡s λxic
= λxic′

✳ ❉❛❞♦ q✉❡ c ② c′ s♦♥ ❛r❜✐tr❛r✐♦s✱ ❝♦♥❝❧✉✐♠♦s

q✉❡ λxic
= λxic′

♣❛r❛ t♦❞♦ c, c′ ∈ C✱ ❧✉❡❣♦ λ ❡s ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮✳ P♦r ❧♦

t❛♥t♦✱ dim(Ps(G, C)) = |C|(|V |+1)−|V | = |V |(|C|−1)+|C|✳ ❉❛❞♦ q✉❡ ❧♦s ✈❡❝t♦r❡s ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡

❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮ s♦♥ ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ✭✶✳✶✮ ❞❡✜♥❡ ✉♥ s✐st❡♠❛ ♠✐♥✐♠❛❧

❞❡ ❡❝✉❛❝✐♦♥❡s ♣❛r❛ PS(G, C)✳

P❛r❛ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❞❛❞❛ ❡♥ ❡st❛ t❡s✐s✱ ♥♦ r❡s✉❧t❛ s❡♥❝✐❧❧♦ ❞❡t❡r♠✐♥❛r ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡❧ ♣♦❧✐❡❞r♦

❛s♦❝✐❛❞♦ ❝✉❛♥❞♦ |C| = χA(G)✱ ❞❛❞♦ q✉❡ ❡♥ ❡st❡ ❝❛s♦ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡♣❡♥❞❡ ❢✉❡rt❡♠❡♥t❡ ❞❡ ❧❛ ❡str✉❝t✉r❛

❞❡❧ ❣r❛❢♦✳ ❊st♦ ♠✐s♠♦ s✉❝❡❞❡ ♣❛r❛ ♦tr❛s ❢♦r♠✉❧❛❝✐♦♥❡s ❞❡ ❝♦❧♦r❡♦✱ ❝♦♠♦ ❧❛s ❝♦♥s✐❞❡r❛❞❛s ❡♥ ❬✹✻✱ ✽✻✱ ✽✼❪✳

P♦r ❡st❡ ♠♦t✐✈♦✱ ❡❧ ❚❡♦r❡♠❛ ✷✳✶ ❝♦♥s✐❞❡r❛ ❡❧ ❝❛s♦ |C| > χA(G)✱ ❤✐♣ót❡s✐s q✉❡ ✈♦❧✈❡rá ❛ ❛♣❛r❡❝❡r

✭❡✈❡♥t✉❛❧♠❡♥t❡ r❡❢♦r③❛❞❛✮ ❡♥ t♦❞❛s ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❞❡ ❢❛❝❡t✐t✉❞ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❡st❛ t❡s✐s✳

✷✳✷✳ Pr♦♣✐❡❞❛❞❡s ❞❡ ❧❛ ❢♦r♠✉❧❛❝✐ó♥

❯♥❛ ♣r♦♣✐❡❞❛❞ ✐♥t❡r❡s❛♥t❡ ❞❡ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ✭✶✳✶✮✲✭✶✳✺✮ ❡s q✉❡ s✐ ♠✐♥✐♠✐③❛♠♦s ❧❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦
∑

c∈C wc s♦❜r❡ ❧❛ r❡❧❛❥❛❝✐ó♥ ❧✐♥❡❛❧✱ ❡s ❞❡❝✐r✱ s♦❜r❡ ❡❧ ♣r♦❜❧❡♠❛ ❧✐♥❡❛❧ q✉❡ r❡s✉❧t❛ ❞❡ ❡❧✐♠✐♥❛r ❧❛s ❝♦♥❞✐❝✐♦✲

♥❡s ❞❡ ✐♥t❡❣r❛❧✐❞❛❞ s♦❜r❡ ❧❛s ✈❛r✐❛❜❧❡s✱ ❡♥t♦♥❝❡s s✐❡♠♣r❡ s❡ ♦❜t✐❡♥❡ ❡❧ ✈❛❧♦r ✷✳ ❙❡❛ L(G, C) ❧❛ r❡❧❛❥❛❝✐ó♥

❧✐♥❡❛❧ ❞❡❧ ♣r♦❜❧❡♠❛✱ ❡s ❞❡❝✐r✱ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧♦s ♣✉♥t♦s q✉❡ ❝✉♠♣❧❡♥ ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮✲✭✶✳✸✮ ❞❡❧

♠♦❞❡❧♦ ♣❡r♦ t❛❧❡s q✉❡ (x,w) ∈ [0, 1]|C|(|V |+1)✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✶✳ ❊❧ ó♣t✐♠♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦
∑

c∈C wc s♦❜r❡ ❧❛ r❡❧❛❥❛❝✐ó♥ ❧✐♥❡❛❧ L(G, C) ❡s ✷✳



✶✸

❉❡♠♦str❛❝✐ó♥✳ Pr✐♠❡r♦ ✈❛♠♦s ❛ ❞❡♠♦str❛r q✉❡ ❡❧ ó♣t✐♠♦ ❞❡ ❧❛ r❡❧❛❥❛❝✐ó♥ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ ❛ ✷✳ P❛r❛

❡❧❧♦ ✈❛♠♦s ❛ ♠♦str❛r ✉♥❛ s♦❧✉❝✐ó♥ (x,w) ∈ L t❛❧ q✉❡
∑

c∈C wc = 2✳ ❙❡❛ (x,w) t❛❧ q✉❡ xvc1 = xvc2 =

xvc3 = 1
3 ❝♦♥ c1, c2, c3 ∈ C✱ ♣❛r❛ t♦❞♦ v ∈ V ✱ ② wc1 = wc2 = wc3 = 2

3 ✳ ❊st❡ ♣✉♥t♦ s❛t✐s❢❛❝❡ ❧❛s

r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮✲✭✶✳✸✮✱ ♣♦r ❧♦ t❛♥t♦ ♣❡rt❡♥❡❝❡ ❛ ❧❛ r❡❧❛❥❛❝✐ó♥ ❧✐♥❡❛❧✱ ② ❛❞❡♠ás
∑

c∈C wc = 2✳ P♦r ❧♦

t❛♥t♦✱
∑

c∈C wc ≤ 2✳

P♦r ♦tr♦ ❧❛❞♦✱ s❡❛ uv ∈ E✳ P♦r ✭✶✳✷✮ t❡♥❡♠♦s q✉❡
∑

c∈C wc ≥
∑

c∈C(xuc + xvc)✳ ❆❞❡♠ás✱ ♣♦r ✭✶✳✶✮✱
∑

c∈C xuc +
∑

c∈C xvc = 2✳ P♦r ❧♦ t❛♥t♦✱
∑

c∈C wc ≥ 2✳

❊st❡ t❡♦r❡♠❛ ❞❡♠✉❡str❛ q✉❡ ♦♣t✐♠✐③❛r s♦❜r❡ ❧❛ r❡❧❛❥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡ ❡st❡ ♣r♦❜❧❡♠❛ ❛♣♦rt❛ ❝♦t❛s

❞é❜✐❧❡s ❛❧ ✈❛❧♦r ó♣t✐♠♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥t❡r♦✳ ❉❡ ❛❤í ❧❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡ ✐♥❝♦r♣♦r❛r ❛ ♥✉❡str❛ ❢♦r♠✉❧❛✲

❝✐ó♥ ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ✭✐❞❡❛❧♠❡♥t❡✱ q✉❡ ❞❡✜♥❛♥ ❢❛❝❡t❛s✮ ② q✉❡ ❡✈❡♥t✉❛❧♠❡♥t❡ ♣✉❡❞❛♥

❝♦♥tr✐❜✉✐r ❛ ♠❡❥♦r❛r ❡st❛s ❝♦t❛s✳

❊❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❝❧ás✐❝♦ ❞❡ ❣r❛❢♦s ♣✉❡❞❡ s❡r ❢♦r♠✉❧❛❞♦ ❡♥ tér♠✐♥♦s ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐❛❜❧❡s

❝♦♠♦ ❧❛s ✉t✐❧✐③❛❞❛s ❡♥ ❡❧ ♦r✐❡♥t❛t✐♦♥ ♠♦❞❡❧ ❬✶✽❪✳ P❛r❛ i ∈ V ✱ ❞❡✜♥✐♠♦s ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❛s✐❣♥❛❝✐ó♥ yi

❞♦♥❞❡ yi = c s✐ ❡❧ ❝♦❧♦r c ❡s ❛s✐❣♥❛❞♦ ❛❧ ✈ért✐❝❡ i✳ P❛r❛ t♦❞♦ ij ∈ E ❞❡✜♥✐♠♦s ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ♦r❞❡♥

xij ❞♦♥❞❡

xij =







⊥ s✐ i = j

1 s✐ yi < yj

0 ❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦

❊♥t♦♥❝❡s✱ ❡❧ ✈❡❝t♦r ❞❡ ✐♥❝✐❞❡♥❝✐❛ ❞❡ ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ z s❡rá ❞❡ ❧❛ ❢♦r♠❛

χz = (y1, . . . , yn
︸ ︷︷ ︸

|V |

, x1i, . . . , xjn
︸ ︷︷ ︸

|E|

).

❊❧ ♣r♦❜❧❡♠❛ ❝❧ás✐❝♦ ❞❡ ❝♦❧♦r❡♦ ♣✉❡❞❡ s❡r ❢♦r♠✉❧❛❞♦ ❡♥ tér♠✐♥♦s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❛s✐❣♥❛❝✐ó♥ ② ❧❛s

✈❛r✐❛❜❧❡s ❞❡ ♦r❞❡♥✳ P♦r ❡❧ ❝♦♥tr❛r✐♦✱ ❡❧ ❚❡♦r❡♠❛ ✷✳✷ ❞❡♠✉❡str❛ q✉❡ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ♥♦

❛❞♠✐t❡ ✉♥❛ ❢♦r♠✉❧❛❝✐ó♥ ❡♥ tér♠✐♥♦s ❞❡ ❡st❛s ✈❛r✐❛❜❧❡s✳

❚❡♦r❡♠❛ ✷✳✷✳ ◆♦ ❡①✐st❡ ✉♥ ♠♦❞❡❧♦ ❞❡ ♣r♦❣r❛♠❛❝✐ó♥ ❡♥t❡r❛ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❡♥

tér♠✐♥♦s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❛s✐❣♥❛❝✐ó♥ ② ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ♦r❞❡♥✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ❝♦♥tr❛❞✐❝❝✐ó♥✱ s✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ ❡s❛ ❢♦r♠✉❧❛❝✐ó♥✳ ❙❡❛G ✉♥ ✹✲❝✐❝❧♦✱ ② ❞❡✜♥✐♠♦s

❛❧ ❝♦♥❥✉♥t♦ ❞❡ ❝♦❧♦r❡s ❝♦♠♦ C = {1, . . . , 4}✳ ▲♦s s✐❣✉✐❡♥t❡s ✈❡❝t♦r❡s s♦♥ ❧♦s ✈❡❝t♦r❡s ❞❡ ✐♥❝✐❞❡♥❝✐❛ ❞❡

❞♦s ❝♦❧♦r❡♦s ❛❝í❝❧✐❝♦s ❢❛❝t✐❜❧❡s✿

χs1 = (1, 3, 1, 2, 1, 0, 1, 0),

χs2 = (1, 3, 1, 4, 1, 0, 1, 0).



✷✳✸✳ ❆♥á❧✐s✐s ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ✶✹

❈♦♠♦ s1 ② s2 s♦♥ ❞♦s ❝♦❧♦r❡♦s ❛❝í❝❧✐❝♦s✱ ❡♥t♦♥❝❡s ❡❧ ♣r♦♠❡❞✐♦ ❞❡ χs1 ② χs2 s❡ ❡♥❝✉❡♥tr❛ ❞❡♥tr♦ ❞❡ ❧❛

❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❛s♦❝✐❛❞❛ ❛ ❞✐❝❤❛ ❢♦r♠✉❧❛❝✐ó♥✳ P❡r♦

χs =
χs1 + χs2

2
= (1, 3, 1, 3, 1, 0, 1, 0)

♥♦ ❡s ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✳ P♦r ❧♦ t❛♥t♦✱ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❛❞♠✐t❡ ✉♥❛ s♦❧✉❝✐ó♥ ❡♥t❡r❛ ♥♦ ❢❛❝t✐❜❧❡ ❡♥ ❧❛

❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❛s♦❝✐❛❞❛✱ ❝♦♥tr❛❞✐❝✐❡♥❞♦ ♥✉❡str❛ s✉♣♦s✐❝✐ó♥✳

✷✳✸✳ ❆♥á❧✐s✐s ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦

❍❛❜✐❡♥❞♦ ❡st✉❞✐❛❞♦ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ PS(G, C)✱ ❡st❛♠♦s ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❛♥❛❧✐③❛r ❝✉á❧❡s r❡str✐❝✲

❝✐♦♥❡s ② ❝♦t❛s ❞❡❧ ♠♦❞❡❧♦ ❞❡✜♥❡♥ ❢❛❝❡t❛s ❞❡ ❡st❡ ♣♦❧✐❡❞r♦✳ ❈♦♠❡♥③❛r❡♠♦s ❝♦♥ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡

❛❞②❛❝❡♥❝✐❛ ✭✶✳✷✮✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳ ❙❡❛ |C| ≥ χA(G)+1✳ P❛r❛ uv ∈ E ② c ∈ C ❧❛ ❞❡s✐❣✉❛❧❞❛❞ xuc+xvc ≤ wc ❞❡✜♥❡ ✉♥❛

❢❛❝❡t❛ ❞❡ PS(G, C) s✐ ② s♦❧♦ s✐ ♥♦ ❡①✐st❡ ✉♥ ✈ért✐❝❡ i ∈ V t❛❧ q✉❡ ❡❧ ❝♦♥❥✉♥t♦ {i, u, v} s❡❛ ✉♥❛ ❝❧✐q✉❡✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ F ❧❛ ❝❛r❛ ❞❡✜♥✐❞❛ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✶✳✷✮ ❞❡❧ ♠♦❞❡❧♦✱ ✐✳❡✱

F = {(x,w) ∈ PS(G, C) : xuc + xvc = wc}.

❙✐✳ P♦r ❝♦♥tr❛❞✐❝❝✐ó♥✱ s✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ ✉♥ ✈ért✐❝❡ i ∈ V t❛❧ q✉❡ ❡❧ ❝♦♥❥✉♥t♦ {i, u, v} ❡s ✉♥❛

❝❧✐q✉❡✳ ❙❡❛ z = (x,w) ∈ F ✳ ❙✐ wc = 1✱ ❡♥t♦♥❝❡s xuc = 1 ♦ xvc = 1✳ ❈♦♠♦ ❡❧ ✈ért✐❝❡ i ❡s ❛❞②❛❝❡♥t❡ t❛♥t♦

❛ u ❝♦♠♦ v✱ ❡♥t♦♥❝❡s xic = 0✳ ❙✐ wc = 0✱ ❡♥t♦♥❝❡s xic = 0✳ P♦r ❧♦ t❛♥t♦✱ t♦❞♦s ❧♦s ♣✉♥t♦s ❞❡ ❧❛ ❝❛r❛ F

s❛t✐s❢❛❝❡♥ xic = 0✱ ❛❞❡♠ás ❞❡ ❧❛s ✐❣✉❛❧❞❛❞❡s ❞❡❧ ♠♦❞❡❧♦ ✭✶✳✶✮✳ ❊♥t♦♥❝❡s✱ dim(F ) ≤ dim(PS(G, C))− 2✳

▲✉❡❣♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✶✳✷✮ ♥♦ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(G, C)✳

❙♦❧♦ s✐✳ ❙❡❛ λ ∈ R
|C|(|V |+1) ② λ0 ∈ R t❛❧ q✉❡ λT y = λ0 ♣❛r❛ t♦❞♦ y ∈ F ✳ P❛r❛ ❞❡♠♦str❛r q✉❡

✭✶✳✷✮ ❞❡✜♥❡ ❢❛❝❡t❛✱ t❡♥❡♠♦s q✉❡ ♣r♦❜❛r q✉❡ λ ❡s ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡

❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✶✳✷✮ ② ❞❡ ❧♦s ✈❡❝t♦r❡s ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ✭✶✳✶✮✳ ❊s ❞❡❝✐r✱

❞❡❜❡♠♦s ❡♥❝♦♥tr❛r ❡s❝❛❧❛r❡s α ② βi✱ i ∈ V ✱ t❛❧❡s q✉❡

λ = απ +
∑

i∈V

βiγ
i, ✭✷✳✶✮

❞♦♥❞❡ (π, π0) ❡s ❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ✭✶✳✷✮ ② γi ❡s ❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s

❞❡❧ ♠♦❞❡❧♦ ✭✶✳✶✮ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ✈ért✐❝❡ i✱ ♣❛r❛ i ∈ V ✳ ❈♦♥s✐❞❡r❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥str✉❝❝✐♦♥❡s✿

✶✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ t❛❧ q✉❡ z ∈ F ② wd = 0✱ ❝♦♥ d 6= c✳ ❊st❛ s♦❧✉❝✐ó♥ ❡①✐st❡

❞❛❞♦ q✉❡ |C| ≥ χA(G) + 1✳ ❙❡❛ z′ = (x,w′)✱ ❞♦♥❞❡ w′ s❡ ♦❜t✐❡♥❡ ❞❡ w r❡❡♠♣❧❛③❛♥❞♦ wd = 0 ♣♦r



✶✺

w′
d = 1✳ ◆♦t❛r q✉❡ z′ t❛♠❜✐é♥ s❛t✐s❢❛❝❡ ✭✶✳✷✮ ♣♦r ✐❣✉❛❧❞❛❞✳ ▲✉❡❣♦✱ λT z = λ0 = λT z′✳ ❉❛❞♦ q✉❡

z ② z′ s♦❧♦ ❞✐✜❡r❡♥ ❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s wd✱ ❡♥t♦♥❝❡s λwd
wd = 0 = λwd

w′
d✳ P♦r ❧♦ t❛♥t♦✱ λwd

= 0

♣❛r❛ t♦❞♦ d ∈ C ❝♦♥ d 6= c✳

✷✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ t❛❧ q✉❡ z ∈ F ② wc = 0✳ ❙❡❛ z′ = (x′, w′)✱ ❞♦♥❞❡ x′ s❡ ♦❜t✐❡♥❡

❞❡ x r❡❡♠♣❧❛③❛♥❞♦ xuc = 0 ② xud = 1 ♣♦r x′
uc = 1 ② x′

ud = 0✱ ② w′ s❡ ♦❜t✐❡♥❡ ❞❡ w r❡❡♠♣❧❛③❛♥❞♦

wc = 0 ♣♦r w′
c = 1✳ ◆♦t❛r q✉❡ z′ t❛♠❜✐é♥ s❛t✐s❢❛❝❡ ✭✶✳✷✮ ♣♦r ✐❣✉❛❧❞❛❞✳ ▲✉❡❣♦✱ λT z = λ0 = λT z′✳

P♦r ❧♦ t❛♥t♦✱ λxud
= λxuc

+ λwc
✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ λwc

= λxud
− λxuc

♣❛r❛ t♦❞♦ d ∈ C✱ d 6= c✳

✸✳ ❯t✐❧✐③❛♥❞♦ ✉♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ❛❧ ❛♥t❡r✐♦r✱ ❝♦♥❝❧✉✐♠♦s q✉❡ λwc
= λxvd

− λxvc
♣❛r❛ t♦❞♦ d ∈ C✱

d 6= c✳

✹✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ t❛❧ q✉❡ z ∈ F ✱ xid1
= 0✱ xid2

= 1 ② wd1
= 1✱ ❝♦♥ i ∈ V ✱

d1, d2 ∈ C ② d1, d2 6= c✳ ❙❡❛ z′ = (x′, w)✱ ❞♦♥❞❡ x′ s❡ ♦❜t✐❡♥❡ ❞❡ x r❡❡♠♣❧❛③❛♥❞♦ xid1
= 0 ②

xid2
= 1 ♣♦r x′

id1
= 1 ② x′

id2
= 0✳ P♦r ❧♦ t❛♥t♦✱ λxid1

= λxid2
✱ ♣❛r❛ t♦❞♦ i ∈ V ② d1, d2 ∈ C✱

d1, d2 6= c✳

✺✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ t❛❧ q✉❡ z ∈ F ✱ ❡❧ ✈ért✐❝❡ i ∈ V ✱ ❝♦♥ i 6= u, v✱ ✉t✐❧✐❝❡ ❡❧ ❝♦❧♦r c

② ♥✐♥❣ú♥ ✈ért✐❝❡ ✉t✐❧✐❝❡ ❡❧ ❝♦❧♦r d ∈ C✱ ❝♦♥ d 6= c✳ ❚❛❧ s♦❧✉❝✐ó♥ ❡①✐st❡ ❞❛❞♦ q✉❡ {i, u, v} ♥♦ ❡s ✉♥❛

❝❧✐q✉❡✳ ❙❡❛ z′ = (x′, w)✱ ❞♦♥❞❡ x′ s❡ ♦❜t✐❡♥❡ ❞❡ x r❡❡♠♣❧❛③❛♥❞♦ xic = 1 ② xid = 0 ♣♦r x′
id = 1 ②

x′
ic = 0✳ P♦r ❧♦ t❛♥t♦✱ λxic

= λxid
✱ ♣❛r❛ t♦❞♦ i ∈ V ✱ i 6= u, v ② d ∈ C✱ d 6= c✳

❉❡✜♥✐♠♦s α = −λwc
✳ ❚❛♠❜✐é♥ ❞❡✜♥✐♠♦s βi = λxid

✱ ♣❛r❛ t♦❞♦ i ∈ V ✱ i 6= u, v✱ ② d ∈ C✳ ◆♦t❛r q✉❡

❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ βi ♥♦ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ❡❧❡❝❝✐ó♥ ❞❡❧ ❝♦❧♦r d ♣♦r ❧♦s ít❡♠s ✹ ② ✺✳ ❉❡✜♥✐♠♦s βu = λxud
②

βv = λxuv
✱ ❝♦♥ d ∈ C✱ d 6= c✳ ❊♥ ❡st❡ ❝❛s♦ t❛♠♣♦❝♦ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❞❡ βu ② βv ❞❡♣❡♥❞❡♥ ❞❡ ❧❛ ❡❧❡❝❝✐ó♥

❞❡❧ ❝♦❧♦r d ♣♦r ❧♦s ít❡♠s ✷ ② ✸✳ ❉❡ ❡st❛s ❞❡✜♥✐❝✐♦♥❡s ♦❜t❡♥❡♠♦s λxuc
= α + βu ② λxvc

= α + βv✳ P♦r

❧♦ t❛♥t♦✱ ❝♦♥❝❧✉✐♠♦s q✉❡ λ ❡s ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✶✳✷✮ ②

❞❡ ❧♦s ✈❡❝t♦r❡s ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ✭✶✳✶✮✳ ▲✉❡❣♦ ✭✶✳✷✮ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡

PS(G, C)✳

❆♥❛❧✐③❛♠♦s ❛❤♦r❛ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡ ❛❝✐❝❧✐❝✐❞❛❞ ✭✶✳✸✮✳ ❊st❛s r❡str✐❝❝✐♦♥❡s ♥♦ ❞❡✜♥❡♥ ❢❛❝❡t❛s ❞❡

PS(G, C)✱ ② ❝♦♠♣r♦❜❛♠♦s ❡st❡ ❤❡❝❤♦ ♠♦str❛♥❞♦ q✉❡ t♦❞❛ s♦❧✉❝✐ó♥ q✉❡ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❧❛ ❝❛r❛ ❞❡✜♥✐❞❛

♣♦r ✉♥❛ ❞❡ ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✈❡r✐✜❝❛ t❛♠❜✐é♥ ✉♥❛ ✐❣✉❛❧❞❛❞ q✉❡ ❡s ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛s

r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳ P❛r❛ C ∈ CC✱ c, c′ ∈ C ❝♦♥ c 6= c′ ❧❛ ❞❡s✐❣✉❛❧❞❛❞
∑

v∈C
xvc + xvc′ ≤ |C| − 1 ♥♦

❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(G, C)✳



✷✳✸✳ ❆♥á❧✐s✐s ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ✶✻

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ F ❧❛ ❝❛r❛ ❞❡ PS(G, C) ❞❡✜♥✐❞❛ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✶✳✸✮✱ ✐✳❡✳✱

F = {(x,w) ∈ PS(G, C) :
∑

v∈C

xvc + xvc′ = |C| − 1}.

❉❛❞♦ q✉❡ ❝✉❛❧q✉✐❡r s♦❧✉❝✐ó♥ (x,w) ∈ F s❛t✐s❢❛❝❡ t❛♠❜✐é♥ ❧❛ ✐❣✉❛❧❞❛❞ wc + wc′ = 2✱ ❡♥t♦♥❝❡s ❧❛

r❡str✐❝❝✐ó♥ ✭✶✳✸✮ ❞❡❧ ♠♦❞❡❧♦ ♥♦ ❞❡✜♥❡ ❢❛❝❡t❛✳

❈♦♥t✐♥✉❛♠♦s ❝♦♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛s ❝♦t❛s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s✳ Pr✐♠❡r♦ ♣r❡s❡♥t❛♠♦s ❧♦s r❡s✉❧t❛❞♦s ❝♦✲

rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s ❝♦t❛s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❛s✐❣♥❛❝✐ó♥✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳ ❙❡❛ |C| ≥ χA(G) + 1✳ P❛r❛ v ∈ V ② c ∈ C✱ ❧❛ r❡str✐❝❝✐ó♥ xvc ≥ 0 ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛

❞❡ PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ F ❧❛ ❝❛r❛ ❞❡ PS(G, C) ❞❡✜♥✐❞❛ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ xvc ≥ 0✱ ✐✳❡✳✱

F = {(x,w) ∈ PS(G, C) : xvc = 0}.

❙❡❛ λ ∈ R
|C|(|V |+1) ② λ0 ∈ R t❛❧ q✉❡ λT y = λ0 ♣❛r❛ t♦❞♦ y ∈ F ✳ P❛r❛ ❞❡♠♦str❛r q✉❡ xvc ≥ 0 ❞❡✜♥❡

❢❛❝❡t❛✱ t❡♥❡♠♦s q✉❡ ♣r♦❜❛r q✉❡ λ ❡s ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞

✭✶✳✷✮ ② ❞❡ ❧♦s ✈❡❝t♦r❡s ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ✭✶✳✶✮✳ ❊s ❞❡❝✐r✱ ❞❡❜❡♠♦s ❡♥❝♦♥tr❛r

❡s❝❛❧❛r❡s α ② βi, i ∈ V ✱ t❛❧❡s q✉❡

λ = απ +
∑

i∈V

βiγ
i, ✭✷✳✷✮

❞♦♥❞❡ (π, π0) ❡s ❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ xvc ≥ 0 ② γi ❡s ❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s

❞❡❧ ♠♦❞❡❧♦ ✭✶✳✶✮ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ✈ért✐❝❡ i✱ ♣❛r❛ i ∈ V ✳ ❈♦♥s✐❞❡r❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥str✉❝❝✐♦♥❡s✿

✶✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ t❛❧ q✉❡ z ∈ F ② wd = 0 ❝♦♥ d ∈ C✳ ❊st❛ s♦❧✉❝✐ó♥ ❡①✐st❡

❞❛❞♦ q✉❡ |C| ≥ χA(G) + 1✳ ❙❡❛ z′ = (x,w′)✱ ❞♦♥❞❡ w′ s❡ ♦❜t✐❡♥❡ ❞❡ w r❡❡♠♣❧❛③❛♥❞♦ wd = 0

♣♦r w′
d = 1✳ ◆♦t❛r q✉❡ z′ ♣❡rt❡♥❡❝❡ ❛ ❧❛ ❝❛r❛ F ✳ ▲✉❡❣♦✱ λT z = λ0 = λT z′✳ ❉❛❞♦ q✉❡ z ② z′ s♦❧♦

❞✐✜❡r❡♥ ❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s wd✱ ❡♥t♦♥❝❡s λwd
wd = 0 = λwd

w′
d✳ P♦r ❧♦ t❛♥t♦✱ λwd

= 0 ♣❛r❛ t♦❞♦

d ∈ C✳

✷✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ q✉❡ ♥♦ ✉t✐❧✐③❛ ❡❧ ❝♦❧♦r c✳ ❙❡❛ z′ = (x′, w)✱ ❞♦♥❞❡ x′ s❡ ♦❜t✐❡♥❡

❞❡ x r❡❡♠♣❧❛③❛♥❞♦✱ ♣❛r❛ ❛❧❣ú♥ ✈ért✐❝❡ i ∈ V ✱ i 6= v✱ xid = 1 ② xic = 0 ♣♦r x′
id = 0 ② x′

ic = 1✳

◆♦t❛r q✉❡ z′ ∈ F ✳ ▲✉❡❣♦✱ λT z = λ0 = λT z′✳ P♦r ❧♦ t❛♥t♦✱ λxid
= λxic

♣❛r❛ t♦❞♦ i ∈ V ✱ i 6= v ②

d ∈ C✱ d 6= c✳

✸✳ ❯t✐❧✐③❛♥❞♦ ✉♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ❛❧ ❛♥t❡r✐♦r✱ s❡ ♣✉❡❞❡ ✈❡r✐✜❝❛r q✉❡ λxvd
= λxvd′

✱ ♣❛r❛ t♦❞♦

d, d′ ∈ C✱ d 6= c✳



✶✼

❉❡✜♥✐♠♦s α = λxvc
− λxvd

② βv = λxvd
✳ ▲❛ ❞❡✜♥✐❝✐ó♥ ❞❡ α ② ❞❡ βv ♥♦ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ❡❧❡❝❝✐ó♥ ❞❡❧

❝♦❧♦r d ♣♦r ❡❧ ít❡♠ ✸✳ ❉❡✜♥✐♠♦s βi = λxic
♣❛r❛ i ∈ V ✱ i 6= v✳ ▲❛ ❞❡✜♥✐❝✐ó♥ ❞❡ βi t❛♠♣♦❝♦ ❞❡♣❡♥❞❡ ❞❡

❧❛ ❡❧❡❝❝✐ó♥ ❞❡❧ ❝♦❧♦r ♣♦r ❡❧ ít❡♠ ✷✳ ❉❡ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ♦❜t❡♥❡♠♦s q✉❡ λxvc
= α + βv✳ ❊♥t♦♥❝❡s λ ❡s

❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ xvc ≥ 0 ② ❞❡ ❧♦s ✈❡❝t♦r❡s ❞❡ ❝♦❡✜❝✐❡♥t❡s

❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ✭✶✳✶✮✳ ▲✉❡❣♦✱ ❧❛ r❡str✐❝❝✐ó♥ xvc ≥ 0 ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(G,C)✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✺✳ ❙❡❛ |C| ≥ χA(G) + 1✳ P❛r❛ v ∈ V ② c ∈ C ❧❛ r❡str✐❝❝✐ó♥ xvc ≤ 1 ♥♦ ❞❡✜♥❡ ✉♥❛

❢❛❝❡t❛ ❞❡ PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ F ❧❛ ❝❛r❛ ❞❡ PS(G, C) ❞❡✜♥✐❞❛ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ xvc ≤ 1✱ ✐✳❡✳✱

F = {(x,w) ∈ PS(G, C) : xvc = 1}.

❉❛❞♦ q✉❡ ❝✉❛❧q✉✐❡r s♦❧✉❝✐ó♥ (x,w) ∈ F s❛t✐s❢❛❝❡ t❛♠❜✐é♥ ❧❛ ✐❣✉❛❧❞❛❞ wc = 1✱ ❡♥t♦♥❝❡s ❧❛ r❡str✐❝❝✐ó♥

xvc ≤ 1 ♥♦ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ ❡st❡ ♣♦❧✐❡❞r♦✳

▲❛s s✐❣✉✐❡♥t❡s ♣r♦♣♦s✐❝✐♦♥❡s ❡st✉❞✐❛♥ ❧♦s ❝❛s♦s ❡♥ ❧♦s ❝✉❛❧❡s ❧❛s ❝♦t❛s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❝♦❧♦r

❞❡✜♥❡♥ ❢❛❝❡t❛s ❞❡ PS(G, C)✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✻✳ ❙❡❛ |C| ≥ χA(G) + 1✳ P❛r❛ c ∈ C ❧❛ r❡str✐❝❝✐ó♥ wc ≥ 0 ♥♦ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡

PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ F ❧❛ ❝❛r❛ ❞❡ PS(G, C) ❞❡✜♥✐❞❛ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ wc ≥ 0✱ ✐✳❡✳✱

F = {(x,w) ∈ PS(G, C) : wc = 0}.

❉❛❞♦ q✉❡ ❝✉❛❧q✉✐❡r s♦❧✉❝✐ó♥ (x,w) ∈ F s❛t✐s❢❛❝❡ t❛♠❜✐é♥ ❧❛ ✐❣✉❛❧❞❛❞
∑

v∈V xvc = 0✱ ❡♥t♦♥❝❡s ❧❛

r❡str✐❝❝✐ó♥ wc ≥ 0 ♥♦ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(G, C)✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✼✳ ❙❡❛ |C| ≥ χA(G) + 1✳ P❛r❛ c ∈ C ❧❛ r❡str✐❝❝✐ó♥ wc ≤ 1 ❞❡✜♥❡ ❢❛❝❡t❛✳

◆♦ ✐♥❝❧✉✐♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❛ ♣r♦♣♦s✐❝✐ó♥ ❞❡❜✐❞♦ ❛ q✉❡ ✐♥✈♦❧✉❝r❛ ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛

❧♦s ✉t✐❧✐③❛❞♦s ❡♥ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s✳





❈❛♣ít✉❧♦ ✸

❉❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s q✉❡ ✐♥✈♦❧✉❝r❛♥

✉♥❛ ❝❛♥t✐❞❛❞ ✜❥❛ ❞❡ ❝♦❧♦r❡s

▲❛ ❢♦r♠✉❧❛❝✐ó♥ ❡stá♥❞❛r ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❝❧ás✐❝♦ ❡stá ❞❛❞❛ ♣♦r ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮✲

✭✶✳✷✮ ② ✭✶✳✹✮✲✭✶✳✺✮✳ ❊st❡ ♣r♦❜❧❡♠❛ ❢✉❡ ❡st✉❞✐❛❞♦ ❞❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ♣♦❧✐❡❞r❛❧ ❡♥ ❬✹✻❪✳ P❛r❛ ❡✈✐t❛r

❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ❞❡ ❡st❛ ❢♦r♠✉❧❛❝✐ó♥✱ s❡ ♣r❡s❡♥t❛r♦♥ ♦tr♦s ♠♦❞❡❧♦s ❞❡ ♣r♦❣r❛♠❛❝✐ó♥ ❡♥t❡r❛

② s❡ r❡❛❧✐③❛r♦♥ ❡st✉❞✐♦s ❞❡❧ ♣♦❧✐t♦♣♦ ❛s♦❝✐❛❞♦ ❡♥ ❬✽✻✱ ✽✽❪✳ ❉❛❞♦ q✉❡ ❡st❡ ♣r♦❜❧❡♠❛ ❢✉❡ ❡st✉❞✐❛❞♦ ❡♥

♣r♦❢✉♥❞✐❞❛❞✱ ❡♥ ❡st❛ t❡s✐s ✈❛♠♦s ❛ ❡♥❢♦❝❛r♥♦s ❡♥ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s q✉❡ ❝❛♣t✉r❡♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s

❞❡ ❛❝✐❝❧✐❝✐❞❛❞✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ✈❛♠♦s ❛ tr❛❜❛❥❛r ❝♦♥ ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ❡sté♥ ❞❡✜♥✐❞❛s s♦❜r❡ ❝✐❝❧♦s ♣❛r❡s

✐♥❞✉❝✐❞♦s ② ❡♥ ❝♦♠❜✐♥❛❝✐♦♥❡s ❞❡ ❝✐❝❧♦s ② ❝❧✐q✉❡s✳ ❊♥ ❡st❡ ❝❛♣ít✉❧♦ ♣r❡s❡♥t❛♠♦s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s

✈á❧✐❞❛s q✉❡ ✐♥✈♦❧✉❝r❛♥ ✉♥❛ ❝❛♥t✐❞❛❞ ✜❥❛ ❞❡ ❝♦❧♦r❡s✳

❙❡❛ C ∈ CC ✉♥ ❝✐❝❧♦ ♣❛r ❞❡ G✳ P❛r❛ j ∈ C✱ s❡❛ Cj ⊆ C ❡❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❧♦s ✈ért✐❝❡s i ∈ C

t❛❧❡s q✉❡ ❧♦s ❞♦s ❝❛♠✐♥♦s ❡♥ C ❞❡ i ❛ j t✐❡♥❡♥ ❧♦♥❣✐t✉❞ ♣❛r ✭✐✳❡✳✱ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❞❡ C q✉❡ s❡

❡♥❝✉❡♥tr❛♥ ❛ ❞✐st❛♥❝✐❛ ♣❛r ❞❡ j ❡♥ C✮✳ ◆♦t❛r q✉❡ |Cj | = |C|/2✳ P❛r❛ j ∈ V ✱ s❡❛ N(j) ❡❧ ❝♦♥❥✉♥t♦ ❞❡

t♦❞♦s ❧♦s ✈ért✐❝❡s ❛❞②❛❝❡♥t❡s ❛ j ② s❡❛ NC(j) = C ∩ N(j)✳ ❊♥ ❡st❡ tr❛❜❛❥♦ ❝♦♥s✐❞❡r❛♠♦s ✉♥❛ ❝❧✐q✉❡

❝♦♠♦ ✉♥ s✉❜❣r❛❢♦ ❝♦♠♣❧❡t♦ ❞❡ G✱ ♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ♠❛①✐♠❛❧✳

✸✳✶✳ ❉❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r

❊♥ ❡st❛ s❡❝❝✐ó♥ ♣r❡s❡♥t❛♠♦s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s t✇♦✲❝♦❧♦r✱ ❞❡✜♥✐❞❛s s♦❜r❡ ❝✐❝❧♦s ♣❛r❡s ✐♥✲

❞✉❝✐❞♦s✱ ② ❞♦s ❣❡♥❡r❛❧✐③❛❝✐♦♥❡s✱ ❞❡✜♥✐❞❛s s♦❜r❡ ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ✉♥ ❝✐❝❧♦ ♣❛r ❝♦♥ ❝❧✐q✉❡s✳ ❊st❛s

❞❡s✐❣✉❛❧❞❛❞❡s✱ ❜❛❥♦ ❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s✱ ❞❡✜♥❡♥ ❢❛❝❡t❛s ♣❛r❛ PS(G, C)✳

✶✾



✸✳✶✳ ❉❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r ✷✵

❉❡✜♥✐❝✐ó♥ ✸✳✶✳ ❙❡❛ C ✉♥ ❝✐❝❧♦ ♣❛r ❞❡ G✱ ② s❡❛♥ c0, c1 ∈ C ❝♦♥ c0 6= c1✳ ❉❡✜♥✐♠♦s

∑

v∈C

(xvc0 + xvc1) ≤ 1 +

(
|C|

2
− 1

)

wc0 +

(
|C|

2
− 1

)

wc1 . ✭✸✳✶✮

❝♦♠♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t✇♦✲❝♦❧♦r ❛s♦❝✐❛❞❛ ❝♦♥ C, c0✱ ② c1✳

❚❡♦r❡♠❛ ✸✳✶✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r s♦♥ ✈á❧✐❞❛s ♣❛r❛ PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡✱ ② ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐ z ✉s❛ ❧♦s ❝♦❧♦r❡s c0 ② c1✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧

q✉❡ |C|−1✱ ♣♦rq✉❡ z r❡♣r❡s❡♥t❛ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✳ ◆♦t❛r q✉❡ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✱

❝♦♠♦ ❧♦s ❝♦❧♦r❡s c0 ② c1 s♦♥ ✉t✐❧✐③❛❞♦s✱ ❡s ✐❣✉❛❧ ❛ |C| − 1✳

✷✳ ❙✐ z ✉s❛ ❡❧ ❝♦❧♦r c0 ② ♥♦ ✉t✐❧✐③❛ ❡❧ ❝♦❧♦r c1✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✸✳✶✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧

q✉❡
|C|

2
✳ ❊❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ ❡st❡ ✈❛❧♦r ♣♦r s❡r wc0 = 1✳ ❙❡

♣✉❡❞❡ ✉t✐❧✐③❛r ✉♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r s✐ z ✉s❛ ❡❧ ❝♦❧♦r c1 ② ♥♦ ✉t✐❧✐③❛ ❡❧ ❝♦❧♦r c0✳

✸✳ ❙✐ ❧♦s ❝♦❧♦r❡s c0 ② c1 ♥♦ s♦♥ ✉t✐❧✐③❛❞♦s ♣♦r z✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✸✳✶✮ ❡s ♥✉❧♦✱ ② ❧❛

❞❡s✐❣✉❛❧❞❛❞ s❡ s❛t✐s❢❛❝❡ tr✐✈✐❛❧♠❡♥t❡ ♣♦r s❡r ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❛❧ ♠❡♥♦s ✶✳

❉❛❞♦ q✉❡ ❡♥ ❧♦s tr❡s ❝❛s♦s s❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t✇♦✲❝♦❧♦r ✭✸✳✶✮ ② q✉❡ z ❡s ✉♥❛ s♦❧✉❝✐ó♥

❛r❜✐tr❛r✐❛✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ✈á❧✐❞❛ ♣❛r❛ PS(G, C)✳

◆♦t❛❝✐ó♥✳ ❆ ❧♦ ❧❛r❣♦ ❞❡ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ♥❡❝❡s✐t❛r❡♠♦s ❝♦♥str✉✐r ♠✉❝❤❛s s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s✳

❈♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❞❡s❝r✐❜✐r ❡✜❝✐❡♥t❡♠❡♥t❡ ❡st❛s ❝♦♥str✉❝❝✐♦♥❡s✱ ✐♥tr♦❞✉❝✐♠♦s ❧❛ s✐❣✉✐❡♥t❡ r❡♣r❡s❡♥t❛✲

❝✐ó♥ ❣rá✜❝❛ ♣❛r❛ s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s✿

c0 c1 ✳✳✳ c ✳✳✳ c′

v j ✳✳✳ k ✳✳✳

w

❈❛❞❛ ❝♦❧✉♠♥❛ r❡♣r❡s❡♥t❛ ✉♥ ❝♦❧♦r✱ ② ❝♦♥t✐❡♥❡ ❧♦s ✈ért✐❝❡s ♦ ❝♦♥❥✉♥t♦s ❞❡ ✈ért✐❝❡s q✉❡ r❡❝✐❜❡♥ ❡❧

♠✐s♠♦ ❝♦❧♦r✳ ❊♥ ❡st❡ ❡❥❡♠♣❧♦✱ ❧♦s ✈ért✐❝❡s v ② w r❡❝✐❜❡♥ ❡❧ ❝♦❧♦r c0✱ ❡❧ ✈ért✐❝❡ j r❡❝✐❜❡ ❡❧ ❝♦❧♦r c1✱ ② ❡❧

✈ért✐❝❡ k r❡❝✐❜❡ ❡❧ ❝♦❧♦r c✳ ❆❧ r❡st♦ ❞❡ ❧♦s ✈ért✐❝❡s s❡ ❧❡ ❛s✐❣♥❛ ❝♦❧♦r❡s ❛r❜✐tr❛r✐♦s ❞❡ ♠❛♥❡r❛ t❛❧ q✉❡ s❡

❣❡♥❡r❡ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✳



✷✶

❋✐❣✉r❛ ✸✳✶✿ ❊❥❡♠♣❧♦ ❞❡ ✉♥ ❝✐❝❧♦ C ♥♦ ❜✐♥❞✐♥❣✱ ❞♦♥❞❡ C′ ❡s ❡❧ ❝✐❝❧♦ ❝♦♥ ❛r✐st❛s ♣✉♥t❡❛❞❛s✳

❉❡❝✐♠♦s q✉❡ C ❡s ✉♥ ❝✐❝❧♦ ❜✐♥❞✐♥❣ s✐ G ♥♦ ❛❞♠✐t❡ ♥✐♥❣ú♥ ❝✐❝❧♦ C′ ⊆ G t❛❧ q✉❡ C′ \ C ② C′ \

(G \C) s❡❛♥ ❝♦♥❥✉♥t♦s ✐♥❞❡♣❡♥❞✐❡♥t❡s✳ ❊❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❡st✉❞✐❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❜❛❥♦ ❧❛s ❝✉❛❧❡s

❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r ❞❡✜♥❡♥ ❢❛❝❡t❛s✳ ❊s ✐♥t❡r❡s❛♥t❡ ✈❡r q✉❡ ❡st❡ t❡♦r❡♠❛ ♣r♦✈❡❡ ❝♦♥❞✐❝✐♦♥❡s

♥❡❝❡s❛r✐❛s ② s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ✭✸✳✶✮ ❞❡✜♥❛♥ ❢❛❝❡t❛s ❞❡❧ ♣♦❧✐❡❞r♦ ❜❛❥♦ ❡st✉❞✐♦✱ s✐❡♠♣r❡ q✉❡ C s❡❛ ✉♥

❝✐❝❧♦ ❜✐♥❞✐♥❣ ② q✉❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❝♦❧♦r❡s s❡❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ❛❧t❛✳

❚❡♦r❡♠❛ ✸✳✷✳ ❆s✉♠✐♠♦s q✉❡ |C| ≥ χA(G \C) + 4 ② C ❡s ✉♥ ❝✐❝❧♦ ❜✐♥❞✐♥❣✳ ▲❛ ❞❡s✐❣✉❛❧❞❛❞ t✇♦✲❝♦❧♦r

✭✸✳✶✮ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(G, C) s✐ ② s♦❧♦ s✐ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ i ∈ V \C ❡①✐st❡ j ∈ C t❛❧ q✉❡ ik /∈ E

♣❛r❛ t♦❞♦ k ∈ Cj \ {j}✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ F ❧❛ ❝❛r❛ ❞❡ PS(C, C) ❞❡✜♥✐❞❛ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✮✱ ✐✳❡✳✱

F = {y ∈ PS(G, C) : πT y = π0};

❞♦♥❞❡ (π, π0) ❡s ❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ✭✸✳✶✮✳

❙✐✳ P♦r ❝♦♥tr❛❞✐❝❝✐ó♥✱ s✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ ✉♥ ✈ért✐❝❡ i ∈ V \C t❛❧ q✉❡ ♣❛r❛ t♦❞♦ j ∈ C✱ ❡①✐st❡

k ∈ Cj \ {j} ❝♦♥ ik ∈ E✳ ❙❡❛ z = (x,w) ∈ F ✱ ② ♣r♦❜❛r❡♠♦s q✉❡ xic0 = xic1 = 0✱ ❝♦♥❝❧✉②❡♥❞♦ q✉❡ F

♥♦ ❞❡✜♥❡ ❢❛❝❡t❛ ♣❛r❛ PS(G, C)✳ ❈♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐ wc0 = wc1 = 1✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✮ ❡s ✐❣✉❛❧ ❛ |C| − 1✳ ❉❛❞♦ q✉❡ z

s❛t✐s❢❛❝❡ ✭✸✳✶✮ ♣♦r ✐❣✉❛❧❞❛❞✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✸✳✶✮ t✐❡♥❡ q✉❡ s❡r ✐❣✉❛❧ ❛ |C| − 1✳ P♦r

❧♦ t❛♥t♦✱ ❡①❛❝t❛♠❡♥t❡ |C| − 1 ✈ért✐❝❡s ❞❡ C ❞❡❜❡♥ ✉s❛r ❧♦s ❝♦❧♦r❡s c0 ② c1✳ ❙❡❛ j ∈ C ❡❧ ú♥✐❝♦

✈ért✐❝❡ ❡♥ C q✉❡ ♥♦ ✉s❛ ♥✐ c0 ♥✐ c1✱ ② s❡❛ l ∈ NC(j)✳ ❉❛❞♦ q✉❡ C ❡s ✉♥ ❝✐❝❧♦ ♣❛r✱ ❡♥t♦♥❝❡s t♦❞♦s

❧♦s ✈ért✐❝❡s ❡♥ Cj \ {j} ✉s❛♥ ❡❧ ❝♦❧♦r c0 ② t♦❞♦s ❧♦s ✈ért✐❝❡s ❡♥ Cl ✉s❛♥ ❡❧ ❝♦❧♦r c1✱ ♦ ✈✐❝❡✈❡rs❛✳

▲❛ ❤✐♣ót❡s✐s ✐♠♣❧✐❝❛ q✉❡ ❡❧ ✈ért✐❝❡ i ❡s ❛❞②❛❝❡♥t❡ ❛ ❛❧ ♠❡♥♦s ❞♦s ✈ért✐❝❡s ❡♥ Cj ② ❛ ❞♦s ✈ért✐❝❡s

❡♥ Cl✳ ❉❡ ❤❡❝❤♦✱ s✐ i ❡s ❛❞②❛❝❡♥t❡ ❛ ✉♥ s♦❧♦ ✈ért✐❝❡ t ∈ Cj ✱ ❡♥t♦♥❝❡s i ♥♦ ❡s ❛❞②❛❝❡♥t❡ ❛ ♥✐♥❣ú♥



✸✳✶✳ ❉❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r ✷✷

✈ért✐❝❡ ❡♥ Ct \ {t}✱ ❝♦♥tr❛❞✐❝✐❡♥❞♦ ❧❛ ❤✐♣ót❡s✐s✳ ❯♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ❞❡♠✉❡str❛ q✉❡ ❡❧ ✈ért✐❝❡ i

❡s t❛♠❜✐é♥ ❛❞②❛❝❡♥t❡ ❛ ❛❧ ♠❡♥♦s ❞♦s ✈ért✐❝❡s ❡♥ Cl✳ P♦r ❧♦ t❛♥t♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡❧ ✈ért✐❝❡ i ♥♦

✉s❛ ♥✐ ❡❧ ❝♦❧♦r c0 ♥✐ ❡❧ c1✱ ❧✉❡❣♦ xic0 = xic1 = 0✳

✷✳ ❙✐ wc0 = 1 ② wc1 = 0✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✸✳✶✮ ❡s ✐❣✉❛❧ ❛ |C|
2 ✳ ❉❛❞♦ q✉❡ z s❛t✐s❢❛❝❡

✭✸✳✶✮ ♣♦r ✐❣✉❛❧❞❛❞✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✸✳✶✮ ❞❡❜❡ s❡r ✐❣✉❛❧ ❛ |C|
2 ✳ ❊st♦ ✐♠♣❧✐❝❛ q✉❡

❡①❛❝t❛♠❡♥t❡ |C|
2 ✈ért✐❝❡s ❞❡ C ❞❡❜❡♥ ✉s❛r ❝♦❧♦r c0✳ ❙❡❛ j ∈ C ✉♥♦ ❞❡ ❡s♦s ✈ért✐❝❡s q✉❡ ✉t✐❧✐③❛♥

❡❧ ❝♦❧♦r c0✳ ❊♥t♦♥❝❡s✱ t♦❞♦s ❧♦s ✈ért✐❝❡s ❡♥ Cj ❞❡❜❡♥ ✉s❛r ❝♦❧♦r c0✳ ❆❧ ✈ért✐❝❡ i ♥♦ s❡ ❧❡ ♣✉❡❞❡

❛s✐❣♥❛r ❡❧ ❝♦❧♦r c1 ❞❛❞♦ q✉❡ wc1 = 0✳ ❆❞❡♠ás✱ ♣♦r ❤✐♣ót❡s✐s✱ ❡❧ ✈ért✐❝❡ i ❡s ❛❞②❛❝❡♥t❡ ❛ ❛❧❣ú♥

✈ért✐❝❡ ❡♥ Cj ✱ ❧✉❡❣♦ xic0 = 0✳ ❯♥ ❛r❣✉♠❡♥t♦ s✐♠étr✐❝♦ r❡s✉❡❧✈❡ ❡❧ ❝❛s♦ wc1 = 1 ② wc0 = 0✳

✸✳ ❙✐ wc0 = wc1 = 0✱ ❡♥t♦♥❝❡s z ♥♦ s❛t✐s❢❛❝❡ ✭✸✳✶✮ ♣♦r ✐❣✉❛❧❞❛❞✱ ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✳

❊♥ t♦❞♦s ❧♦s ❝❛s♦s ♦❜t✉✈✐♠♦s xic0 = xic1 = 0✳ ❊♥t♦♥❝❡s✱ F ⊆ {(x,w) ∈ R
|C|(|V |+1) : xic0 = xic1 =

0 ② (x,w) s❛t✐s❢❛❝❡ ❧❛ ✐❣✉❛❧❞❛❞ ✭✶✳✶✮}✳ ❉❛❞♦ q✉❡ ❧♦s ♣✉♥t♦s ❡♥ F s❛t✐s❢❛❝❡♥ ❞♦s ✐❣✉❛❧❞❛❞❡s ❛❞✐❝✐♦♥❛❧❡s

❛❞❡♠ás ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮✱ t❡♥❡♠♦s q✉❡ dim(F ) ≤ dim(PS(G, C))− 2✳ P♦r ❧♦ t❛♥t♦✱ ❝♦♥❝❧✉í♠♦s

q✉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✮ ♥♦ ❞❡✜♥❡ ❢❛❝❡t❛ ♣❛r❛ PS(G, C)✳

❙♦❧♦ s✐✳ ❙❡❛ λ ∈ R
|C|(|V |+1) ② λ0 ∈ R t❛❧ q✉❡ λT y = λ0 ♣❛r❛ t♦❞♦ y ∈ F ✳ Pr♦❜❛r❡♠♦s q✉❡ λ ❡s ✉♥❛

❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✮ ② ❞❡ ❧♦s ✈❡❝t♦r❡s ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡

❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮✱ ❞❡♠♦str❛♥❞♦ ❞❡ ❡st❛ ♠❛♥❡r❛ q✉❡ ✭✸✳✶✮ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(G, C)✳ ❊s ❞❡❝✐r✱

❞❡❜❡♠♦s ❡♥❝♦♥tr❛r ❡s❝❛❧❛r❡s α ② βi, i ∈ V ✱ t❛❧ q✉❡

λ = απ +
∑

i∈V

βiγ
i, ✭✸✳✷✮

❞♦♥❞❡ γi ❡s ❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ✈ért✐❝❡ i✱ ♣❛r❛ i ∈ V

✭r❡❝♦r❞❛r q✉❡ ✭✶✳✶✮ ❞❡✜♥❡ ✉♥ s✐st❡♠❛ ♠✐♥✐♠❛❧ ❞❡ ❡❝✉❛❝✐♦♥❡s ♣❛r❛ PS(G, C)✮✳

❆✜r♠❛❝✐ó♥ ✶✿ λwc
= 0 ∀c ∈ C \ {c0, c1}

❙❡❛♥ j ∈ C ❡ i ∈ NC(j)✳ ❙❡❛ c′ ∈ C ❝♦♥ c′ 6= c, c0, c1✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❝♦♠♦ ❧❛

r❡♣r❡s❡♥t❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✸✳✷✭❜✮✱ t❛❧ q✉❡ wc = 0✳ ❊♥ ❡st❛ s♦❧✉❝✐ó♥ ❛s✐❣♥❛♠♦s ❧♦s ❝♦❧♦r❡s c0, c1 ② c′ ❛

❧♦s ✈ért✐❝❡s ❞❡ C ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✮ s❡ ❝✉♠♣❧❡ ♣♦r ✐❣✉❛❧❞❛❞✳ ❆❞❡♠ás✱ ❡❧ ❣r❛❢♦ G \C

♣✉❡❞❡ s❡r ❝♦❧♦r❡❛❞♦ ❛❝í❝❧✐❝❛♠❡♥t❡ ❝♦♥ ❧♦s ❝♦❧♦r❡s r❡st❛♥t❡s✱ ❞❛❞♦ q✉❡ |C| ≥ χA(G \C) + 4✳ ❉❡❜❡♠♦s

✈❡r✐✜❝❛r q✉❡ ❡st❡ ❝♦❧♦r❡♦ ❡s t❛♠❜✐é♥ ❛❝í❝❧✐❝♦ ♣❛r❛ G✳ ❙✐ ❡❧ ❝♦❧♦r❡♦ ♥♦ ❡s ❛❝í❝❧✐❝♦✱ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥

❝✐❝❧♦ ♣❛r C′ q✉❡ ✉t✐❧✐③❛ s♦❧♦ ❞♦s ❝♦❧♦r❡s✳ ❊❧ ❝✐❝❧♦ C′ ♥♦ ♣✉❡❞❡ s❡r ♥✐ ❡❧ ❝✐❝❧♦ C ♥✐ C′ ⊆ G \C✱ ❞❛❞♦ q✉❡



✷✸

c0 c1 ✳✳✳ c ✳✳✳ c′

Cj \ {v} Ci ✳✳✳ v ✳✳✳

✭❛✮

c0 c1 ✳✳✳ c ✳✳✳ c′

Cj \ {v} Ci ✳✳✳ ✳✳✳ v

✭❜✮

c0 c1 ✳✳✳ c ✳✳✳ c′

Cj \ {v
′} Ci ✳✳✳ v′ ✳✳✳

✭❝✮

c0 c1 ✳✳✳ c ✳✳✳ c′

Cj Ci \ {u} ✳✳✳ u ✳✳✳

✭❞✮

c0 c1 ✳✳✳ c ✳✳✳ c′

Ci ✳✳✳ v ✳✳✳ Cj \ {v}

✭❡✮

c0 c1 c2 ✳✳✳ c ✳✳✳ c′

Cj \ {v} Ci v G \C

✭❢✮

c0 c1 c2 . . . c . . . c′

C (G \C) \ {k} k

✭❣✮

c0 c1 c2 . . . c . . . c′

Cj \ {j} Ci j (G \C) \ {k}

k
✭❤✮

❋✐❣✉r❛ ✸✳✷✿ ❈♦♥str✉❝❝✐♦♥❡s ♣❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✷

❧♦s ❞♦s ❡stá♥ ❝♦❧♦r❡❛❞♦s ❛❝í❝❧✐❝❛♠❡♥t❡✳ P♦r ❧♦ t❛♥t♦✱ C′ t✐❡♥❡ ✈ért✐❝❡s ❡♥ C ② G \C✳ ❙✐ ❡①✐st❡♥ ✈ért✐❝❡s

❛❞②❛❝❡♥t❡s ❡♥ C′ q✉❡ ♣❡rt❡♥❡❝❡♥ ❛❧ ♠✐s♠♦ ❝♦♥❥✉♥t♦ ✭C ♦ G \C✮ ❡♥t♦♥❝❡s ❡❧ ❝♦❧♦r❡♦ ❞❡ C′ ❡s ❛❝í❝❧✐❝♦

♣♦rq✉❡ ✈ért✐❝❡s ❛❞②❛❝❡♥t❡s r❡❝✐❜❡♥ ❞♦s ❝♦❧♦r❡s ❞✐❢❡r❡♥t❡s ② ❧♦s ✈ért✐❝❡s ❡♥ ❡❧ ♦tr♦ ❝♦♥❥✉♥t♦ r❡❝✐❜❡♥ ✉♥

t❡r❝❡r ❝♦❧♦r✳ ❙✐ ♥♦ ❡①✐st❡♥ ✈ért✐❝❡s ❛❞②❛❝❡♥t❡s ❡♥ C′ q✉❡ ♣❡rt❡♥❡③❝❛♥ ❛ ✉♥ ♠✐s♠♦ ❝♦♥❥✉♥t♦✱ ❡♥t♦♥❝❡s

C′ \C ② C′ \ (G \C) s♦♥ ❝♦♥❥✉♥t♦s ✐♥❞❡♣❡♥❞✐❡♥t❡s✳ P❡r♦✱ ♣♦r ❤✐♣ót❡s✐s✱ ❡st♦ ♥♦ ❡s ♣♦s✐❜❧❡ ❞❛❞♦ q✉❡

C ❡s ✉♥ ❝✐❝❧♦ ❜✐♥❞✐♥❣✳ ▲✉❡❣♦✱ G ❡stá ❝♦❧♦r❡❛❞♦ ❛❝í❝❧✐❝❛♠❡♥t❡✳

❙❡❛ z′ = (x,w′)✱ ❝♦♥ w′ = w+ec✱ ❞♦♥❞❡ ec ❡s ❡❧ ✈❡❝t♦r ✉♥✐❞❛❞ ❛s♦❝✐❛❞♦ ❛ ❧❛ ✈❛r✐❛❜❧❡ wc✳ ▲❛ s♦❧✉❝✐ó♥

w′ s❡ ♦❜t✐❡♥❡ ❛ ♣❛rt✐r ❞❡ w r❡❡♠♣❧❛③❛♥❞♦ wc = 0 ♣♦r w′
c = 1✳ ◆♦t❛r q✉❡ t❛♥t♦ z ❝♦♠♦ z′ s❛t✐s❢❛❝❡♥

✭✸✳✶✮ ♣♦r ✐❣✉❛❧❞❛❞✱ ❧✉❡❣♦ z, z′ ∈ F ② λT z = λ0 = λT z′✳ ❉❛❞♦ q✉❡ z ② z′ s♦❧♦ ❞✐✜❡r❡♥ ❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s

wc✱ ❡♥t♦♥❝❡s λwc
wc = 0 = λwc

w′
c✳ P♦r ❧♦ t❛♥t♦✱ λwc

= 0✳

♦

❆✜r♠❛❝✐ó♥ ✷✿ λxvc
= λx

vc′
∀v ∈ C, ∀c, c′ ∈ C \ {c0, c1}

❙❡❛♥ j ∈ C✱ v ∈ Cj ✱ ❡ i ∈ NC(j)✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❝♦♠♦ ❧❛ r❡♣r❡s❡♥t❛❞❛

❡♥ ❧❛ ❋✐❣✉r❛ ✸✳✷✭❛✮ ② s❡❛ z′ = (x′, w′) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❝♦♠♦ ❧❛ ❞❛❞❛ ♣♦r ❧❛ ❋✐❣✉r❛ ✸✳✷✭❜✮✳ P♦r



✸✳✶✳ ❉❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r ✷✹

❧♦ ❞❡♠♦str❛❞♦ ❡♥ ❧❛ ❆✜r♠❛❝✐ó♥ ✶ ✱ ❡❧ ❣r❛❢♦ G \ C ♣✉❡❞❡ s❡r ❝♦❧♦r❡❛❞♦ ❛❝í❝❧✐❝❛♠❡♥t❡ ❝♦♥ ❧♦s ❝♦❧♦r❡s

r❡st❛♥t❡s✱ ❞❛❞♦ q✉❡ |C| ≥ χA(G \C) + 4✱ ② ❡st❡ ❝♦❧♦r❡♦ ❡s t❛♠❜✐é♥ ❛❝í❝❧✐❝♦ ♣❛r❛ G✳ ◆♦t❛r q✉❡ z ② z′

s❛t✐s❢❛❝❡♥ ✭✸✳✶✮ ♣♦r ✐❣✉❛❧❞❛❞✱ ♣♦r ❧♦ t❛♥t♦ z, z′ ∈ F ② λT z = λ0 = λT z′✳ ❈♦♠♦ z ② z′ s♦❧♦ ❞✐✜❡r❡♥ ❡♥

❧❛s ❝♦♦r❞❡♥❛❞❛s xvc✱ xvc′ ✱ wc ② wc′ ✱ ❡♥t♦♥❝❡s λxvc
xvc+λwc

wc = λxvc′
x′
vc′ +λwc′

w′
c′ ✳ P♦r ❧❛ ❆✜r♠❛❝✐ó♥

✶✱ λwc
= λwc′

= 0✱ ② ❡♥t♦♥❝❡s λxvc
= λxvc′

✳

♦

❆✜r♠❛❝✐ó♥ ✸✿ λxvd
− λxvc

= λx
v′d

− λx
v′c

∀v, v′ ∈ C ❛ ❞✐st❛♥❝✐❛ ♣❛r ❡♥ C ✱ ∀c ∈

C \ {c0, c1}✱ d ∈ {c0, c1}

❙❡❛♥ j ∈ C✱ v, v′ ∈ Cj ✱ ❡ i ∈ NC(j)✳ ❙❡❛♥ z = (x,w) ❧❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ r❡♣r❡s❡♥t❛❞❛ ♣♦r

❧❛ ❋✐❣✉r❛ ✸✳✷✭❛✮ ② z′ = (x′, w′) ❧❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❞❛❞❛ ♣♦r ❧❛ ❋✐❣✉r❛ ✸✳✷✭❝✮✳ ❊❧ ❣r❛❢♦ G \ C ♣✉❡❞❡

❝♦❧♦r❡❛rs❡ ❛❝í❝❧✐❝❛♠❡♥t❡ ❝♦♥ ❧♦s ❝♦❧♦r❡s r❡st❛♥t❡s✱ ❞❛❞♦ q✉❡ |C| ≥ χA(G\C)+4✱ ② ❡st❡ ❝♦❧♦r❡♦ ❡s t❛♠❜✐é♥

❛❝í❝❧✐❝♦ ♣❛r❛ G✳ ◆♦t❛r q✉❡ z ② z′ s❛t✐s❢❛❝❡♥ ✭✸✳✶✮ ♣♦r ✐❣✉❛❧❞❛❞✱ ❧✉❡❣♦ z, z′ ∈ F ② λT z = λ0 = λT z′✳

❊♥t♦♥❝❡s✱ λxv′c0
+ λxvc

= λxv′c
+ λxvc0

✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ λxv′c0
− λxv′c

= λxvc0
− λxvc

✳ ❉❛❞♦ q✉❡ j ❡s

✉♥ ✈ért✐❝❡ ❛r❜✐tr❛r✐♦✱ ❡st❛ ✐❣✉❛❧❞❛❞ s❡ ❝✉♠♣❧❡ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ✈ért✐❝❡s v, v′ ∈ C q✉❡ s❡ ❡♥❝✉❡♥tr❡♥ ❛

❞✐st❛♥❝✐❛ ♣❛r ❡♥ C✳ ❯♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ♣✉❡❞❡ ❞❛rs❡ ♣❛r❛ ❡❧ ❝❛s♦ d = c1✳

♦

❆✜r♠❛❝✐ó♥ ✹✿ λxvc1
− λxvc

= λx
v′c0

− λx
v′c

∀v, v′ ∈ C ❛ ❞✐st❛♥❝✐❛ ✐♠♣❛r ❡♥ C✱ ∀c ∈

C \ {c0, c1}

❙❡❛♥ j ∈ C✱ v ∈ Cj ✱ i ∈ NC(j) ② u ∈ Ci✳ ❙❡❛ z = (x,w) ❧❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ r❡♣r❡s❡♥t❛❞❛ ♣♦r ❧❛

❋✐❣✉r❛ ✸✳✷✭❛✮ ② z′ = (x′, w′) ❧❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❡s♣❡❝✐✜❝❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✸✳✷✭❞✮✳ ❊❧ ❣r❛❢♦ G \C ♣✉❡❞❡

❝♦❧♦r❡❛rs❡ ❛❝í❝❧✐❝❛♠❡♥t❡ ❝♦♥ ❧♦s ❝♦❧♦r❡s r❡st❛♥t❡s✱ ❞❛❞♦ q✉❡ |C| ≥ χA(G\C)+4✱ ② ❡st❡ ❝♦❧♦r❡♦ ❡s t❛♠❜✐é♥

❛❝í❝❧✐❝♦ ♣❛r❛ G✳ ◆♦t❛r q✉❡ z ② z′ s❛t✐s❢❛❝❡♥ ✭✸✳✶✮ ♣♦r ✐❣✉❛❧❞❛❞✱ ❧✉❡❣♦ z, z′ ∈ F ② λT z = λ0 = λT z′✳

❊♥t♦♥❝❡s✱ λxuc1
+ λxvc

= λxuc
+ λxvc0

✳ ▲✉❡❣♦✱ λxuc1
− λxuc

= λxvc0
− λxvc

✳ ❉❛❞♦ q✉❡ ❡st❛ ✐❣✉❛❧❞❛❞ ❡s

✈á❧✐❞❛ ♣❛r❛ ❝✉❛❧q✉✐❡r ✈ért✐❝❡ u ∈ Ci ② j ❡s ✉♥ ✈ért✐❝❡ ❛r❜✐tr❛r✐♦✱ ❧❛ ❛✜r♠❛❝✐ó♥ q✉❡❞❛ ❞❡♠♦str❛❞❛✳

♦

❆✜r♠❛❝✐ó♥ ✺✿ λwd
=

(
|C|

2
− 1

)
(
λx

vc′
− λxvd

)
∀v ∈ C✱ d ∈ {c0, c1}

❙❡❛♥ j ∈ C✱ v ∈ Cj ✱ ❡ i ∈ NC(j)✳ ❙❡❛ z = (x,w) ❧❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❞❛❞❛ ♣♦r ❧❛ ❋✐❣✉r❛ ✸✳✷✭❛✮ ② z′ =

(x′, w′) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❝♦♠♦ ❧❛ r❡♣r❡s❡♥t❛❞❛ ♣♦r ❧❛ ❋✐❣✉r❛ ✸✳✷✭❡✮✱ ❞♦♥❞❡ wc′ = w′
c′ = 1 ② w′

c0 = 0✳

❊❧ ❣r❛❢♦ G \C ♣✉❡❞❡ ❝♦❧♦r❡❛rs❡ ❛❝í❝❧✐❝❛♠❡♥t❡ ❝♦♥ ❧♦s ❝♦❧♦r❡s r❡st❛♥t❡s✱ ❞❛❞♦ q✉❡ |C| ≥ χA(G \C) + 4

② ❡st❡ ❝♦❧♦r❡♦ ❡s t❛♠❜✐é♥ ❛❝í❝❧✐❝♦ ♣❛r❛ G✳ ❉❛❞♦ q✉❡ z ② z′ s❛t✐s❢❛❝❡♥ ✭✸✳✶✮ ♣♦r ✐❣✉❛❧❞❛❞✱ ❡♥t♦♥❝❡s



✷✺

z, z′ ∈ F ② λT z = λ0 = λT z′✳ ❊♥t♦♥❝❡s✱ λwc0
+

∑

u∈Cj\{v}
λxuc0

=
∑

u∈Cj\{v}
λxuc′

✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡

λwc0
=

∑

u∈Cj\{v}

(
λxuc′

− λxuc0

)
✳ P♦r ❧❛ ❆✜r♠❛❝✐ó♥ ✸✱ s❛❝❛♠♦s

(
λxvc′

− λxvc0

)
❝♦♠♦ ❢❛❝t♦r ❝♦♠ú♥ ②

❝♦♠♦ j ❡s ✉♥ ✈ért✐❝❡ ❛r❜✐tr❛r✐♦✱ ♦❜t❡♥❡♠♦s

λwc0
=

(
|C|

2
− 1

)
(
λxvc′

− λxvc0

)
.

P✉❡❞❡ ❞❛rs❡ ✉♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ♣❛r❛ ❡❧ ❝❛s♦ d = c1✳

♦

❆✜r♠❛❝✐ó♥ ✻✿ λwc0
= λwc1

P♦r ❧❛ ❆✜r♠❛❝✐ó♥ ✺✱ λwc0
=

(
|C|

2
− 1

)
(
λxvc′

− λxvc0

)
♣❛r❛ ❛❧❣ú♥ ✈ért✐❝❡ v ∈ C ② ❛❧❣ú♥ ❝♦❧♦r

c′ ∈ C✳ ❙❡❛ v′ ∈ C ✉❜✐❝❛❞♦ ❛ ❞✐st❛♥❝✐❛ ✐♠♣❛r ❞❡ v ❡♥ C✳ ▲❛ ❛✜r♠❛❝✐ó♥ ✹ ✐♠♣❧✐❝❛ q✉❡ λxv′c1
− λxv′c′

=

λxvc0
− λxvc′

✱ ❡♥t♦♥❝❡s✱ λwc0
=

(
|C|

2
− 1

)(

λxv′c′
− λxv′c1

)

✳ P♦r ❧❛ ❆✜r♠❛❝✐ó♥ ✺✱ ❡st❡ ú❧t✐♠♦ tér♠✐♥♦

❡s ✐❣✉❛❧ ❛ λwc1
✱ ❧✉❡❣♦ λwc0

= λwc1
✳

♦

❆✜r♠❛❝✐ó♥ ✼✿ λxvc0
= λxvc1

∀v ∈ C

P♦r ❧❛ ❆✜r♠❛❝✐ó♥ ✻✱ λwc0
= λwc1

✳ ▲❛ ❆✜r♠❛❝✐ó♥ ✺ ✐♠♣❧✐❝❛ q✉❡

(
|C|

2
− 1

)
(
λxvc′

− λxvc0

)
=

(
|C|

2
− 1

)
(
λxvc′

− λxvc1

)
✳ ▲✉❡❣♦✱ λxvc0

= λxvc1
✳

♦

❆✜r♠❛❝✐ó♥ ✽✿ λxkc
= λx

kc′
∀k ∈ V \ C ∀c, c′ ∈ C \ {c0, c1}

❙❡❛♥ k ∈ V \ C✱ ② c2 ∈ C \ {c0, c1}✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❝♦♠♦ ❧❛ r❡♣r❡s❡♥t❛❞❛

♣♦r ❧❛ ❋✐❣✉r❛ ✸✳✷✭❢✮ ② z′ = (x′, w′) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❝♦♠♦ ❧❛ ❞❛❞❛ ♣♦r ❧❛ ❋✐❣✉r❛ ✸✳✷✭❣✮✱ ❡♥ ❧❛ ❝✉❛❧

❛ ❧♦s ✈ért✐❝❡s ❡♥ C s❡ ❧❡ ❛s✐❣♥❛♥ ❧♦s ❝♦❧♦r❡s {c0, c1, c2} ❝♦♠♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✸✳✷✭❢✮✳ ❊❧ ❝♦♥❥✉♥t♦ G \ C

♣✉❡❞❡ ❝♦❧♦r❡❛rs❡ ❛❝í❝❧✐❝❛♠❡♥t❡ ❞❛❞♦ q✉❡ q✉❡❞❛♥ χA(G \ C) + 1 ❝♦❧♦r❡s s✐♥ ✉t✐❧✐③❛r✳ ❊st❡ ❝♦❧♦r❡♦ ❞❡

G ❡s ❛❝í❝❧✐❝♦ ♣♦rq✉❡✱ ♣♦r ❤✐♣ót❡s✐s✱ G ♥♦ ❛❞♠✐t❡ ♥✐♥❣ú♥ ❝✐❝❧♦ C′ ⊆ G t❛❧ q✉❡ C \ C′ ② C′ \ C s♦♥

❝♦♥❥✉♥t♦s ✐♥❞❡♣❡♥❞✐❡♥t❡s✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❡❧ ✈ért✐❝❡ k ✉s❛ ❡❧ ❝♦❧♦r c✳ ❉❛❞♦ q✉❡ z ② z′ s❛t✐s❢❛❝❡♥ ✭✸✳✶✮

♣♦r ✐❣✉❛❧❞❛❞✱ ❡♥t♦♥❝❡s z, z′ ∈ F ② λT z = λ0 = λT z′✳ ◆♦t❛r q✉❡ z ② z′ s♦❧♦ ❞✐✜❡r❡♥ ❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s

xkc ② xkc′ ✳ ▲✉❡❣♦✱ λxkc
= λxkc′

✳

♦



✸✳✶✳ ❉❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r ✷✻

❆✜r♠❛❝✐ó♥ ✾✿ λxkc0
= λxkc1

= λxkc
∀k ∈ V \ C ∀c ∈ C \ {c0, c1}

❙❡❛ k ∈ V \ C✳ ❙❡❛ z = (x,w) ❧❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❞❛❞❛ ♣♦r ❧❛ ❋✐❣✉r❛ ✸✳✷✭❢✮ ② z′ = (x′, w′) ❧❛

s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ r❡♣r❡s❡♥t❛❞❛ ♣♦r ❧❛ ❋✐❣✉r❛ ✸✳✷✭❤✮✳ ❊♥ ❧❛ ❋✐❣✉r❛ ✸✳✷✭❢✮✱ ❡❧ ❝♦♥❥✉♥t♦ G \C ❡s ❝♦❧♦r❡❛❞♦

❛❝í❝❧✐❝❛♠❡♥t❡ ❝♦♥ χA(G\C) ❝♦❧♦r❡s✳ ❊st❡ ❝♦❧♦r❡♦ ❞❡ G ❡s ❛❝í❝❧✐❝♦ ❞❛❞♦ q✉❡✱ ♣♦r ❤✐♣ót❡s✐s✱ G ♥♦ ❛❞♠✐t❡

♥✐♥❣ú♥ ❝✐❝❧♦ C′ ⊆ G t❛❧ q✉❡ C\C′ ② C′ \C s❡❛♥ ❝♦♥❥✉♥t♦s ✐♥❞❡♣❡♥❞✐❡♥t❡s✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❡❧ ✈ért✐❝❡

k ✉s❛ ❡❧ ❝♦❧♦r c✳ ❊♥ ❧❛ ❋✐❣✉r❛ ✸✳✷✭❤✮✱ ❡❧ ✈ért✐❝❡ k ✉s❛ ❝♦❧♦r c0✳ ❊st❡ ❝♦❧♦r❡♦ ❡s ♣♦s✐❜❧❡ ♣♦rq✉❡✱ ♣♦r

❤✐♣ót❡s✐s✱ ❡①✐st❡ ✉♥ ✈ért✐❝❡ j ∈ C t❛❧ q✉❡ k ♥♦ ❡s ❛❞②❛❝❡♥t❡ ❛ ♥✐♥❣ú♥ ✈ért✐❝❡ v ∈ Cj \ {j}✳ ❈♦♠♦ z ②

z′ s❛t✐s❢❛❝❡♥ ✭✸✳✶✮ ♣♦r ✐❣✉❛❧❞❛❞✱ ❡♥t♦♥❝❡s z, z′ ∈ F ② λT z = λ0 = λT z′✳ ◆♦t❛r q✉❡ z ② z′ s♦❧♦ ❞✐✜❡r❡♥

❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s xkc0 ② xkc✳ ▲✉❡❣♦✱ λxkc0
= λxkc

✳ ❙✐ r❡♣❡t✐♠♦s ❡st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ ❝♦♥ c1 ❡♥ ❧✉❣❛r

❞❡ c0✱ ♦❜t❡♥❡♠♦s λxkc1
= λxkc

✳

♦

❉❡✜♥✐♠♦s α = λxvc0
− λxvc

✱ ♣❛r❛ t♦❞♦ v ∈ C✱ c ∈ C \ {c0, c1}✳ ◆♦t❛r q✉❡ ❧❛ ❡❧❡❝❝✐ó♥ ❞❡ v ② ❞❡ c ♥♦

❛❢❡❝t❛ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ α✱ ♣♦r ❧❛ ❆✜r♠❛❝✐ó♥ ✹ ② ❧❛ ❆✜r♠❛❝✐ó♥ ✼✳ ❆❞❡♠ás✱ ❞❡✜♥✐♠♦s βv = λxvc
✱ ♣❛r❛

t♦❞♦ v ∈ C✱ c ∈ C \ {c0, c1}✳ P♦r ❧❛ ❆✜r♠❛❝✐ó♥ ✷✱ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ βv ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛ ❡❧❡❝❝✐ó♥ ❞❡

c✳ ❉❡ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❞❡ α ② β ♦❜t❡♥❡♠♦s λxvc0
= α+ βv✳ P♦r ❧❛ ❆✜r♠❛❝✐ó♥ ✼✱ λxvc1

= α+ βv✳

▲❛ ❆✜r♠❛❝✐ó♥ ✺ ✐♠♣❧✐❝❛ q✉❡ λwc0
=

(
|C|

2
− 1

)
(
λxvc′

− λxvc0

)
✱ ② ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ α ✐♠♣❧✐❝❛ q✉❡

λwc0
=

(
|C|

2
− 1

)

(−α) =

(

1−
|C|

2

)

α✳ P♦r ❧❛ ❆✜r♠❛❝✐ó♥ ✺✱ t❡♥❡♠♦s q✉❡ λwc1
=

(
|C|

2
− 1

)

(−α) =
(

1−
|C|

2

)

α✳

❉❡✜♥✐♠♦s βi = λxic
✱ ♣❛r❛ t♦❞♦ i ∈ G \ C✱ c ∈ C✳ ◆♦t❛r q✉❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ βi ♥♦ ❞❡♣❡♥❞❡ ❞❡ ❧❛

❡❧❡❝❝✐ó♥ ❞❡ c✱ ♣♦r ❧❛ ❆✜r♠❛❝✐ó♥ ✽ ② ❧❛ ❆✜r♠❛❝✐ó♥ ✾✳ ❇❛❥♦ ❡st❛s ❞❡✜♥✐❝✐♦♥❡s ❝♦♥❝❧✉✐♠♦s q✉❡ s❡ s❛t✐s❢❛❝❡

❧❛ ✐❣✉❛❧❞❛❞ ✭✸✳✷✮✳ P♦r ❧♦ t❛♥t♦✱ λ ❡s r❡❛❧♠❡♥t❡ ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡

❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✮ ② ❞❡ ❧♦s ✈❡❝t♦r❡s ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮✱ ❧✉❡❣♦ ✭✸✳✶✮ ✐♥❞✉❝❡ ✉♥❛

❢❛❝❡t❛ ❞❡ PS(G, C)✳

❉❛❞♦ q✉❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❛❞❛s ❡♥ ❝❧✐q✉❡s ❞❡♠♦str❛r♦♥ s❡r ♠✉② ❡❢❡❝t✐✈❛s ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛

❝❧ás✐❝♦ ❞❡ ❝♦❧♦r❡♦ ❞❡ ✈ért✐❝❡s ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ♣❧❛♥♦s ❞❡ ❝♦rt❡✱ ❡st❛♠♦s ✐♥t❡r❡s❛❞♦s ❡♥

❡st❛ t❡s✐s ❡♥ ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❛❞❛s ❡♥ ❝♦♠❜✐♥❛❝✐♦♥❡s ❞❡ ❝❧✐q✉❡s ② ❝✐❝❧♦s✳ ▲❛ ✐❞❡❛ ❡s ❝❛♣t✉r❛r

❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❛❝✐❝❧✐❝✐❞❛❞ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s ❡♥ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❛❞❛s ❡♥ ❝❧✐q✉❡s✳ ❈♦♥

❡st❡ ♦❜❥❡t✐✈♦✱ ❣❡♥❡r❛❧✐③❛♠♦s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r r❡❡♠♣❧❛③❛♥❞♦ ✉♥ ✈ért✐❝❡ ♣♦r ✉♥❛ ❝❧✐q✉❡✳



✷✼

❋✐❣✉r❛ ✸✳✸✿ ❊str✉❝t✉r❛ ♣❛r❛ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✶✲r❡♣❧✐❝❛t❡❞ t✇♦✲❝♦❧♦r✳

❉❡✜♥✐❝✐ó♥ ✸✳✷✳ ❙❡❛ P ∪K ⊆ V ✱ ❞♦♥❞❡ K ❡s ✉♥❛ ❝❧✐q✉❡ ② P = {a1, . . . , ap} ❡s ✉♥ ❝❛♠✐♥♦ ❝♦♥ p ✐♠♣❛r✱

t❛❧ q✉❡ K ∪ {a1} ② K ∪ {ap} s♦♥ ❝❧✐q✉❡s ② a1ap /∈ E ✭✈❡r ❋✐❣✉r❛ ✸✳✸✮✳ ❙❡❛♥ c0, c1 ∈ C✱ ❝♦♥ c0 6= c1✳

❉❡✜♥✐♠♦s
∑

v∈P∪K

(xvc0 + xvc1) ≤ 1 +
|P | − 1

2
(wc0 + wc1) ✭✸✳✸✮

❝♦♠♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✶✲r❡♣❧✐❝❛t❡❞ t✇♦✲❝♦❧♦r ✐♥❡q✉❛❧✐t② ❛s♦❝✐❛❞❛ ❝♦♥ ❡❧ ❝❛♠✐♥♦ P ✱ ❧❛ ❝❧✐q✉❡ K✱ ② ❧♦s

❝♦❧♦r❡s c0 ② c1✳

❚❡♦r❡♠❛ ✸✳✸✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✶✲r❡♣❧✐❝❛t❡❞ t✇♦✲❝♦❧♦r s♦♥ ✈á❧✐❞❛s ♣❛r❛ PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡✱ ② ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐ z ✉s❛ ❧♦s ❝♦❧♦r❡s c0 ② c1✱ ❞✐✈✐❞✐♠♦s ❡❧ ❛♥á❧✐s✐s ❡♥ ❧♦s s✐❣✉✐❡♥t❡s s✉❜✲❝❛s♦s✿

❛✮ s✐ ♥✐♥❣ú♥ ✈ért✐❝❡ ❡♥ ❧❛ ❝❧✐q✉❡ K ✉t✐❧✐③❛ ❧♦s ❝♦❧♦r❡s c0 ② c1✱ ❡♥t♦♥❝❡s t♦❞♦s ❧♦s ✈ért✐❝❡s ❞❡❧

❝❛♠✐♥♦ P ♣✉❡❞❡♥ ✉s❛r ❡s♦s ❝♦❧♦r❡s✳

❜✮ s✐ ❡①❛❝t❛♠❡♥t❡ ✉♥ ✈ért✐❝❡ ❡♥ ❧❛ ❝❧✐q✉❡ K ✉t✐❧✐③❛ ❡❧ ❝♦❧♦r c0 ♦ c1✱ ❡♥t♦♥❝❡s ❛ ❧♦ s✉♠♦ |P | − 1

✈ért✐❝❡s ❡♥ ❡❧ ❝❛♠✐♥♦ P ♣✉❡❞❡♥ ✉t✐❧✐③❛r ❧♦s ❝♦❧♦r❡s c0 ② c1✱ ♣♦rq✉❡ z r❡♣r❡s❡♥t❛ ✉♥ ❝♦❧♦r❡♦

❛❝í❝❧✐❝♦✳

❝✮ s✐ ❞♦s ✈ért✐❝❡s ❡♥ ❧❛ ❝❧✐q✉❡ K ✉t✐❧✐③❛♥ ❧♦s ❝♦❧♦r❡s c0 ② c1✱ ❡♥t♦♥❝❡s ❧♦s ✈ért✐❝❡s a1 ② ap ♥♦

♣✉❡❞❡♥ ✉t✐❧✐③❛r ❡s♦s ❝♦❧♦r❡s✳

❊♥ t♦❞♦s ❧♦s ❝❛s♦s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✸✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |P |✳ ◆♦t❛r q✉❡

❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✱ ❝♦♠♦ ❧♦s ❝♦❧♦r❡s c0 ② c1 s♦♥ ✉t✐❧✐③❛❞♦s✱ ❡s ✐❣✉❛❧ ❛ |P |✳



✸✳✶✳ ❉❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r ✷✽

✷✳ ❙✐ z ✉s❛ ❡❧ ❝♦❧♦r c0 ② ♥♦ ✉t✐❧✐③❛ ❡❧ ❝♦❧♦r c1✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✸✳✸✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧

q✉❡
|P |+ 1

2
✳ ❊❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ ❡st❡ ✈❛❧♦r ♣♦r s❡r wc0 = 1✳

❙❡ ♣✉❡❞❡ ✉t✐❧✐③❛r ✉♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r s✐ z ✉s❛ ❡❧ ❝♦❧♦r c1 ② ♥♦ ✉t✐❧③❛ ❡❧ ❝♦❧♦r c0✳

✸✳ ❙✐ ❧♦s ❝♦❧♦r❡s c0 ② c1 ♥♦ s♦♥ ✉t✐❧✐③❛❞♦s ♣♦r z✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✸✳✸✮ ❡s ♥✉❧♦✱ ② ❧❛

❞❡s✐❣✉❛❧❞❛❞ s❡ s❛t✐s❢❛❝❡ tr✐✈✐❛❧♠❡♥t❡ ♣♦r s❡r ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❛❧ ♠❡♥♦s ✶✳

❉❛❞♦ q✉❡ ❡♥ ❧♦s tr❡s ❝❛s♦s s❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✶✲ r❡♣❧✐❝❛t❡❞ t✇♦✲❝♦❧♦r ✭✸✳✸✮ ② q✉❡ z ❡s ✉♥❛

s♦❧✉❝✐ó♥ ❛r❜✐tr❛r✐❛✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ✈á❧✐❞❛ ♣❛r❛ PS(G, C)✳

❆♥❛❧✐③❛♠♦s ❛❤♦r❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❢❛❝❡t✐t✉❞ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✶✲r❡♣❧✐❝❛t❡❞ t✇♦✲❝♦❧♦r✳ ❉❛❞♦ q✉❡

r❡s✉❧t❛ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ❝♦♠♣❧✐❝❛❞♦ ❛♥❛❧✐③❛r ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ② s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ❡st❛s ❞❡s✐❣✉❛❧✲

❞❛❞❡s ❞❡✜♥❛♥ ❢❛❝❡t❛s ♣❛r❛ ❣r❛❢♦s ❣❡♥❡r❛❧❡s✱ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ♥♦s ❧✐♠✐t❛♠♦s ❛ ❛♥❛❧✐③❛r s✉s ♣r♦♣✐❡❞❛❞❡s ❞❡

❢❛❝❡t✐t✉❞ ❝✉❛♥❞♦ ❡❧ ❣r❛❢♦ ❝♦♥s✐st❡ s♦❧❛♠❡♥t❡ ❞❡ ❧❛ ❡str✉❝t✉r❛ P ∪K✳ ▲❧❛♠❛♠♦s GP∪K = (P ∪K,EP∪K)

❛❧ ❣r❛❢♦ ❝♦♠♣✉❡st♦ ❡①❝❧✉s✐✈❛♠❡♥t❡ ♣♦r ❧❛ ❡str✉❝t✉r❛ ❞❡s❝r✐♣t❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✸✳✸✳ Pr♦❜❛♠♦s ❛ ❝♦♥t✐♥✉❛✲

❝✐ó♥ q✉❡ ✭✸✳✸✮ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(GP∪K , C) ❜❛❥♦ ❝♦♥❞✐❝✐♦♥❡s ♠❡♥♦s r❡str✐❝t✐✈❛s q✉❡ ❧❛s ❤✐♣ót❡s✐s

❞❡❧ ❚❡♦r❡♠❛ ✸✳✷ ♣❛r❛ ❣r❛❢♦s ❣❡♥❡r❛❧❡s✳

❚❡♦r❡♠❛ ✸✳✹✳ ❙✐ |C| > χA(GP∪K)✱ ② |P | ≤ 3 ♦ |K| ≥ 3✱ ❡♥t♦♥❝❡s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✶✲r❡♣❧✐❝❛t❡❞ t✇♦✲❝♦❧♦r

✭✸✳✸✮ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(GP∪K , C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ F ❧❛ ❝❛r❛ ❞❡ PS(GP∪K , C) ❞❡✜♥✐❞❛ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✸✮✱ ✐✳❡✳✱

F = {(x,w) ∈ PS(GP∪K , C) :
∑

v∈P∪K

(xvc0 + xvc1) = 1 +
|P | − 1

2
(wc0 + wc1)}.

❊st❛ ❝❛r❛ ❡s ♥♦ ✈❛❝í❛✱ ②❛ q✉❡ ♣♦r ❡❥❡♠♣❧♦ s✐ t♦❞♦s ❧♦s ✈ért✐❝❡s ❡♥ P ✉t✐❧✐③❛♥ ❧♦s ❝♦❧♦r❡s c0 ② c1 s❡

♦❜t✐❡♥❡ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ q✉❡ ❝✉♠♣❧❡ ✭✸✳✸✮ ♣♦r ✐❣✉❛❧❞❛❞✳ ❚❛♠❜✐é♥ ❡s ✉♥❛ ❝❛r❛ ♣r♦♣✐❛✱ ❞❛❞♦ q✉❡ ♣♦r

❡❥❡♠♣❧♦ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ q✉❡ ♥♦ ✉t✐❧✐❝❡ ❧♦s ❝♦❧♦r❡s c0 ② c1 ♥♦ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ♣♦r ✐❣✉❛❧❞❛❞✳

P♦r ❧♦ t❛♥t♦✱ ❞✐♠(F ) ≤ ❞✐♠(PS(GC, C)) − 1✳ P❛r❛ ❞❡♠♦str❛r q✉❡ F ❞❡✜♥❡ ❢❛❝❡t❛✱ ❞❡❜❡♠♦s ♠♦str❛r

|V |(|C|− 1)+ |C| ♣✉♥t♦s ❛✜♥♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s q✉❡ ♣❡rt❡♥❡③❝❛♥ ❛ F ✱ ❡s ❞❡❝✐r✱ ❝♦❧♦r❡♦s ❛❝í❝❧✐❝♦s q✉❡

❝✉♠♣❧❛♥ ✭✸✳✸✮ ♣♦r ✐❣✉❛❧❞❛❞✳

▲❛ ❞❡♠♦str❛❝✐ó♥ ♣r♦❝❡❞❡ ♣♦r ✐♥❞✉❝❝✐ó♥ ❡♥ ❧❛ ❝❛♥t✐❞❛❞ n ❞❡ ✈ért✐❝❡s ❡♥ ❧❛ ❝❧✐q✉❡ K✳ ❊❧ ❝❛s♦ ❜❛s❡✱

♣❛r❛ n = 1✱ ❡s ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✷✱ s✐❡♥❞♦ G \ (P ∪K) = ∅✳ P❛r❛ r❡❛❧✐③❛r ❡❧ ♣❛s♦ ✐♥❞✉❝t✐✈♦✱

✈❛♠♦s ❛ ✉t✐❧✐③❛r ❡❧ ❤❡❝❤♦ q✉❡ χA(GP∪K \ {k}) = χA(GP∪K) − 1 s✐ |P | ≤ 3 ♦ |K| ≥ 3✳ ❙❡❛ G′ ❡❧

❣r❛❢♦ ♦❜t❡♥✐❞♦ ❛ ♣❛rt✐r ❞❡ GP∪K q✉✐tá♥❞♦❧❡ ✉♥ ✈ért✐❝❡✱ ❞✐❣❛♠♦s v0✱ ❛ ❧❛ ❝❧✐q✉❡ K ② s❡❛ C′ = C \ {c2}✳

❉❡✜♥✐♠♦s V = P ∪K ② V ′ = V \{v0}✳



✷✾

P♦r ❤✐♣ót❡s✐s ✐♥❞✉❝t✐✈❛✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡✜♥❡ ❢❛❝❡t❛ ♣❛r❛ PS(G
′, C′)✱ ❞❛❞♦ q✉❡ χA(G

′) = χA(GP∪K)−

1✳ P♦r ❧♦ t❛♥t♦✱ ❡①✐st❡♥ |V ′|(|C′|−1)+|C′| ♣✉♥t♦s ❛✜♥♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s q✉❡ ❝✉♠♣❧❡♥ ✭✸✳✸✮ ♣♦r ✐❣✉❛❧✲

❞❛❞✳ ❊s ❞❡❝✐r✱ ❡①✐st❡♥ (|V |−1)(|C|−2)+|C|−1 ♣✉♥t♦s ❛✜♥♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❡♥ ❧❛ ❝❛r❛ ❞❡ PS(G
′, C′)

❞❡✜♥✐❞❛ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✸✮✳ P❛r❛ ❞❡♠♦str❛r q✉❡ ✭✸✳✸✮ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(GP∪K , C)✱ ❝♦♥str✉✐✲

♠♦s ❧♦s s✐❣✉✐❡♥t❡s |V |(|C| − 1) + |C| ♣✉♥t♦s ❛✜♥♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s q✉❡ ❝✉♠♣❧❡♥ ✭✸✳✸✮ ♣♦r ✐❣✉❛❧❞❛❞✿

✶✳ ❚❡♥❡♠♦s (|V | − 1)(|C| − 2) + |C| − 1 ♣✉♥t♦s ❛✜♥♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s q✉❡ ♠✉❡str❛♥ q✉❡ ✭✸✳✸✮

❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(G
′, C)✱ ② ❧♦s ❡①t❡♥❞❡♠♦s ❛❣r❡❣❛♥❞♦ xv0c2 = 1 ② wc2 = 1✳

✷✳ ❈♦♥s✐❞❡r❛♠♦s |C| − 1 ❝♦❧♦r❡♦s ❛❝í❝❧✐❝♦s ❡♥ ❧♦s ❝✉❛❧❡s xv0ci = 1 ♣❛r❛ i = 0, 1, 3, . . . , |C| − 1 ②

wc2 = 0✳

✸✳ ❈♦♥s✐❞❡r❛♠♦s ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❝♦♥ xv0c1 = 1✱ wc2 = 1 ② xvc2 = 0 ♣❛r❛ t♦❞♦ v ∈ V ✳

✹✳ ❈♦♥s✐❞❡r❛♠♦s |V | − 1 ❝♦❧♦r❡♦s ❛❞✐❝✐♦♥❛❧❡s✱ ❞❡ ♠♦❞♦ t❛❧ q✉❡ ❡❧ i✲és✐♠♦ ❝♦❧♦r❡♦ i t✐❡♥❡ xvic2 = 1✱

♣❛r❛ i = 1, . . . , |V | − 1✳

❊s ❢á❝✐❧ ✈❡r q✉❡ t♦❞♦s ❡st♦s ♣✉♥t♦s s♦♥ ❝♦❧♦r❡♦s ❛❝í❝❧✐❝♦s q✉❡ ❝✉♠♣❧❡♥ ✭✸✳✸✮ ♣♦r ✐❣✉❛❧❞❛❞✱ ❡s ❞❡❝✐r✱

♣❡rt❡♥❡❝❡♥ ❛ ❧❛ ❝❛r❛ F ❞❡ PS(GP∪K , C) ❞❡✜♥✐❞❛ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✸✮✳ ❱❡r✐✜❝❛♠♦s ❛❤♦r❛ q✉❡ ❡st♦s

♣✉♥t♦s s♦♥ ❛✜♥♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s✳

▲♦s ♣✉♥t♦s ❞❡❧ ít❡♠ ✶ s♦♥ ❡①t❡♥s✐♦♥❡s ❞❡ ♣✉♥t♦s ❛✜♥♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❛ ❧♦s q✉❡ s❡ ❧❡s ❛❣r❡❣ó

✉♥♦s ❛ ❧❛s ♣♦s✐❝✐♦♥❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s ✈❛r✐❛❜❧❡s xv0c2 ② wc2 ✳ P♦r ❧♦ t❛♥t♦✱ s✐❣✉❡♥ s✐❡♥❞♦

❛✜♥♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s✳

▲♦s ♣✉♥t♦s ❞❡❧ ít❡♠ ✷✱ s♦♥ ❛✜♥♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❡♥tr❡ sí✱ ❞❛❞♦ q✉❡ s✐ ✉♥ ♣✉♥t♦ s❛t✐s❢❛❝❡ ❧❛

✐❣✉❛❧❞❛❞ xv0ci = 1 ♣❛r❛ ❛❧❣ú♥ i ∈ {0, 1, 3, . . . , |C|−1}✱ ❡❧ r❡st♦ ❞❡ ❧♦s |C|−2 ♣✉♥t♦s ♥♦ ❧❛ ❝✉♠♣❧❡✳

❆❞❡♠ás✱ t❛♠❜✐é♥ s♦♥ ❛✜♥♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s r❡s♣❡❝t♦ ❞❡ ❧♦s ♣✉♥t♦s ❞❡❧ ít❡♠ ✶✱ ②❛ q✉❡ ést♦s

❝✉♠♣❧❡♥ ❧❛ ✐❣✉❛❧❞❛❞ wc2 = 1✳

❊❧ ♣✉♥t♦ ❞❡❧ ít❡♠ ✸ ❝✉♠♣❧❡ ❧❛ ✐❣✉❛❧❞❛❞ wc2 = 1✱ q✉❡ ♥♦ ❧❛ ❝✉♠♣❧❡♥ ❧♦s ♣✉♥t♦s ❞❡❧ ít❡♠ ✷✱

② ❧❛ ✐❣✉❛❧❞❛❞ xv0c2 = 0✱ q✉❡ ♥♦ ❧❛ ❝✉♠♣❧❡♥ ❧♦s ♣✉♥t♦s ❞❡❧ ít❡♠ ✶✳ P♦r ❧♦ t❛♥t♦ ❡s ❛✜♥♠❡♥t❡

✐♥❞❡♣❡♥❞✐❡♥t❡ r❡s♣❡❝t♦ ❞❡ ❧♦s ♣✉♥t♦s ❛♥t❡r✐♦r❡s✳

▲♦s ♣✉♥t♦s ❞❡❧ ít❡♠ ✹✱ q✉❡ s♦♥ ❛✜♥♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❡♥tr❡ sí✱ t❛♠❜✐é♥ ❧♦ s♦♥ r❡s♣❡❝t♦ ❞❡

t♦❞♦s ❧♦s ❛♥t❡r✐♦r❡s✱ ②❛ q✉❡ ést♦s ❝✉♠♣❧❡♥ ❧❛ ✐❣✉❛❧❞❛❞
∑|V |−1

i=1 xvic2 = 0✳

❉❛❞♦ q✉❡ ❡♥❝♦♥tr❛♠♦s |V |(|C| − 1) + |C| ♣✉♥t♦s ❛✜♥♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❡♥ ❧❛ ❝❛r❛ ❞❡ PS(GP∪K , C)

❞❡✜♥✐❞❛ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✸✮✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ❞✐♠(F ) = ❞✐♠(PS(GP∪K , C)) − 1✳ ❊♥t♦♥❝❡s✱ ✭✸✳✸✮

❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(GP∪K , C)✳



✸✳✶✳ ❉❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r ✸✵

▲❛ ❞❡♠♦str❛❝✐ó♥ ❛♥t❡r✐♦r s❡ ❜❛s❛ ❢✉❡rt❡♠❡♥t❡ ❡♥ ❧❛ ♣r♦♣✐❡❞❛❞ χA(GP∪K \ {k}) = χA(GP∪K)− 1✱

q✉❡ ✈❛❧❡ s✐❡♠♣r❡ q✉❡ |P | ≤ 3 ♦ |K| ≥ 3✳ ❊st❛ ❝♦♥❞✐❝✐ó♥ ♥♦ s❡ ❝✉♠♣❧❡ s✐ |P | ≥ 5 ② |K| = 2✱ ❞❛❞♦

q✉❡ ❡♥ ❡st❡ ❝❛s♦ χA(GP∪K \ {k}) = χA(GP∪K) = 3✳ ❙❡ ♣✉❡❞❡ ❞❡♠♦str❛r q✉❡ t❛♠❜✐é♥ ❡♥ ❡st❡ ❝❛s♦

❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✸✮ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛✱ r❡❛❧✐③❛♥❞♦ ✉♥❛ ❞❡♠♦str❛❝✐ó♥ s✐♠✐❧❛r ❛ ❧❛ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✷✳ P♦r

❡st❡ ♠♦t✐✈♦ ❡♥✉♥❝✐❛♠♦s ❡❧ r❡s✉❧t❛❞♦ s✐♥ ❞❛r ❧❛ ❞❡♠♦str❛❝✐ó♥✱ ②❛ q✉❡ ✉t✐❧✐③❛ ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛ ❧♦s

✉t✐❧✐③❛❞♦s ❡♥ ❡st❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✸✳✺✳ ❙✐ |C| > χA(GP∪K)✱ ❡♥t♦♥❝❡s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✶✲r❡♣❧✐❝❛t❡❞ t✇♦✲❝♦❧♦r ✭✸✳✸✮ ❞❡✜♥❡ ✉♥❛

❢❛❝❡t❛ ❞❡ PS(GP∪K , C)✳

❈♦♥t✐♥✉❛♥❞♦ ❝♦♥ ❧❛ ✐❞❡❛ ❞❡ ✐♥tr♦❞✉❝✐r ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❛❞❛s ❡♥ ❝♦♠❜✐♥❛❝✐♦♥❡s ❞❡

❝✐❝❧♦s ② ❝❧✐q✉❡s✱ ❣❡♥❡r❛❧✐③❛♠♦s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✶✲r❡♣❧✐❝❛t❡❞ t✇♦✲❝♦❧♦r ✭✸✳✸✮ ❝♦♥s✐❞❡r❛♥❞♦ ❡♥ ❡st❡ ❝❛s♦

❡str✉❝t✉r❛s q✉❡ ✐♥✈♦❧✉❝r❛♥ ♠ás ❞❡ ✉♥❛ ❝❧✐q✉❡✳ Pr❡✈✐❛♠❡♥t❡ ❞❛♠♦s ❛❧❣✉♥❛s ❞❡✜♥✐❝✐♦♥❡s ♣r❡❧✐♠✐♥❛r❡s✳

❉❡✜♥✐❝✐ó♥ ✸✳✸✳ ❊❧ ❣r❛❢♦ ❝❧✐q✉❡ ❞❡ ✉♥ ❣r❛❢♦ G ❡s ❡❧ ❣r❛❢♦ ✐♥t❡rs❡❝❝✐ó♥ ❞❡ ❧❛s ❝❧✐q✉❡s ♠❛①✐♠❛❧❡s ❡♥ G✳

■♥❞✐❝❛♠♦s ❛❧ ❣r❛❢♦ ❝❧✐q✉❡ ❞❡ G ❝♦♠♦ K(G)✳

❋✐❣✉r❛ ✸✳✹✿ K✲❝✐❝❧♦✳

❉❡✜♥✐❝✐ó♥ ✸✳✹✳ ❯♥ K✲❝✐❝❧♦ ❡s ✉♥ ❝♦♥❥✉♥t♦ C =
⋃n

i=1 Ki ❞♦♥❞❡ K1, . . . ,Kn s♦♥ n ❝❧✐q✉❡s ② ❡❧ s✉❜❣r❛❢♦

✐♥❞✉❝✐❞♦ ♣♦r Ki ∪Ki+1 ❡s ✉♥❛ ❝❧✐q✉❡✱ ♣❛r❛ i = 1, . . . , n ✭❧♦s í♥❞✐❝❡s s♦♥ t♦♠❛❞♦s ♠ó❞✉❧♦ n✮✳ ❙✐ n ❡s

♣❛r✱ ❞❡❝✐♠♦s q✉❡ C ❡s ✉♥ K✲❝✐❝❧♦ ♣❛r✳

▲❛ ❋✐❣✉r❛ ✸✳✹ ♠✉❡str❛ ✉♥ K✲❝✐❝❧♦✱ ❡❧ ❝✉❛❧ ♣✉❡❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ✐♥❢♦r♠❛❧♠❡♥t❡ ❝♦♠♦ ✉♥ ✏❝✐❝❧♦ ❞❡

❝❧✐q✉❡s✑✳ ◆♦t❛r q✉❡ ✉♥ K✲❝✐❝❧♦ ❡s ✉♥ ❝✐❝❧♦ ❡♥ ❡❧ ❣r❛❢♦ ❝❧✐q✉❡ K(G)✱ ♣❡r♦ ♥♦ t♦❞♦ ❝✐❝❧♦ ❡♥ K(G) ❡s ✉♥

K✲❝✐❝❧♦ ❡♥ G✳ ❊st❛ ❞❡✜♥✐❝✐ó♥ ♥♦s ♣❡r♠✐t❡ ❣❡♥❡r❛❧✐③❛r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✸✮ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳



✸✶

❉❡✜♥✐❝✐ó♥ ✸✳✺✳ ❙❡❛ C ⊆ G ✉♥ K✲❝✐❝❧♦ ♣❛r✱ q✉❡ ✐♥✈♦❧✉❝r❛ n ❝❧✐q✉❡s K1, . . . ,Kn t❛❧❡s q✉❡ |Ki| =

|Kp| = 1 ♣❛r❛ ❝✐❡rt♦s i, p ∈ {1, . . . , n} ❝♦♥ i ✐♠♣❛r ② p ♣❛r✳ ❙❡❛♥ c0, c1 ∈ C✱ ❝♦♥ c0 6= c1✳ ❉❡✜♥✐♠♦s

∑

v∈C

(xvc0 + xvc1) ≤ 1 +

(
|K(C)|

2
− 1

)

(wc0 + wc1) ✭✸✳✹✮

❝♦♠♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ r❡♣❧✐❝❛t❡❞ t✇♦✲❝♦❧♦r ❛s♦❝✐❛❞❛ ❝♦♥ ❡❧ K✲❝✐❝❧♦ C ② ❧♦s ❝♦❧♦r❡s c0 ② c1✳

❚❡♦r❡♠❛ ✸✳✻✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s r❡♣❧✐❝❛t❡❞ t✇♦✲❝♦❧♦r s♦♥ ✈á❧✐❞❛s ♣❛r❛ PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡✱ ② ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐ wc0 = 1 ② wc1 = 1 ❡♥ z✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✹✮ ❡s ✐❣✉❛❧ ❛ |K(C)|− 1✳

❙✐ ❡①❛❝t❛♠❡♥t❡ |K(C)| − 2 ✈ért✐❝❡s ❡♥ C \ Ki ∪ Kp ✉t✐❧✐③❛♥ ❧♦s ❝♦❧♦r❡s c0 ② c1✱ ❡♥t♦♥❝❡s✱ ♣♦r

❛❞②❛❝❡♥❝✐❛ ② z r❡♣r❡s❡♥t❛r ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✱ ❛ ❧♦ s✉♠♦ ✉♥ s♦❧♦ ✈ért✐❝❡ ❞❡ Ki ∪ Kp ♣✉❡❞❡

✉t✐❧✐③❛r ❡s♦s ❝♦❧♦r❡s✳ P♦r ❧♦ t❛♥t♦✱ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✹✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡

|K(C)| − 1✳ ❙✐ ♠❡♥♦s ❞❡ |K(C)| − 2 ✈ért✐❝❡s ❡♥ C \Ki ∪Kp ✉t✐❧✐③❛♥ ❧♦s ❝♦❧♦r❡s c0 ② c1✱ ❡♥t♦♥❝❡s

❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✹✮ s❡ s❛t✐s❢❛❝❡✳

✷✳ ❙✐ wc0 = 1 ② wc1 = 0✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✸✳✹✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡
|K(C)|

2
✳ ❊❧ ❧❛❞♦

❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ ❡st❡ ✈❛❧♦r ♣♦r s❡r wc0 = 1✳ ❙❡ ♣✉❡❞❡ ✉t✐❧✐③❛r ✉♥

❛r❣✉♠❡♥t♦ s✐♠✐❧❛r s✐ z ✉s❛ ❡❧ ❝♦❧♦r c1 ② ♥♦ ✉t✐❧✐③❛ ❡❧ ❝♦❧♦r c0✳

✸✳ ❙✐ wc0 = 0 ② wc1 = 0 ❡♥ z✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✸✳✹✮ ❡s ♥✉❧♦✱ ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ s❡ s❛t✐s❢❛❝❡

tr✐✈✐❛❧♠❡♥t❡ ♣♦r s❡r ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ✐❣✉❛❧ ❛ ✶✳

❉❛❞♦ q✉❡ ❡♥ ❧♦s tr❡s ❝❛s♦s s❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ r❡♣❧✐❝❛t❡❞ t✇♦✲❝♦❧♦r ✭✸✳✹✮ ② q✉❡ z ❡s ✉♥❛

s♦❧✉❝✐ó♥ ❛r❜✐tr❛r✐❛✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ✈á❧✐❞❛ ♣❛r❛ PS(G, C)✳

❚❡♦r❡♠❛ ✸✳✼✳ ❙❡❛ Kt ❧❛ ❝❧✐q✉❡ ❞❡ ♠❛②♦r t❛♠❛ñ♦ ❞❡❧ K✲❝✐❝❧♦ C✳ ❙✐ |C| > χA(GC)+ |Kt|✱ ❡♥t♦♥❝❡s ❧❛

❞❡s✐❣✉❛❧❞❛❞ r❡♣❧✐❝❛t❡❞ t✇♦✲❝♦❧♦r ✭✸✳✹✮ ✐♥❞✉❝❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(GC, C)✳

❖♠✐t✐♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✼ ②❛ q✉❡ ✐♥✈♦❧✉❝r❛ ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛ ❧♦s ✉t✐❧✐③❛❞♦s

❡♥ ❞❡♠♦str❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s✳

✸✳✷✳ ❉❡s✐❣✉❛❧❞❛❞❡s r❡✐♥❢♦r❝❡❞ t✇♦✲❝♦❧♦r

❊♥ ❡st❛ s❡❝❝✐ó♥ ♣r❡s❡♥t❛♠♦s ✉♥❛ ❝❧❛s❡ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s s♦❜r❡ ✉♥ ❝✐❝❧♦ ♣❛r ② ❞♦s ❝♦❧♦r❡s

c0 ② c1✱ ❞❡ ♠❛♥❡r❛ t❛❧ q✉❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s ✈❛r✐❛❜❧❡s x ❛s♦❝✐❛❞❛s ❛ ❧♦s ✈ért✐❝❡s



✸✳✷✳ ❉❡s✐❣✉❛❧❞❛❞❡s r❡✐♥❢♦r❝❡❞ t✇♦✲❝♦❧♦r ✸✷

♣❡rt❡♥❡❝✐❡♥t❡s ❛❧ ❝✐❝❧♦ ② ❡❧ ❝♦❧♦r c0 r❡s♣✳ c1 ❛❧t❡r♥❛♥ ❡♥tr❡ ❧♦s ✈❛❧♦r❡s ✶ ② ✷ r❡s♣✳ ✵ ② ✶✳ ◆✉❡✈❛♠❡♥t❡

❞❡♠♦str❛♠♦s q✉❡ ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s s♦♥ ✈á❧✐❞❛s ② ❝❛r❛❝t❡r✐③❛♠♦s ❧♦s ❝❛s♦s ❡♥ ❧♦s ❝✉❛❧❡s ✐♥❞✉❝❡♥

❢❛❝❡t❛s ❞❡ PS(G, C)✳

❉❡✜♥✐❝✐ó♥ ✸✳✻✳ ❙❡❛ C ✉♥ ❝✐❝❧♦ ♣❛r ❞❡ G✳ ❙❡❛ j ∈ C ② s❡❛♥ c0, c1 ∈ C, c0 6= c1✳ ❉❡✜♥✐♠♦s ❧❛

❞❡s✐❣✉❛❧❞❛❞ r❡✐♥❢♦r❝❡❞ t✇♦✲❝♦❧♦r ❛s♦❝✐❛❞❛ ❛ C✱ j✱ c0 ② c1 ❝♦♠♦

∑

v∈C\{j}

xvc0 +
∑

v∈Cj

(xvc0 + xvc1) ≤
|C|

2
+

(
|C|

2
− 1

)

wc0 . ✭✸✳✺✮

Pr✐♠❡r♦✱ ✈❛♠♦s ❛ ❞❡♠♦str❛r ✉♥ ❧❡♠❛ q✉❡ r❡s✉♠❡ ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ✉t✐❧✐③❛♥ ❡♥ ✈❛r✐❛s

❞❡♠♦str❛❝✐♦♥❡s ❞❡ ❡st❛ t❡s✐s✳

▲❡♠❛ ✸✳✶✳ ❙❡❛♥ (x,w) ∈ PS(G, C) ✉♥❛ s♦❧✉❝✐ó♥ ❡♥t❡r❛✱ C ⊆ V ✉♥ ❝✐❝❧♦ ♣❛r✱ i, j ❞♦s ✈ért✐❝❡s ❝♦♥s❡✲

❝✉t✐✈♦s ❡♥ ❡❧ ❝✐❝❧♦ ② c ∈ C✳

✭✐✮ ❊❧ ♣✉♥t♦ ✭①✱✇✮ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞
∑

v∈C
xvc ≤

|C|
2 wc✳

✭✐✐✮ ❙✐
∑

v∈C
xvc =

|C|
2 ❡♥t♦♥❝❡s

∑

v∈Ci
xvc = 0 ♦

∑

v∈Cj
xvc = 0✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ s✐

∑

v∈C\{j} xvc =

|C|
2 ❡♥t♦♥❝❡s

∑

v∈Cj
xvc = 0✳

❉❡♠♦str❛❝✐ó♥✳ P❛r❛ ❧❛ ♣❛rt❡ ✭✐✮✱ ❞❛❞♦ q✉❡ (x,w) ∈ PS(G, C) ❡♥t♦♥❝❡s ✭✶✳✷✮ ✐♠♣❧✐❝❛ q✉❡ xuc+xvc ≤ wc

♣❛r❛ t♦❞❛ ❛r✐st❛ uv ❡♥ ❡❧ ❝✐❝❧♦ ✭❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❛r✐st❛s✮✳ ❙✉♠❛♥❞♦ ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s

s♦❜r❡ t♦❞❛s ❧❛s ❛r✐st❛s ❞❡❧ ❝✐❝❧♦✱ s❡ ❝♦♥❝❧✉②❡ ❧❛ ♣❛rt❡ ✭✐✮✳

P❛r❛ ❧❛ ♣❛rt❡ ✭✐✐✮✱ ♣♦r ❝♦♥tr❛❞✐❝❝✐ó♥✱ s✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡♥ ✈ért✐❝❡s u ∈ Ci ② u′ ∈ Cj t❛❧❡s q✉❡

xuc = xu′c = 1✳ P♦r ❧♦ t❛♥t♦✱ ❧♦s ✈ért✐❝❡s ❛❞②❛❝❡♥t❡s ♥♦ ♣✉❡❞❡♥ ✉t✐❧✐③❛r ❡❧ ❝♦❧♦r c✳ ❙❡❛ S ❡❧ ❝♦♥❥✉♥t♦

❢♦r♠❛❞♦ ♣♦r ❧♦s ✈ért✐❝❡s u, u′ ② s✉s r❡s♣❡❝t✐✈♦s ✈ért✐❝❡s ❛❞②❛❝❡♥t❡s✳ ❊♥t♦♥❝❡s✱ C \ S ❡stá ❢♦r♠❛❞♦

♣♦r ❧❛ ✉♥✐ó♥ ❞❡ ❛ ❧♦ s✉♠♦ ❞♦s ❝❛♠✐♥♦s ❞❡ ❧♦♥❣✐t✉❞ ♣❛r✳ ▲✉❡❣♦✱ ♣♦r ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✷✮ ❞❡❧ ♠♦❞❡❧♦✱
∑

v∈C\S xvc ≤
|C|−6

2 ✳ ❈♦♥❝❧✉✐♠♦s ❡♥t♦♥❝❡s q✉❡
∑

v∈C
xvc ≤

|C|−6
2 +2 = |C|

2 −1✱ ❝♦♥tr❛❞✐❝✐❡♥❞♦ ♥✉❡str❛

s✉♣♦s✐❝✐ó♥✳

❙✐
∑

v∈C\{j} xvc =
|C|
2 ❡♥t♦♥❝❡s✱ ♣♦r ❧❛ ♣❛rt❡ ✭✐✮✱

∑

v∈C
xvc =

|C|
2 ✳ P♦r ❧♦ t❛♥t♦✱ xjc = 0✳ ❆❞❡♠ás✱

♣♦r ❧♦ ❞❡♠♦str❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱
∑

v∈Ci
xvc =

|C|
2 ♦

∑

v∈Cj
xvc =

|C|
2 ✳ ▲✉❡❣♦✱

∑

v∈Cj
xvc = 0✳

❚❡♦r❡♠❛ ✸✳✽✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s r❡✐♥❢♦r❝❡❞ t✇♦✲❝♦❧♦r s♦♥ ✈á❧✐❞❛s ♣❛r❛ PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡✱ ② ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐
∑

v∈C\{j} xvc0 ≤ ( |C|
2 − 1)wc0 ✱ ❡♥t♦♥❝❡s✱ ❞❛❞♦ q✉❡

∑

v∈Cj
(xvc0 + xvc1) ≤ |C|

2 ✱ s❡ ❝✉♠♣❧❡ ❧❛

❞❡s✐❣✉❛❧❞❛❞✳



✸✸

✷✳ ❙✐
∑

v∈C\{j} xvc0 = |C|
2 ❡♥t♦♥❝❡s✱ ♣♦r ▲❡♠❛ ✸✳✶✭✐✐✮✱

∑

v∈Ci
xvc0 = |C|

2 ②
∑

v∈Cj
xvc0 = 0✳ ❆❞❡✲

♠ás✱ ❝♦♠♦ z r❡♣r❡s❡♥t❛ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✱
∑

v∈Cj
xvc1 ≤ |C|

2 − 1✳ ❈♦♠♦ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛

❞❡s✐❣✉❛❧❞❛❞ ❡s ✐❣✉❛❧ ❛ |C| − 1✱ s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✳

❉❛❞♦ q✉❡ ❡♥ ❧♦s ❞♦s ❝❛s♦s s❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ r❡✐♥❢♦r❝❡❞ t✇♦✲❝♦❧♦r ✭✸✳✺✮ ② q✉❡ z ❡s ✉♥❛ s♦❧✉❝✐ó♥

❛r❜✐tr❛r✐❛✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ✈á❧✐❞❛ ♣❛r❛ PS(G, C)✳

❚❡♦r❡♠❛ ✸✳✾✳ ❆s✉♠✐♠♦s q✉❡ |C| ≥ χA(G \ C) + 4✱ ② q✉❡ C ❡s ✉♥ ❝✐❝❧♦ ❜✐♥❞✐♥❣✳ ▲❛ ❞❡s✐❣✉❛❧❞❛❞

r❡✐♥❢♦r❝❡❞ t✇♦✲❝♦❧♦r ✭✸✳✺✮ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(G, C) s✐ ② s♦❧♦ s✐ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ s ∈ V \C ❡①✐st❡

✉♥ ❝♦♥❥✉♥t♦ I ⊂ C ❝♦♥

❛✮ I = Cj✱ ♦

❜✮ I = Ci✱ ♦

❝✮ I ⊂ C \ {j} ❡s ✉♥ ❝♦♥❥✉♥t♦ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❝♦♥ |I| = |C|
2 − 1

t❛❧ q✉❡ sv 6∈ E ♣❛r❛ t♦❞♦ v ∈ I✳

❖♠✐t✐♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ t❡♦r❡♠❛ ❞❛❞♦ q✉❡ ❡♥ ❧❛ ♠✐s♠❛ ✉t✐❧✐③❛♠♦s ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s

❛ ❧♦s ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✷✳

❈♦♥t✐♥✉❛♥❞♦ ❝♦♥ ❧❛ ✐❞❡❛ ❞❡ ❡♥❝♦♥tr❛r ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s q✉❡ ❡sté♥ ❜❛s❛❞❛s ❡♥ ❝❧✐q✉❡s✱

❞❛❞♦ q✉❡ ❧❛s ♠✐s♠❛s ❞❡♠♦str❛r♦♥ s❡r ❡❢❡❝t✐✈❛s ♣❛r❛ ❡❧ ❝♦❧♦r❡♦ ❝❧ás✐❝♦✱ ❣❡♥❡r❛❧✐③❛♠♦s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s

r❡✐♥❢♦r❝❡❞ t✇♦✲❝♦❧♦r ✭✸✳✺✮ ✐♥❝♦r♣♦r❛♥❞♦ ❧❛ ❡str✉❝t✉r❛ ❞❡ K✲❝✐❝❧♦s✳ Pr✐♠❡r♦ ✐♥tr♦❞✉❝✐♠♦s ❧❛s s✐❣✉✐❡♥t❡s

❞❡✜♥✐❝✐♦♥❡s✳

❉❡✜♥✐❝✐ó♥ ✸✳✼✳ ❙❡❛ C ✉♥ K✲❝✐❝❧♦ ❞❡ n ❝❧✐q✉❡s K1, . . . ,Kn✳ ❉❡✜♥✐♠♦s CKi
❝♦♠♦ ❧❛ ✉♥✐ó♥ ❞❡ t♦❞❛s

❧❛s ❝❧✐q✉❡s Kt t❛❧❡s q✉❡ i ② t t✐❡♥❡♥ ❧❛ ♠✐s♠❛ ♣❛r✐❞❛❞✳

❉❡✜♥✐❝✐ó♥ ✸✳✽✳ ❯♥ K✲❝✐❝❧♦ ❛❧t❡r♥❛❞♦ ❡s ✉♥ K✲❝✐❝❧♦ ♣❛r q✉❡ ✐♥✈♦❧✉❝r❛ n ❝❧✐q✉❡s K1, . . . ,Kn t❛❧❡s q✉❡

|Ki| = 1 ♣❛r❛ t♦❞♦ i ♣❛r ✭✈❡r ❋✐❣✉r❛ ✸✳✺✮✳ ❙❡❛ K2 = {j}✱ ② ❞❡✜♥✐♠♦s Cj = ∪
n/2
i=1K2i✳

◆♦t❛r q✉❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ Cj ❞❛❞❛ ❡♥ ❉❡✜♥✐❝✐ó♥ ✸✳✽ ❡s ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ✭❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ✉♥

K✲❝✐❝❧♦ ❛❧t❡r♥❛❞♦✮ ❞❡❧ ❝♦♥❥✉♥t♦ Cj ✐♥tr♦❞✉❝✐❞♦ ❛❧ ❝♦♠✐❡♥③♦ ❞❡ ❡st❛ s❡❝❝✐ó♥ ♣❛r❛ ❝✐❝❧♦s ♣❛r❡s✳

❉❡✜♥✐❝✐ó♥ ✸✳✾✳ ❙❡❛ C ⊆ G ✉♥ K✲❝✐❝❧♦ ❛❧t❡r♥❛❞♦ q✉❡ ✐♥✈♦❧✉❝r❛ n ❝❧✐q✉❡s K1, . . . ,Kn✱ ② s❡❛ K2 = {j}✳

❙❡❛♥ c0, c1 ∈ C✱ ❝♦♥ c0 6= c1✳ ❉❡✜♥✐♠♦s

∑

v∈C\{j}

xvc0 +
∑

v∈Cj

(xvc0 + xvc1) ≤
|K(C)|

2
+

(
|K(C)|

2
− 1

)

wc0 ✭✸✳✻✮



✸✳✸✳ ❉❡s✐❣✉❛❧❞❛❞❡s s❡♠✐❝②❝❧❡ ✇❡✐❣❤t❡❞ ❝♦❧♦r ✸✹

❋✐❣✉r❛ ✸✳✺✿ K✲❝✐❝❧♦ ❛❧t❡r♥❛❞♦✳

❝♦♠♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ r❡♣❧✐❝❛t❡❞ ❛♥❞ r❡✐♥❢♦r❝❡❞ t✇♦✲❝♦❧♦r ❛s♦❝✐❛❞❛ ❛❧ ❝✐❝❧♦ C✱ ❡❧ ✈ért✐❝❡ j✱ ② ❧♦s ❝♦❧♦r❡s

c0 ② c1✳

❚❡♦r❡♠❛ ✸✳✶✵✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s r❡♣❧✐❝❛t❡❞ ❛♥❞ r❡✐♥❢♦r❝❡❞ t✇♦✲❝♦❧♦r s♦♥ ✈á❧✐❞❛s ♣❛r❛ PS(G, C)✳

▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ✈❛❧✐❞❡③ ❞❡ ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✉t✐❧✐③❛ ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛ ❧♦s ❞❡ ❧❛ ❞❡♠♦s✲

tr❛❝✐ó♥ ❞❡ ✈❛❧✐❞❡③ ❞❡ ❧❛s r❡✐♥❢♦r❝❡❞ t✇♦✲❝♦❧♦r ✭✸✳✺✮✳ ❊❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ ❝♦♥❥✉♥t♦ Cj ❡♥ ✉♥ K✲❝✐❝❧♦

❛❧t❡r♥❛❞♦✱ ❞❛❞♦ ♣♦r ❧❛ ❉❡✜♥✐❝✐í♦♥ ✸✳✽✱ ❡s s✐♠✐❧❛r ❛❧ ❞❡❧ ❝♦♥❥✉♥t♦ Cj ❡♥ ✉♥ ❝✐❝❧♦✳

❚❡♦r❡♠❛ ✸✳✶✶✳ ❙❡❛ Ki ❧❛ ❝❧✐q✉❡ ❞❡ ♠❛②♦r t❛♠❛ñ♦ ❞❡❧ K✲❝✐❝❧♦ ❛❧t❡r♥❛❞♦ C✳ ❙✐ |C| > χA(GC) + |Ki|✱

❡♥t♦♥❝❡s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s r❡♣❧✐❝❛t❡❞ ❛♥❞ r❡✐♥❢♦r❝❡❞ t✇♦✲❝♦❧♦r ✭✸✳✻✮ ✐♥❞✉❝❡♥ ❢❛❝❡t❛s ❞❡ PS(GC, C)✳

❖♠✐t✐♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✶✶ ②❛ q✉❡ ✐♥✈♦❧✉❝r❛ ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛ ❧♦s ✉t✐❧✐③❛❞♦s

❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✹✳

✸✳✸✳ ❉❡s✐❣✉❛❧❞❛❞❡s s❡♠✐❝②❝❧❡ ✇❡✐❣❤t❡❞ ❝♦❧♦r

❊♥ ❡st❛ s❡❝❝✐ó♥ ✐♥tr♦❞✉❝✐♠♦s ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❛❞❛s ❡♥ ✉♥ ❝✐❝❧♦ ♣❛r ② ❞♦s ❝♦❧♦r❡s

c1 ② c2✱ ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❛s♦❝✐❛❞♦s ❛ ❧❛s ✈❛r✐❛❜❧❡s x ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ✈ért✐❝❡s ❞❡❧

❝✐❝❧♦ ② ❛❧ ❝♦❧♦r c1 ❛❧t❡r♥❛♥ ❡♥tr❡ ❧♦s ✈❛❧♦r❡s ✶ ② ✵ ♦ ✷✳ ❊♥ ❝❛♠❜✐♦✱ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧

❝♦❧♦r c2✱ t♦♠❛♥ ✈❛❧♦r❡s ✵ ♦ ✶✳ P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ✈❛r✐❛❜❧❡ w ❛s♦❝✐❛❞♦ ❛❧

❝♦❧♦r c1 t♦♠❛ ✈❛❧♦r
(

|C|
2 − 1

)

✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❝♦❧♦r c2 t♦♠❛ ✈❛❧♦r ✶✳ ❉❡♠♦str❛♠♦s

q✉❡ ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s s♦♥ ✈á❧✐❞❛s ② ❞❡✜♥❡♥ ❢❛❝❡t❛s✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✵✳ ❙❡❛ C ✉♥ ❝✐❝❧♦ ♣❛r ❞❡ G✳ ❙❡❛♥ i, j ∈ C ❞♦s ✈ért✐❝❡s ❛❞②❛❝❡♥t❡s ② s❡❛♥ c1, c2 ∈ C✱



✸✺

❝♦♥ c1 6= c2✳ ❉❡✜♥✐♠♦s

2
∑

v∈Cj\{j}

xvc1 +
∑

v∈Cj

xvc2 +
∑

v∈Ci

xvc1 + xic2 ≤

(
|C|

2
− 1

)

+

(
|C|

2
− 1

)

wc1 + wc2 ✭✸✳✼✮

❝♦♠♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ s❡♠✐❝②❝❧❡ ✇❡✐❣❤t❡❞ ❝♦❧♦r ❛s♦❝✐❛❞❛ ❛❧ ❝✐❝❧♦ C✱ ❧♦s ✈ért✐❝❡s i ② j✱ ② ❧♦s ❝♦❧♦r❡s c1 ②

c2✳

❚❡♦r❡♠❛ ✸✳✶✷✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s s❡♠✐❝②❝❧❡ ✇❡✐❣❤t❡❞ ❝♦❧♦r s♦♥ ✈á❧✐❞❛s ♣❛r❛ PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ P♦❞❡♠♦s r❡❡s❝r✐❜✐r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✼✮ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

∑

v∈C\{j}

xvc1 +
∑

v∈Cj\{j}

(xvc1 + xvc2) + xjc2 + xic2 ≤

(
|C|

2
− 1

)

+

(
|C|

2
− 1

)

wc1 + wc2 . ✭✸✳✽✮

❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡✱ ② ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐
∑

v∈C\{j} xvc1 ≤
(

|C|
2 − 1

)

wc1 ✱ ❡♥t♦♥❝❡s ❞❛❞♦ q✉❡
∑

v∈Cj\{j}
(xvc1 +xvc2) ≤

|C|
2 − 1 ② xjc2 +

xic2 ≤ wc2 s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✽✮✳

✷✳ ❙✐
∑

v∈C\{j} xvc1 = |C|
2 ✱ ❡♥t♦♥❝❡s ♣♦r ▲❡♠❛ ✸✳✶✭✐✐✮✱

∑

v∈Cj\{j}
xvc1 + xic2 = 0 ②

∑

v∈Ci
xvc1 =

|C|
2 ✳ ❆❞❡♠ás✱ ❝♦♠♦ z r❡♣r❡s❡♥t❛ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✱

∑

v∈Cj
xvc2 ≤

(
|C|
2 − 1

)

wc2 ✳ ❈♦♠♦ |C|
2 +

(
|C|
2 − 1

)

wc2 ≤ |C| − 2 + wc2 ✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✽✮ s❡ ❝✉♠♣❧❡✳

❉❛❞♦ q✉❡ ❡♥ ❧♦s ❞♦s ❝❛s♦s s❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ s❡♠✐❝②❝❧❡ ✇❡✐❣❤t❡❞ ❝♦❧♦r ✭✸✳✼✮ ② q✉❡ z ❡s ✉♥❛

s♦❧✉❝✐ó♥ ❛r❜✐tr❛r✐❛✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ✈á❧✐❞❛ ♣❛r❛ PS(G, C)✳

❚❡♦r❡♠❛ ✸✳✶✸✳ ❙✐ |C| > χA(GC)✱ ❡♥t♦♥❝❡s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✼✮ ✐♥❞✉❝❡♥ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(GC, C)✳

◆✉❡✈❛♠❡♥t❡ ❡♥ ❡st❡ ❝❛s♦ ♦♠✐t✐♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✶✸✱ ②❛ q✉❡ ❡♥ ❡❧❧❛ ✉t✐❧✐③❛♠♦s

♣r♦❝❡❞✐♠✐❡♥t♦s s✐♠✐❧❛r❡s ❛ ❧♦s r❡❛❧✐③❛❞♦s ❡♥ ❡❧ ❚❡♦r❡♠❛ ✸✳✷✳

❈♦♥ ❧❛ ✐♥t❡♥❝✐ó♥ ❞❡ ❛♠♣❧✐❛r ❡❧ ❞♦♠✐♥✐♦ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s s❡♠✐❝②❝❧❡ ✇❡✐❣❤t❡❞ ❝♦❧♦r ✭✸✳✼✮ s♦❜r❡

❡str✉❝t✉r❛s q✉❡ ✐♥✈♦❧✉❝r❡♥ ❝❧✐q✉❡s✱ ❧❛s ❣❡♥❡r❛❧✐③❛♠♦s s♦❜r❡ K✲❝✐❝❧♦s q✉❡ s❛t✐s❢❛❝❡♥ ❝♦♥❞✐❝✐♦♥❡s ❛❞✐❝✐♦✲

♥❛❧❡s✳ ▲♦s ✈ért✐❝❡s ❛❞②❛❝❡♥t❡s i ② j ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✼✮ ❡♥ ❡st❡ ❝❛s♦ ❡stá♥ r❡♣r❡s❡♥t❛❞♦s ♣♦r ❧❛s

❝❧✐q✉❡s K1 ② K2✱ ❞♦♥❞❡ K1 ❡s ✉♥❛ ❝❧✐q✉❡ ❞❡ ✉♥ ✈ért✐❝❡✳ ❊st❡ K✲❝✐❝❧♦ t✐❡♥❡ ✉♥❛ ❡str✉❝t✉r❛ s✐♠✐❧❛r ❛ ✉♥

K✲❝✐❝❧♦ ❛❧t❡r♥❛❞♦✱ ❞♦♥❞❡ ❧❛s ❝❧✐q✉❡s ❝♦♥ í♥❞✐❝❡ ♣❛r✱ s❛❧✈♦ K2✱ s♦♥ ❝❧✐q✉❡s ❞❡ ✉♥ s♦❧♦ ✈ért✐❝❡✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✶✳ ❙❡❛ C ✉♥ K✲❝✐❝❧♦ q✉❡ ✐♥✈♦❧✉❝r❛ n ❝❧✐q✉❡s K1, . . . ,Kn t❛❧❡s q✉❡ |K1| = |Kp| = 1✱

♣❛r❛ p ♣❛r ② p ≥ 4✱ ② K1 = {i}✳ ❙❡❛♥ c1, c2 ∈ C✱ ❝♦♥ c1 6= c2✳ ❉❡✜♥✐♠♦s

2
∑

v∈CK2
\K2

xvc1 +
∑

v∈CK2

xvc2 +
∑

v∈CK1

xvc1 +xic2 ≤

(
K(|C|)

2
− 1

)

+

(
|K(C|)

2
− 1

)

wc1 +wc2 ✭✸✳✾✮

❝♦♠♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❣❡♥❡r❛❧✐③❡❞ s❡♠✐❝②❝❧❡ ✇❡✐❣❤t❡❞ ❝♦❧♦r ❛s♦❝✐❛❞❛ ❛❧ K✲❝✐❝❧♦ C✱ ❧❛s ❝❧✐q✉❡s K1 ② K2✱

② ❧♦s ❝♦❧♦r❡s c1 ② c2✳



✸✳✹✳ ❉❡s✐❣✉❛❧❞❛❞❡s t❤r❡❡✲❝♦❧♦r ✸✻

❚❡♦r❡♠❛ ✸✳✶✹✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❣❡♥❡r❛❧✐③❡❞ s❡♠✐❝②❝❧❡ ✇❡✐❣❤t❡❞ ❝♦❧♦r s♦♥ ✈á❧✐❞❛s ♣❛r❛ PS(G, C)✳

▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ t❡♦r❡♠❛ ❡s s✐♠✐❧❛r ❛ ❧❛ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✶✷✳ ❊♥ ❡st❡ ❝❛s♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✾✮

s❡ r❡❡s❝r✐❜❡ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

∑

v∈C\K2

xvc1 +
∑

v∈CK2
\K2

(xvc1 + xvc2) +
∑

v∈K2

xvc2 + xic2 ≤

(
|C|

2
− 1

)

+

(
|C|

2
− 1

)

wc1 +wc2 . ✭✸✳✶✵✮

◆✉❡✈❛♠❡♥t❡ s❡ ❛♥❛❧✐③❛♥ ❧♦s ❝❛s♦s
∑

v∈C\K2
xvc1 ≤

(
|C|
2 − 1

)

wc1 ②
∑

v∈C\K2
xvc1 = |C|

2 wc1 ✳ ◆♦t❛r

q✉❡ ♣❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ♣r✐♠❡r ❝❛s♦ ✉t✐❧✐③❛♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞
∑

v∈K2
xvc2 + xic2 ≤ wc2 ✱ ♣♦r s❡r

K2 ∪ {i} ✉♥❛ ❝❧✐q✉❡✳

❚❡♦r❡♠❛ ✸✳✶✺✳ ❙❡❛ Kj ❧❛ ❝❧✐q✉❡ ❞❡ ♠❛②♦r t❛♠❛ñ♦ ❞❡❧ K✲❝✐❝❧♦ C✳ ❙✐ |C| > χA(GC) + |Kj |✱ ❡♥t♦♥❝❡s

❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✾✮ ✐♥❞✉❝❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(GC, C)✳

❖♠✐t✐♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ t❡♦r❡♠❛ ♣♦r ✉t✐❧✐③❛r ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛ ❧♦s ✉t✐❧✐③❛❞♦s ❡♥ ❧♦s

t❡♦r❡♠❛s ♣r❡✈✐♦s✳

✸✳✹✳ ❉❡s✐❣✉❛❧❞❛❞❡s t❤r❡❡✲❝♦❧♦r

❊♥ ❡st❛ s❡❝❝✐ó♥ ✐♥tr♦❞✉❝✐♠♦s ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ❜❛s❛❞❛s ❡♥ ✉♥ ❝✐❝❧♦ ♣❛r ② tr❡s

❝♦❧♦r❡s✱ ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ✈❛r✐❛❜❧❡ x ❛s♦❝✐❛❞❛s ❛ ❧♦s ✈ért✐❝❡s ❞❡❧

❝✐❝❧♦ ② ❛❧ ❝♦❧♦r c1 t✐❡♥❡♥ ✈❛❧♦r ✷✱ ♠✐❡♥tr❛s q✉❡ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ❝♦❧♦r❡s c2 ② c3 ❛❧t❡r♥❛♥ ❡♥tr❡

❧♦s ✈❛❧♦r❡s ✵ ② ✶✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✷✳ ❙❡❛ C ✉♥ ❝✐❝❧♦ ♣❛r ❞❡ G✳ ❙❡❛♥ i, j ∈ C ❞♦s ✈ért✐❝❡s ❛❞②❛❝❡♥t❡s ② s❡❛♥ c1, c2, c3 ∈ C

tr❡s ❝♦❧♦r❡s ❞✐❢❡r❡♥t❡s✳ ❉❡✜♥✐♠♦s

2
∑

v∈C

xvc1 +
∑

v∈Cj

xvc2 +
∑

v∈Ci

xvc3 ≤ (|C| − 1) +
|C|

2
wc1 ✭✸✳✶✶✮

❝♦♠♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t❤r❡❡✲❝♦❧♦r ❛s♦❝✐❛❞❛ ❛❧ ❝✐❝❧♦ C✱ ❧♦s ✈ért✐❝❡s i ② j✱ ② ❧♦s ❝♦❧♦r❡s c1✱ c2✱ ② c3✳

❚❡♦r❡♠❛ ✸✳✶✻✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s t❤r❡❡✲❝♦❧♦r s♦♥ ✈á❧✐❞❛s ♣❛r❛ PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡✳ ❈♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✳

✶✳ ❙✐ z ✉s❛ ❡❧ ❝♦❧♦r c1✱ ❞❡❜❡♠♦s t❡♥❡r ❡♥ ❝✉❡♥t❛ ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

❛✮ ❙✐
∑

v∈C
xvc1 = |C|

2 ✱ ❡♥t♦♥❝❡s ♣♦r ▲❡♠❛ ✸✳✶✭✐✐✮✱ t♦❞♦s ❧♦s ✈ért✐❝❡s ❞❡❧ ❝♦♥❥✉♥t♦ Cj ♦ Ci

✉t✐❧✐③❛♥ ❡❧ ❝♦❧♦r c1✳ ❙✉♣♦♥❣❛♠♦s q✉❡
∑

v∈Cj
xvc1 = |C|

2 ✳ P♦r ❧♦ t❛♥t♦✱ s♦❧♦ ❧♦s ✈ért✐❝❡s ❞❡ Ci

♣✉❡❞❡♥ ✉s❛r ❧♦s ❝♦❧♦r❡s c2 ② c3✳ ❈♦♠♦ z r❡♣r❡s❡♥t❛ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✱ ❡♥t♦♥❝❡s
∑

v∈Cj
xvc2+

∑

v∈Ci
xvc3 ≤ |C|

2 − 1✳ ❯♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r s❡ ✉t✐❧✐③❛ ♣❛r❛ ❡❧ ❝❛s♦
∑

v∈Ci
xvc1 = |C|

2 ✳



✸✼

❜✮ ❙✐
∑

v∈C
xvc1 ≤ |C|

2 − 1✱ ❡♥t♦♥❝❡s
∑

v∈Cj
(xvc1 + xvc2) ≤

|C|
2 ②

∑

v∈Ci
(xvc1 + xvc3) ≤

|C|
2 ✳

◆♦t❛r q✉❡ ❡♥ ❛♠❜♦s ❝❛s♦s ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✶✮ ❡s ✐❣✉❛❧ ❛ 3
2 |C| − 1✳

✷✳ ❙✐ z ♥♦ ✉t✐❧✐③❛ ❡❧ ❝♦❧♦r c1✱
∑

v∈Cj
xvc2 +

∑

v∈Ci
xvc3 ≤ |C| − 1✱ ❞❛❞♦ q✉❡ z r❡♣r❡s❡♥t❛ ✉♥ ❝♦❧♦r❡♦

❛❝í❝❧✐❝♦✳ ◆♦t❛r q✉❡ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✸✳✶✶✮ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ |C| − 1✳

❉❛❞♦ q✉❡ ❡♥ ❧♦s tr❡s ❝❛s♦s s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t❤r❡❡✲❝♦❧♦r ✭✸✳✶✶✮ ② z ❡s ✉♥❛ s♦❧✉❝✐ó♥ ❛r❜✐tr❛r✐❛✱

❝♦♥❝❧✉✐♠♦s q✉❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ✈á❧✐❞❛ ♣❛r❛ PS(G, C)✳

❚❡♦r❡♠❛ ✸✳✶✼✳ ❙✐ |C| > χA(GC)✱ ❡♥t♦♥❝❡s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✸✳✶✶✮ ✐♥❞✉❝❡♥ ❢❛❝❡t❛s ❞❡ PS(GC, C)✳

▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✶✼ ❧❛ ♦♠✐t✐♠♦s ❞❛❞♦ q✉❡ ❡♥ ❡❧❧❛ ✉t✐❧✐③❛♠♦s ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛

❧♦s ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✷✳

✸✳✺✳ ❉❡s✐❣✉❛❧❞❛❞❡s ❢♦✉r✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s

❋✐♥❛❧♠❡♥t❡✱ ❝❡rr❛♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❝♦♥ ♦tr❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ❝♦♥ ✉♥❛ ❞❡✜♥✐❝✐ó♥

❛❧❣♦ ❝♦♠♣❧✐❝❛❞❛✱ s✐♥ ❡♠❜❛r❣♦ ✐♥❞✉❝❡ ❢❛❝❡t❛✳ ❊s ✐♥t❡r❡s❛♥t❡ ✈❡r✐✜❝❛r q✉❡ PS(G, C) ❛❞♠✐t❡ ❢❛❝❡t❛s q✉❡

s✉r❣❡♥ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ❝♦♥ ✉♥❛ ❡str✉❝t✉r❛ ❝♦♠♣❧✐❝❛❞❛✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✸✳ ❙❡❛ C ✉♥ ❝✐❝❧♦ ♣❛r ❞❡ G✳ ❙❡❛♥ i, j, k, l ∈ C ❝✉❛tr♦ ✈ért✐❝❡s ❝♦♥s❡❝✉t✐✈♦s ② s❡❛♥

c0, c1, c2 ∈ C✳ ❉❡✜♥✐♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❢♦✉r✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ❛s♦❝✐❛❞❛ ❛ C, i, j, k, l, c0, c1 ② c2 ❝♦♠♦

∑

v∈C\{k}

xvc0 +
∑

v∈C\{j}

xvc1 + xic0 + xlc1 ≤

(
|C|

2
− 1

)

(wc0 + wc1) +
∑

c∈C\{c0,c2}

xjc

+
∑

c∈C\{c1,c2}

xkc + 1. ✭✸✳✶✷✮

❚❡♦r❡♠❛ ✸✳✶✽✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❢♦✉r✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s s♦♥ ✈á❧✐❞❛s ♣❛r❛ PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡✳ ▲❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✷✮ ❧❛ ♣♦❞❡♠♦s r❡❡s❝r✐❜✐r ❞❡ ❧❛

s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

∑

v∈C\{j,k}

(xvc0 + xvc1) + xic0 + xlc1 + 2xkc1 + xkc2 + 2xjc0 + xjc2 ≤

(
|C|

2
− 1

)

(wc0 + wc1) + 3.

✭✸✳✶✸✮

❙❛❜❡♠♦s q✉❡ xkc1+xkc2 ≤ 1 ② xjc0+xjc2 ≤ 1 ♣♦r ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮ ❞❡❧ ♠♦❞❡❧♦✱ ② xkc1+xlc1 ≤ 1

② xjc0 + xic0 ≤ 1 ♣♦r ✭✶✳✷✮✳ ❙✐ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ❛❧ ♠❡♥♦s ✉♥❛ ❞❡ ❡st❛s ✹ ❞❡s✐❣✉❛❧❞❛❞❡s t♦♠❛ ✈❛❧♦r



✸✳✺✳ ❉❡s✐❣✉❛❧❞❛❞❡s ❢♦✉r✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ✸✽

✵✱ ❡♥t♦♥❝❡s xic0 + xlc1 + 2xkc1 + xkc2 + 2xjc0 + xjc2 ≤ 3✳ P♦r ♦tr♦ ❧❛❞♦✱
∑

v∈C\{j,k}(xvc0 + xvc1) ≤
(

|C|
2 − 1

)

(wc0 + wc1)✳ ▲✉❡❣♦✱ s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✸✮✳

❙✐ ♣♦r ❡❧ ❝♦♥tr❛r✐♦✱ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ❧❛s ✹ ❞❡s✐❣✉❛❧❞❛❞❡s t♦♠❛♥ ✈❛❧♦r ✶✱ ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s

❝❛s♦s✿

✶✳ ❙✐ xkc1 = 1✱ ❡♥t♦♥❝❡s xkc2 = xlc1 = 0✳ ▲✉❡❣♦ ❤❛② ❞♦s ♦♣❝✐♦♥❡s✿

❛✮ s✐ xjc0 = 1 ❡♥t♦♥❝❡s✱ ❝♦♠♦ z r❡♣r❡s❡♥t❛ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✱
∑

v∈C\{j,k}(xvc0+xvc1) ≤ |C|−3✳

❜✮ s✐ xjc2 = 1 ❡♥t♦♥❝❡s xic0 = 1✳ P♦r s❡r i, k ∈ Ci ② ✉t✐❧✐③❛♥ ❞✐❢❡r❡♥t❡s ❝♦❧♦r❡s✱ ❡♥t♦♥❝❡s
∑

v∈C\{j,k}(xvc0 + xvc1) ≤ |C| − 3✳

✷✳ ❙✐ xkc2 = 1✱ ❡♥t♦♥❝❡s xjc0 = xlc1 = 1✳ ❈♦♠♦ j, l ∈ Cj ② ✉t✐❧✐③❛♥ ❞✐❢❡r❡♥t❡s ❝♦❧♦r❡s✱ ❡♥t♦♥❝❡s
∑

v∈C\{j,k}(xvc0 + xvc1) ≤ |C| − 3✳

◆♦t❛r q✉❡ ❡♥ ❧♦s tr❡s ❝❛s♦s z ✉s❛ ❧♦s ❝♦❧♦r❡s c0 ② c1✱ ♣♦r ❧♦ t❛♥t♦ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ✐❣✉❛❧❞❛❞ ✭✸✳✶✸✮

t♦♠❛ ✈❛❧♦r |C| − 3✳ ▲✉❡❣♦✱ s❡ ✈❡r✐✜❝❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✳

❉❛❞♦ q✉❡ ❡♥ t♦❞♦s ❧♦s ❝❛s♦s s❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❢♦✉r✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ✭✸✳✶✷✮ ② q✉❡ z ❡s

✉♥❛ s♦❧✉❝✐ó♥ ❛r❜✐tr❛r✐❛✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ✈á❧✐❞❛ ♣❛r❛ PS(G, C)✳

❚❡♦r❡♠❛ ✸✳✶✾✳ ❆s✉♠❛♠♦s q✉❡ |C| ≥ χA(G \C) + 4✱ ② C ❡s ✉♥ ❝✐❝❧♦ ❜✐♥❞✐♥❣✳ ▲❛ ❞❡s✐❣✉❛❧❞❛❞ ❢♦✉r✲

❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ✭✸✳✶✷✮ ❞❡✜♥❡ ❢❛❝❡t❛ ♣❛r❛ PS(G, C) s✐ ② s♦❧♦ s✐ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ s ∈ V \C ❡①✐st❡

✉♥ ❝♦♥❥✉♥t♦ I t❛❧ q✉❡ sv /∈ E ♣❛r❛ t♦❞♦ v ∈ I ②

❛✮ I = Cj ♦r I = Cj \ {j}✱ ♦

❜✮ I = Ci ♦r I = Ci \ {k}✱ ♦

❝✮ I = (Ci \ {k}) ∪ {j}✱ ♦

❞✮ I = A ∪ {i, l} ❡s ✉♥ ❝♦♥❥✉♥t♦ ✐♥❞❡♣❡♥❞✐❡♥t❡✱ A ⊂ C \ {i, j, k, l}✱ |A| = |C|
2 − 3✱ ♦

❡✮ I = A ∪ {k, j} ❝♦♥ A ✉♥ ❝♦♥❥✉♥t♦ ✐♥❞❡♣❡♥❞✐❡♥t❡✱ A ⊂ C \ {i, j, k, l}✱ |A| = |C|
2 − 2✳

❖♠✐t✐♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✭✸✳✶✾✮ ❞❛❞♦ q✉❡ ❧❛ ♠✐s♠❛ ❡s s✐♠✐❧❛r ❛ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s

❞❡ ❧♦s t❡♦r❡♠❛s ❛♥t❡r✐♦r❡s✳



❈❛♣ít✉❧♦ ✹

❉❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s q✉❡ ✐♥✈♦❧✉❝r❛♥

❝♦♥❥✉♥t♦s ❞❡ ❝♦❧♦r❡s

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ♣r❡s❡♥t❛♠♦s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ❡stá♥ ❞❡✜♥✐❞❛s s♦❜r❡ ❝✐❝❧♦s ♣❛r❡s ✐♥✲

❞✉❝✐❞♦s ❡ ✐♥✈♦❧✉❝r❛♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❝♦❧♦r❡s✳ ❈❛❞❛ ✉♥❛ ❞❡ ❡st❛s ❢❛♠✐❧✐❛s ✈❛ ❛ ❡st❛r ❝♦♠♣✉❡st❛ ♣♦r

✉♥ ♥ú♠❡r♦ ♠❛②♦r ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ❧❛s ❞❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ❊st♦ s❡ ❞❡❜❡ ❛ q✉❡ ❛❞❡♠ás ❞❡ ❡s✲

t❛r ❞❡✜♥✐❞❛s s♦❜r❡ ✉♥ ❝✐❝❧♦ ❡♥ ❡❧ ❣r❛❢♦✱ ❛♣❛r❡❝❡♥ t❛♠❜✐é♥ s✉❜❝♦♥❥✉♥t♦s ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❝♦❧♦r❡s✱ ❝♦♥

❞✐❢❡r❡♥t❡s ❝❛r❛❝t❡ríst✐❝❛s ♣❛r❛ ❝❛❞❛ ❢❛♠✐❧✐❛✳ ❚❛♠❜✐é♥ ♣r❡s❡♥t❛♠♦s ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡

❡stá♥ ❞❡✜♥✐❞❛s s♦❜r❡ ❝✐❝❧♦s ♣❛r❡s ✐♥❞✉❝✐❞♦s ② ❝❧✐q✉❡s✳ ❘❡❝♦r❞❡♠♦s q✉❡ ❝♦♥s✐❞❡r❛♠♦s ✉♥❛ ❝❧✐q✉❡ ❝♦♠♦

✉♥ s✉❜❣r❛❢♦ ❝♦♠♣❧❡t♦ ❞❡ G ✭♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ♠❛①✐♠❛❧✮✳

✹✳✶✳ ❉❡s✐❣✉❛❧❞❛❞❡s ❞✐st✐♥❣✉✐s❤❡❞ ❝♦❧♦rs

❊♥ ❡st❛ s❡❝❝✐ó♥ ✐♥tr♦❞✉❝✐♠♦s ✉♥❛ ❝❧❛s❡ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ❞❡✜♥✐❞❛s s♦❜r❡ ✉♥ ❝✐❝❧♦ ♣❛r ② ✉♥

s✉❜❝♦♥❥✉♥t♦ ❞❡ tr❡s ♦ ♠ás ❝♦❧♦r❡s✳ ❈✉❛♥❞♦ |D| = 2✱ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ❞♦♠✐♥❛❞❛ ♣♦r ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s

t✇♦✲❝♦❧♦r ✭✸✳✶✮✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✳ ❙❡❛ C ✉♥ ❝✐❝❧♦ ♣❛r ❞❡ G✱ ② s❡❛ D ⊆ C✳ ❉❡✜♥✐♠♦s

∑

v∈C

∑

c∈D

xvc ≤ |C| − 3 +
∑

c∈D

wc. ✭✹✳✶✮

❝♦♠♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞✐st✐♥❣✉✐s❤❡❞ ❝♦❧♦rs ❛s♦❝✐❛❞❛ ❛ C ② D✳

❚❡♦r❡♠❛ ✹✳✶✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞✐st✐♥❣✉✐s❤❡❞ ❝♦❧♦rs s♦♥ ✈á❧✐❞❛s ♣❛r❛ PS(G, C)✳

✸✾



✹✳✷✳ ❉❡s✐❣✉❛❧❞❛❞❡s t❤r❡❡✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ✹✵

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡✳ ❈♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐ |D| = 1✱ ❞✐❣❛♠♦s D = {d}✱ ❡♥t♦♥❝❡s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ ❡st❛❜❧❡❝❡ q✉❡
∑

v∈C
xvd ≤ |C|−3+wd✳

❙✐ s❡ ✉s❛ ❡❧ ❝♦❧♦r d✱ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ ❛ |C|
2 ② ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦

t♦♠❛ ✈❛❧♦r |C| − 2✳ ▲❛ ❞❡s✐❣✉❛❧❞❛❞ s❡ ❝✉♠♣❧❡ ❞❛❞♦ q✉❡ |C| ≥ 4✳ ❙✐ ♥♦ s❡ ✉t✐❧✐③❛ ❡❧ ❝♦❧♦r d✱ ❧❛

❞❡s✐❣✉❛❧❞❛❞ s❡ s❛t✐s❢❛❝❡ tr✐✈✐❛❧♠❡♥t❡✳

✷✳ ❙✐ |D| = 2✱ ❞✐❣❛♠♦s D = {d1, d2}✱ ❡♥t♦♥❝❡s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ ❡st❛❜❧❡❝❡ q✉❡
∑

v∈C
xvd1

+xvd2
≤

|C| − 3 + wd1
+ wd2

✳ ❊st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡stá ❞♦♠✐♥❛❞❛ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t✇♦✲❝♦❧♦r ✭✸✳✶✮✱ ❞❛❞♦

q✉❡ ( |C|
2 − 1)(wd1

+ wd2
) ≤ |C| − 3 + wd1

+ wd2
✱ ♣❛r❛ t♦❞♦ ❝✐❝❧♦ C ♣❛r✳

✸✳ ❙✐ |D| ≥ 3 ② s❡ ✉t✐❧✐③❛♥ ❛ ❧♦ s✉♠♦ ❞♦s ❝♦❧♦r❡s✱ ❧♦s ❛r❣✉♠❡♥t♦s ❞❡ ❧♦s ít❡♠s ❛♥t❡r✐♦r❡s ♠✉❡str❛♥

q✉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ s❡ s❛t✐s❢❛❝❡✳ P♦r ♦tr❛ ♣❛rt❡✱ s✐ s❡ ✉t✐❧✐③❛♥ ❛❧ ♠❡♥♦s tr❡s ❝♦❧♦r❡s✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞

s❡ ❝✉♠♣❧❡ tr✐✈✐❛❧♠❡♥t❡✳

❉❛❞♦ q✉❡ ❡♥ t♦❞♦s ❧♦s ❝❛s♦s s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞✐st✐♥❣✉✐s❤❡❞ ❝♦❧♦rs ✭✹✳✶✮ ② q✉❡ z ❡s ✉♥❛

s♦❧✉❝✐ó♥ ❛r❜✐tr❛r✐❛✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ✈á❧✐❞❛ ♣❛r❛ PS(G, C)✳

❚❡♦r❡♠❛ ✹✳✷✳ ❆s✉♠❛♠♦s q✉❡ |C| ≥ χA(G \ C) + |D| + 1 ② C ❡s ✉♥ ❝✐❝❧♦ ❜✐♥❞✐♥❣✳ ▲❛ ❞❡s✐❣✉❛❧❞❛❞

❞✐st✐♥❣✉✐s❤❡❞ ❝♦❧♦rs ✭✹✳✶✮ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(G, C) s✐ ② só❧♦ s✐ D ≥ 3 ② ♣❛r❛ t♦❞♦ ✈ért✐❝❡ i ∈ G\C

❡①✐st❡ j ∈ C t❛❧ q✉❡ ij /∈ E✳

▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ t❡♦r❡♠❛ ❡s s✐♠✐❧❛r ❛ ❧❛ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✷ ②✱ ♣♦r ❧♦ t❛♥t♦✱ ♦♠✐t✐♠♦s s✉

♣r❡s❡♥t❛❝✐ó♥✳ ❊s ✐♥t❡r❡s❛♥t❡ ✈❡r q✉❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❡♥ ❡❧ ❚❡♦r❡♠❛ ✹✳✷ ♣r♦✈❡❡♥ ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s

② s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ✭✹✳✶✮ ❞❡✜♥❛♥ ❢❛❝❡t❛s✱ ❞❛♥❞♦ ✉♥❛ ❝♦t❛ ❛❞❡❝✉❛❞❛ ♣❛r❛ |C| ② ❛s✉♠✐❡♥❞♦ q✉❡ |C| ❡s

✉♥ ❝✐❝❧♦ ❜✐♥❞✐♥❣✳

✹✳✷✳ ❉❡s✐❣✉❛❧❞❛❞❡s t❤r❡❡✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s

❊♥ ❡st❛ s❡❝❝✐ó♥ ✐♥tr♦❞✉❝✐♠♦s ✉♥❛ ❝❧❛s❡ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s s♦❜r❡ ❝✐❝❧♦s ♣❛r❡s✱ ❡♥ ❧❛s ❝✉❛❧❡s s❡

❧❡s ❛s✐❣♥❛♥ ❝♦❡✜❝✐❡♥t❡s ❡s♣❡❝✐❛❧❡s ❛ ❧❛s ✈❛r✐❛❜❧❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ tr❡s ✈ért✐❝❡s ❝♦♥s❡❝✉t✐✈♦s ② ❛ ❧♦s

❝♦❧♦r❡s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❞♦s ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s✳

❉❡✜♥✐❝✐ó♥ ✹✳✷✳ ❙❡❛ C ✉♥ ❝✐❝❧♦ ♣❛r ❞❡ G✳ ❙❡❛♥ i, j, k ∈ C tr❡s ✈ért✐❝❡s ❝♦♥s❡❝✉t✐✈♦s ② s❡❛ c0 ∈ C✳



✹✶

❙❡❛♥ D,D′ ⊂ C \ {c0} t❛❧❡s q✉❡ D ∩D′ = ∅✳ ❉❡✜♥✐♠♦s

∑

v∈C\{j}

xvc0 +
∑

c∈D

xkc +
∑

c∈D′

xic +
∑

c∈D∪D′

xjc ≤

(
|C|

2
− 1

)

wc0 +
∑

c∈D∪D′

wc

+
∑

v∈Cj\{j}

∑

c∈C\({c0}∪D∪D′)

xvc. ✭✹✳✷✮

❝♦♠♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t❤r❡❡✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ❛s♦❝✐❛❞❛ ❛ C✱ i✱ j✱ k✱ c0✱ D✱ ② D′✳

❚❡♦r❡♠❛ ✹✳✸✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s t❤r❡❡✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s s♦♥ ✈á❧✐❞❛s ♣❛r❛ PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ P♦❞❡♠♦s r❡❡s❝r✐❜✐r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✷✮ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

2
∑

v∈Cj\{j}

xvc0 +
∑

v∈Ci

xvc0 +
∑

v∈Cj\{j}

∑

c∈D∪D′

xvc +
∑

c∈D

(xkc + xjc) +
∑

c∈D′

(xic + xjc)

≤

(
|C|

2
− 1

)

(wc0 + 1) +
∑

c∈D∪D′

wc. ✭✹✳✸✮

❙❡❛ z ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡✳ ❉❡✜♥✐♠♦s τ = 2
∑

v∈Cj\{j}
xvc0+

∑

v∈Ci
xvc0+

∑

v∈Cj\{j}

∑

c∈D∪D′ xvc

❛ ❧❛ s✉♠❛ ❞❡ ❧♦s ♣r✐♠❡r♦s tr❡s tér♠✐♥♦s ❞❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✹✳✸✮✱ ② ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐wc0
= 1 ② τ ≤ |C|−2✱ ❞❛❞♦ q✉❡

∑

c∈D(xkc+xjc) ≤
∑

c∈D wc ②
∑

c∈D′(xic+xjc) ≤
∑

c∈D′ wc

♣♦r ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✷✮ ❞❡❧ ♠♦❞❡❧♦✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✸✮✳

✷✳ ❙✐ wc0
= 1 ② τ > |C|−2✱ ❡♥t♦♥❝❡s ❛✜r♠❛♠♦s q✉❡

∑

v∈Cj\{j}
xvc0 = 0✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❡st♦ ♥♦

s✉❝❡❞❡✱ ② q✉❡ ❡♥t♦♥❝❡s
∑

v∈Cj\{j}
xvc0 = a ❝♦♥ 1 ≤ a ≤ |C|

2 −1✳ ❊♥t♦♥❝❡s ❛ ❧♦ s✉♠♦ |C|
2 − (a+ 1)

✈ért✐❝❡s ❡♥ Ci ♣✉❡❞❡♥ ✉s❛r ❡❧ ❝♦❧♦r c0 ② ❛ ❧♦ s✉♠♦ |C|
2 − (a+ 1) ✈ért✐❝❡s ❡♥ Cj \ {j} ♣✉❡❞❡♥ ✉s❛r

❝♦❧♦r❡s ❡♥ D ∪ D′✳ ▲✉❡❣♦✱ 2
∑

v∈Cj\{j}
xvc0 +

∑

v∈Ci
xvc0 +

∑

v∈Cj\{j}

∑

c∈D∪D′ xvc ≤ |C| − 2✱

❧♦ q✉❡ ❝♦♥tr❛❞✐❝❡ ❧❛ ❤✐♣ót❡s✐s✳ P♦r ❧♦ t❛♥t♦✱ t❡♥❡♠♦s q✉❡
∑

v∈Cj\{j}
xvc0 = 0✳

▲❛ ❛✜r♠❛❝✐ó♥ ❛♥t❡r✐♦r ✐♠♣❧✐❝❛ q✉❡ t♦❞♦s ❧♦s ✈ért✐❝❡s ❡♥ Ci ✉s❛♥ ❝♦❧♦r c0 ② |C|
2 − 1 ✈ért✐❝❡s ❡♥

Cj \ {j} ✉t✐❧✐③❛♥ ❛❧❣ú♥ ❝♦❧♦r ❡♥ D ∪ D′✳ ❙✐ ❧♦s ✈ért✐❝❡s ❡♥ Cj \ {j} ✉t✐❧✐③❛♥ ❛❧ ♠❡♥♦s ❞♦s ❝♦❧♦r❡s

❞❡ D ∪ D′✱ s❡ ✈❡r✐✜❝❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✸✮ ❞❛❞♦ q✉❡
∑

c∈D(xkc + xjc) +
∑

c∈D′(xic + xjc) ≤ 1 ②

❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✹✳✸✮ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ |C| ❡♥ ❡st❡ ❝❛s♦✳ P♦r ❡❧ ❝♦♥tr❛r✐♦✱ s✐ ❧♦s ✈ért✐❝❡s ❡♥

Cj \ {j} ✉t✐❧✐③❛♥ ✉♥ s♦❧♦ ❝♦❧♦r ❞❡ D∪D′✱ ❡♥t♦♥❝❡s
∑

c∈D(xkc + xjc) +
∑

c∈D′(xic + xjc) = 0✱ ♣♦r

s❡r z ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✳ P♦r ❧♦ t❛♥t♦✱ s❡ ❝✉♠♣❧❡ ✭✹✳✸✮ t❛♠❜✐é♥ ❡♥ ❡st❡ ❝❛s♦✳

✸✳ ❙✐wc0
= 0✱ ❡♥t♦♥❝❡s 2

∑

v∈Cj\{j}
xvc0+

∑

v∈Ci
xvc0 = 0✳ P♦r ♦tr♦ ❧❛❞♦✱

∑

v∈Cj\{j}

∑

c∈D∪D′ xvc ≤

|C|
2 − 1 ②

∑

c∈D(xkc + xjc) +
∑

c∈D′(xic + xjc) ≤
∑

c∈D∪D′ wc✳ ❈♦♠❜✐♥❛♥❞♦ ❡st❛s ❛✜r♠❛❝✐♦♥❡s✱

✈❡♠♦s q✉❡ s❡ ✈❡r✐✜❝❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✸✮ ❡♥ ❡st❡ ❝❛s♦✳



✹✳✷✳ ❉❡s✐❣✉❛❧❞❛❞❡s t❤r❡❡✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ✹✷

❉❛❞♦ q✉❡ ❡♥ ❧♦s tr❡s ❝❛s♦s s❡ ✈❡r✐✜❝❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t❤r❡❡✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ✭✹✳✸✮ ② q✉❡ z ❡s ✉♥❛

s♦❧✉❝✐ó♥ ❛r❜✐tr❛r✐❛✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ✈á❧✐❞❛ ♣❛r❛ PS(G, C)✳

❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❡st❛❜❧❡❝❡ ❝♦♥❞✐❝✐♦♥❡s ❜❛❥♦ ❧❛s ❝✉❛❧❡s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s t❤r❡❡✲❝♦♥s❡❝✉t✐✈❡ ✈❡r✲

t✐❝❡s ❞❡✜♥❡♥ ❢❛❝❡t❛s ❞❡ PS(G, C)✳ ❖♠✐t✐♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥ ❝♦♠♣❧❡t❛ ❞❛❞♦ q✉❡ ❡s s✐♠✐❧❛r ❛ ❧❛s ❞❡♠♦s✲

tr❛❝✐♦♥❡s ♣r❡✈✐❛s✳ ◆♦ ♦❜st❛♥t❡ ✐♥❝❧✉✐♠♦s ✉♥ ❢r❛❣♠❡♥t♦ ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ q✉❡ ✐♥✈♦❧✉❝r❛ ✉♥ ❛r❣✉♠❡♥t♦

♣❛rt✐❝✉❧❛r s♦❜r❡ ✉♥❛ ❝❛❞❡♥❛ ❞❡ s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s✱ ❞❛❞♦ q✉❡ ❞✐✜❡r❡ ❞❡ ❧♦s ❛r❣✉♠❡♥t♦s ♣r❡✈✐♦s✳

❚❡♦r❡♠❛ ✹✳✹✳ ❆s✉♠✐♠♦s q✉❡ |C| ≥ χA(G \ C) + |D ∪ D′| + 2✱ ❝♦♥ |D ∪ D′| ≥ 3✱ ② C ❡s ✉♥ ❝✐❝❧♦

❜✐♥❞✐♥❣✳ ▲❛ ❞❡s✐❣✉❛❧❞❛❞ t❤r❡❡✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ✭✹✳✷✮ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(G, C) s✐ ② s♦❧♦ s✐ ♣❛r❛

❝❛❞❛ ✈ért✐❝❡ s ∈ V \C ❡①✐st❡ ✉♥ ❝♦♥❥✉♥t♦ I ⊂ C ❝♦♥✿

❛✮ I = Cj ♦ I = Cj \ {j}✱ ♦

❜✮ I = Ci ♦ I = Ci \ {u} ❝♦♥ u 6= i, k✱ ♦

❝✮ I = (Ct \ {t}) ∪ {v} ❝♦♥ v ∈ Cj ② t ∈ {i, k}✱ ♦

❞✮ I ⊂ C \ {j} ❡s ✉♥ ❝♦♥❥✉♥t♦ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❝♦♥ |I| = |C|
2 − 1✱ I ∩Ci 6= ∅✱ I ∩Cj 6= ∅

t❛❧ q✉❡ sv 6∈ E ♣❛r❛ t♦❞♦ v ∈ I✳

❋r❛❣♠❡♥t♦ ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✳ ❙❡❛ F ❧❛ ❝❛r❛ ❞❡ PS(G, C) ❞❡✜♥✐❞❛ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✷✮✳ ❙❡❛ λ ∈

R
|C|(|V |+1) ② λ0 ∈ R t❛❧ q✉❡ λT y = λ0 ♣❛r❛ t♦❞♦ y ∈ F ✳ ▲❛ ❞❡♠♦str❛❝✐ó♥ ❝♦♥s✐st❡ ❡♥ ♠♦str❛r q✉❡ λ ❡s

✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✷✮ ② ❧♦s ✈❡❝t♦r❡s ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡

❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮✳ ▲❛ ❞❡♠♦str❛❝✐ó♥ ❡stá ♦r❣❛♥✐③❛❞❛ ❝♦♠♦ ✉♥❛ s❡❝✉❡♥❝✐❛ ❞❡ ❛✜r♠❛❝✐♦♥❡s s♦❜r❡ λ✱ ②

❡♥ ❡st❡ ❢r❛❣♠❡♥t♦ só❧♦ ♣r♦❜❛♠♦s q✉❡ λxvc0
−λxvd

= λxv′c0
−λxv′d

♣❛r❛ t♦❞♦ v, v′ ∈ C\{i, j, k} ② d ∈ D

✭✐✳❡✳✱ ✉♥❛ ❛✜r♠❛❝✐ó♥ s✐♠✐❧❛r ❛ ❧❛ ❆✜r♠❛❝✐ó♥ ✸ ② ❧❛ ❆✜r♠❛❝✐ó♥ ✹ ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✷✮✳

▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ ❤❡❝❤♦ ❡s ♣❛rt✐❝✉❧❛r♠❡♥t❡ ✐♥t❡r❡s❛♥t❡ ❞❛❞♦ q✉❡ ✐♥✈♦❧✉❝r❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡

✉♥❛ s❡❝✉❡♥❝✐❛ ❞❡ s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s ✕❡♥ ❧✉❣❛r ❞❡ ✉♥ ♣❛r ❞❡ s♦❧✉❝✐♦♥❡s✕ ❛ ♣❛rt✐r ❞❡ ❧❛ ❝✉❛❧ s❡ ♦❜t✐❡♥❡

✐♥❢♦r♠❛❝✐ó♥ s♦❜r❡ λ✳

❙❡❛C = {i, j, k, v0, u1, v1, u2, v2, . . . , u
|C|
2

−2, v
|C|
2

−2}✳ P❛r❛ t = 0, . . . , |C|
2 −2✱ s❡❛Ct

j = {j, v0, v1, . . . ,

vt}✱ ② s❡❛ Ct
v0 = {v0, v1, . . . , vt}✳ ❆s✉♠✐♠♦s q✉❡ C−1

v0 = ∅✳ P❛r❛ t = 0, . . . , |C|
2 − 2✱ s❡❛ Ct

k =

{k, u1, . . . , ut}✳

❆✜r♠❛❝✐ó♥ ✶✿ λx
vtc0

− λx
vtd

= λx
utc0

− λx
utd

∀vt ∈ Cj, ∀ut ∈ Ci, 1 ≤ t ≤ |C|
2

−

2, ∀d ∈ D



✹✸

c0 d ✳✳✳ d′

Cj\C
t−1

j
C

t−1

j
✳✳✳ Ci\C

t−1

k

C
t−1

k
✳✳✳

✭❛✮

c0 d ✳✳✳ d′

Cj\C
t
j C

t
j ✳✳✳ Ci\C

t
k

C
t
k ✳✳✳

✭❜✮

c0 d ✳✳✳ d′

Ci\C
t−1

k
C

t−1

k
✳✳✳ Cj\C

t−2

v0

C
t−2

v0
✳✳✳

✭❝✮

c0 d ✳✳✳ d′

Ci\C
t
k C

t
k ✳✳✳ Cj\C

t−1

v0

C
t−1

v0
✳✳✳

✭❞✮

❋✐❣✉r❛ ✹✳✶✿ ❈♦♥str✉❝❝✐♦♥❡s ♣❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✹

❙❡❛♥ zt = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❝♦♠♦ ❧❛ ♣r❡s❡♥t❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✹✳✶✭❛✮ ② s❡❛ z′t = (x′, w′)

✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❝♦♠♦ ❧❛ ❞❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✹✳✶✭❜✮✱ ❞♦♥❞❡ d ∈ D✱ d′ ∈ D′ ② ♥♦ s❡ ✉t✐❧✐③❛ ♥✐♥❣ú♥

♦tr♦ ❝♦❧♦r ❡♥ D ∪D′✱ ❡①❝❡♣t♦ ❛q✉❡❧❧♦s ❡s♣❡❝✐✜❝❛❞♦s ❡♥ ❧❛s s♦❧✉❝✐♦♥❡s✳ ❊❧ ❣r❛❢♦ G \C ♣✉❡❞❡ ❝♦❧♦r❡❛rs❡

❛❝í❝❧✐❝❛♠❡♥t❡ ❝♦♥ ❧♦s ❝♦❧♦r❡s r❡st❛♥t❡s ❞❛❞♦ q✉❡ |C| ≥ χA(G\C)+5✱ ② ❡st❡ ❝♦❧♦r❡♦ t❛♠❜✐é♥ ❡s ❛❝í❝❧✐❝♦

♣❛r❛ G✳ ◆♦t❛r q✉❡ ❧❛s ❞♦s s♦❧✉❝✐♦♥❡s zt ② z′t s❛t✐s❢❛❝❡♥ ✭✹✳✷✮ ♣♦r ✐❣✉❛❧❞❛❞✱ ♣♦r ❧♦ t❛♥t♦ zt, z
′
t ∈ F ②

λT zt = λ0 = λT z′t✳ ❉❛❞♦ q✉❡ zt ② z′t s♦❧♦ ❞✐✜❡r❡♥ ❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s xvtc0 ✱ xvtd✱ xutc0 ② xutd′ ✱ ❡♥t♦♥❝❡s✱

λxvtc0
+ λxutd′

= λxvtd
+ λxutc0

✱ q✉❡ ❡s ❧♦ q✉❡ q✉❡rí❛♠♦s ❞❡♠♦str❛r✳

♦

❆✜r♠❛❝✐ó♥ ✷✿ λx
vt−1c0

− λx
vt−1d

= λx
utc0

− λx
utd

∀vt−1 ∈ Cj, ∀ut ∈ Ci, 1 ≤ t ≤

|C|
2

− 2

❙❡❛ zt = (x,w) ❧❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ r❡♣r❡s❡♥t❛❞❛ ♣♦r ❧❛ ❋✐❣✉r❛ ✹✳✶✭❝✮ ② z′t = (x′, w′) ❧❛ s♦❧✉❝✐ó♥

❢❛❝t✐❜❧❡ ❞❛❞❛ ♣♦r ❧❛ ❋✐❣✉r❛ ✹✳✶✭❞✮✱ ❞♦♥❞❡ d ∈ D✱ d′ ∈ D′ ② ♥✐♥❣ú♥ ♦tr♦ ❝♦❧♦r ❡♥ D ∪ D′ ❡s ✉t✐❧✐③❛❞♦✱

❡①❝❡♣t♦ ❧♦s ❡s♣❡❝✐✜❝❛❞♦s ❡♥ ❧❛s s♦❧✉❝✐♦♥❡s✳ ❊❧ ❣r❛❢♦ G\C ♣✉❡❞❡ ❝♦❧♦r❡❛rs❡ ❛❝í❝❧✐❝❛♠❡♥t❡ ❝♦♥ ❧♦s ❝♦❧♦r❡s

r❡st❛♥t❡s✱ ❞❛❞♦ q✉❡ |C| ≥ χA(G \C) + 5✱ ② ❡st❡ ❝♦❧♦r❡♦ ❡s t❛♠❜✐é♥ ❛❝í❝❧✐❝♦ ♣❛r❛ G✳ ◆♦t❛r q✉❡ zt ② z′t

s❛t✐s❢❛❝❡♥ ✭✹✳✷✮ ♣♦r ✐❣✉❛❧❞❛❞✱ ❧✉❡❣♦ zt, z
′
t ∈ F ② λT zt = λ0 = λT z′t✳ ❈♦♠♦ zt ② z′t s♦❧♦ ❞✐✜❡r❡♥ ❡♥ ❧❛s

❝♦♦r❞❡♥❛❞❛s xvt−1c0 ✱ xvt−1d′ ✱ xutc0 ② xutd✱ ❡♥t♦♥❝❡s λx
vt−1c0

+λxutd
= λx

vt−1d′
+λxutc0

✳ ❯♥ ❛r❣✉♠❡♥t♦

❡stá♥❞❛r ♣r✉❡❜❛ q✉❡ λx
vt−1d′

= λx
vt−1d

②✱ ♣♦r ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ❡st♦s ❞♦s ❤❡❝❤♦s✱ q✉❡❞❛ ❞❡♠♦str❛❞❛ ❧❛

❛✜r♠❛❝✐ó♥✳

♦



✹✳✸✳ ❉❡s✐❣✉❛❧❞❛❞❡s ♣r♦♠✐♥❡♥t ✈❡rt❡① ✹✹

❈♦♠❜✐♥❛♥❞♦ ❧❛ ❆✜r♠❛❝✐ó♥ ✶ ② ❧❛ ❆✜r♠❛❝✐ó♥ ✷✱ ❝♦♥❝❧✉✐♠♦s q✉❡ λxvc0
− λxvd

= λxv′c0
− λxv′d

♣❛r❛

t♦❞♦ v, v′ ∈ C \ {i, j, k}✳

✹✳✸✳ ❉❡s✐❣✉❛❧❞❛❞❡s ♣r♦♠✐♥❡♥t ✈❡rt❡①

❊♥ ❡st❛ s❡❝❝✐ó♥ ✐♥tr♦❞✉❝✐♠♦s ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛rt✐❝✉❧❛r♠❡♥t❡ ❝♦♠♣❧✐❝❛❞❛ s♦❜r❡ ❝✐❝❧♦s

♣❛r❡s✳ ❊st❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♥♦ ❛❞♠✐t❡♥ ✉♥❛ ✐♥t❡r♣r❡t❛❝✐ó♥ ❝♦♠❜✐♥❛t♦r✐❛ ❞✐r❡❝t❛ ❞❛❞♦ q✉❡ ✐♥✈♦❧✉❝r❛♥ ✉♥

❣r❛♥ ♥ú♠❡r♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s ✈❛r✐❛❜❧❡s x ❛s♦❝✐❛❞❛s ❛ ❧♦s ✈ért✐❝❡s ❡♥ ❡❧ ❝✐❝❧♦ ♣❡r♦✱

s✐♥ ❡♠❜❛r❣♦✱ ✐♥❞✉❝❡♥ ❢❛❝❡t❛s ♣❛r❛ PS(G, C)✳ ◆✉❡✈❛♠❡♥t❡✱ ❞❛♠♦s ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ② s✉✜❝✐❡♥t❡s

♣❛r❛ q✉❡ ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡✜♥❛♥ ❢❛❝❡t❛s ❞❡ PS(G, C)✳

❉❡✜♥✐❝✐ó♥ ✹✳✸✳ ❙❡❛ C ✉♥ ❝✐❝❧♦ ♣❛r ❞❡ G ② ❝♦♥s✐❞❡r❡♠♦s ❞♦s ✈ért✐❝❡s ❝♦♥s❡❝✉t✐✈♦s i ② j ❡♥ C✳ ❙❡❛♥

c0, c1 ∈ C ② s❡❛ D ⊂ C \ {c0, c1}✳ ❉❡✜♥✐♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ♣r♦♠✐♥❡♥t ✈❡rt❡① ❛s♦❝✐❛❞❛ ❛ C✱ j✱ i✱ c0✱ c1

② D ❝♦♠♦

∑

v∈C\{j}

xvc0 +
∑

v∈C

∑

c∈D

xvc +
∑

v∈C

xvc0 +
∑

v∈Ci

xvc1 ≤
|C|

2
wc0 +

∑

c∈D

wc + |C| − 2. ✭✹✳✹✮

❚❡♦r❡♠❛ ✹✳✺✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♣r♦♠✐♥❡♥t ✈❡rt❡① s♦♥ ✈á❧✐❞❛s ♣❛r❛ PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ z = (x,w) ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ② ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐
∑

c∈D wc ≥ 2 ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ ❛ |C|
2 wc0 + |C|✳

P♦r ♦tr♦ ❧❛❞♦✱
∑

v∈C\{j} xvc0 ≤ |C|
2 wc0 ②

∑

v∈C

∑

c∈D xvc +
∑

v∈C
xvc0 +

∑

v∈Ci
xvc1 ≤ |C|✳

❈♦♠❜✐♥❛♥❞♦ ❡st❛s ❛✜r♠❛❝✐♦♥❡s✱ ✈❡r✐✜❝❛♠♦s q✉❡ s❡ ❝✉♠♣❧❡ ✭✹✳✹✮ ❡♥ ❡st❡ ❝❛s♦✳

✷✳ ❙✐
∑

c∈D wc ≤ 1 ②
∑

v∈C\{j} xvc0
≤ ( |C|

2
− 1)wc0

✱ ❡♥t♦♥❝❡s ❜❛st❛ ♣r♦❜❛r q✉❡

∑

v∈C

∑

c∈D

xvc +
∑

v∈C

xvc0 +
∑

v∈Ci

xvc1 ≤ |C| − 2 + wc0 +
∑

c∈D

wc. ✭✹✳✺✮

❱❡r✐✜❝❛♠♦s ❛❤♦r❛ q✉❡ ❡st♦ ❡❢❡❝t✐✈❛♠❡♥t❡ s✉❝❡❞❡✱ ② ♣❛r❛ ❡st♦ ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

❛✮ ❙✐ wc0 = 1 ②
∑

c∈D wc = 1✱ ❡♥t♦♥❝❡s s❡ ✈❡r✐✜❝❛ ✭✹✳✺✮✱ ❞❛❞♦ q✉❡ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ❡st❛

❞❡s✐❣✉❛❧❞❛❞ ❡s ❛ ❧♦ s✉♠♦ |C|✳

❜✮ ❙✐ wc0 = 0 ②
∑

c∈D wc = 0✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✹✳✺✮ ❡s ✐❣✉❛❧ ❛ |C| − 2✳ ❈♦♠♦ ❡♥

❡st❡ ❝❛s♦ t❡♥❡♠♦s q✉❡
∑

v∈C

∑

c∈D xvc = 0 ②
∑

v∈C
xvc0 = 0✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡

✭✹✳✺✮ s❡ r❡❞✉❝❡ ❛
∑

v∈Ci
xvc1 ✳ ❈♦♠♦

∑

v∈Ci
xvc1 ≤ |C|

2 ✱ ❡♥t♦♥❝❡s ✭✹✳✺✮ s❡ ❝✉♠♣❧❡✳



✹✺

❝✮ ❙✐ ❡①❛❝t❛♠❡♥t❡ ✉♥♦ ❞❡ ❧♦s ❞♦s tér♠✐♥♦s✱ wc0 ♦
∑

c∈D wc✱ ❡s ✐❣✉❛❧ ❛ ✵✱ ❡♥t♦♥❝❡s✱ ❞❛❞♦ q✉❡ z

r❡♣r❡s❡♥t❛ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✱ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✹✳✺✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |C|− 1✳ ❈♦♠♦

❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❡s ✐❣✉❛❧ ❛ ❡s❡ ✈❛❧♦r✱ s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✳

P♦r ❧♦ t❛♥t♦✱ ❝♦♠♦ ❡♥ ❧♦s tr❡s ❝❛s♦s s❡ ✈❡r✐✜❝❛ ✭✹✳✺✮✱ t❛♠❜✐é♥ s❡ ❝✉♠♣❧❡ ✭✹✳✹✮✳

✸✳ ❙✐
∑

c∈D wc ≤ 1 ②
∑

v∈C\{j} xvc0
= |C|

2
✱ ❡♥t♦♥❝❡s ♣♦r ❡❧ ▲❡♠❛ ✸✳✶✭✐✐✮✱ t♦❞♦s ❧♦s ✈ért✐❝❡s ❡♥ Ci

✉t✐❧✐③❛♥ ❡❧ ❝♦❧♦r c0✳ P♦r ❧♦ t❛♥t♦✱
∑

v∈Ci
xvc1 = 0✳ ❆❞❡♠ás✱

∑

v∈C

∑

c∈D xvc ≤
|C|
2 −2+

∑

c∈D wc✳

▲✉❡❣♦✱ s❡ ✈❡r✐✜❝❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✹✮✳

❉❛❞♦ q✉❡ ❡♥ t♦❞♦s ❝❛s♦s s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ♣r♦♠✐♥❡♥t ✈❡rt❡① ✭✹✳✹✮✱ ② z ❡s ✉♥❛ s♦❧✉❝✐ó♥

❛r❜✐tr❛r✐❛✱ ❡♥t♦♥❝❡s ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ✈á❧✐❞❛ ♣❛r❛ PS(G, C)✳

❊♥ ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❡st❛❜❧❡❝❡♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ② s✉✜❝✐❡♥t❡s ♣❛r❛ ❧❛s ❝✉❛❧❡s ❧❛s

❞❡s✐❣✉❛❧❞❛❞❡s ♣r♦♠✐♥❡♥t ✈❡rt❡① ❞❡✜♥❡♥ ❢❛❝❡t❛s✳

❚❡♦r❡♠❛ ✹✳✻✳ ❆s✉♠✐♠♦s q✉❡ |C| ≥ χA(G\C)+máx{|D|, 2}+2✱ ② C ❡s ✉♥ ❝✐❝❧♦ ❜✐♥❞✐♥❣✳ ▲❛ ❞❡s✐❣✉❛❧❞❛❞

♣r♦♠✐♥❡♥t ✈❡rt❡① ✭✹✳✹✮ ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ PS(G, C) s✐ ② s♦❧♦ s✐ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ s ∈ V \C ❡①✐st❡ ✉♥

❝♦♥❥✉♥t♦ I t❛❧ q✉❡ sv /∈ E ♣❛r❛ t♦❞♦ v ∈ I ②

❛✮ I = Ci✱ ♦

❜✮ I = Cj✱ ♦

❝✮ I ⊂ C \ {j} ❡s ✉♥ ❝♦♥❥✉♥t♦ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❝♦♥ |I| = |C|
2 − 1✳

◆♦ ✐♥❝❧✉✐♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✻ ❞❛❞♦ q✉❡ ❡♥ ❡❧ ♠✐s♠♦ ✉t✐❧✐③❛♠♦s ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s

❛ ❧♦s ♣❧❛♥t❡❛❞♦s ❡♥ t❡♦r❡♠❛s ❛♥t❡r✐♦r❡s✳

✹✳✹✳ ❉❡s✐❣✉❛❧❞❛❞❡s ❜❛s❦❡t

❊♥ ❡st❛ s❡❝❝✐ó♥ r❡t♦♠❛♠♦s ❧❛ ✐❞❡❛ ❞❡ ✐♥❝♦r♣♦r❛r ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s q✉❡ ❡sté♥ ❞❡✜♥✐❞❛s s♦❜r❡

❝✐❝❧♦s ② ❝❧✐q✉❡s✱ ❞❛❞♦ q✉❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❛❞❛s ❡♥ ❝❧✐q✉❡s ❞❡♠♦str❛r♦♥ s❡r ♠✉② ❡❢❡❝t✐✈❛s ❡♥ ❡❧

❝♦♥t❡①t♦ ❞❡ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ♣❧❛♥♦s ❞❡ ❝♦rt❡ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❞❡ ✈ért✐❝❡s ❝❧ás✐❝♦ ❬✽✽✱ ✽✾❪✳ ❙✐

C ⊆ V ✱ ❧❧❛♠❛♠♦s GC ❛❧ s✉❜❣r❛❢♦ ❞❡ G ✐♥❞✉❝✐❞♦ ♣♦r C✳

❉❡✜♥✐❝✐ó♥ ✹✳✹✳ ❙❡❛♥ C ✉♥ ❝✐❝❧♦ ♣❛r ❞❡ G ② K ⊆ V ✉♥❛ ❝❧✐q✉❡ t❛❧❡s q✉❡ C ∩ K = {i, j} ✭✈❡r

❋✐❣✉r❛ ✹✳✷✮✳ ❙❡❛♥ c0, c1 ∈ C✱ ❝♦♥ c0 6= c1 ② D ⊂ C t❛❧❡s q✉❡ |C| − |K| ≤ |D| ≤ |C| − 2 ② c0, c1 /∈ D✳



✹✳✹✳ ❉❡s✐❣✉❛❧❞❛❞❡s ❜❛s❦❡t ✹✻

❋✐❣✉r❛ ✹✳✷✿ ❊str✉❝t✉r❛ ♣❛r❛ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❦❡t✳

❉❡✜♥✐♠♦s

∑

v∈C\{i,j}

(xvc0 + xvc1) +
∑

v∈C\{i,j}

∑

c∈D

xvc −
∑

v∈K\{i,j}

(xvc0 + xvc1) ≤ |C| − 3 +
∑

c∈D

wc ✭✹✳✻✮

❝♦♠♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❜❛s❦❡t ❛s♦❝✐❛❞❛ ❛❧ ❝✐❝❧♦ C✱ ❧❛ ❝❧✐q✉❡ K✱ ❧♦s ✈ért✐❝❡s i ② j✱ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❝♦❧♦r❡s

D✱ ② ❧♦s ❝♦❧♦r❡s c0 ② c1✳

❚❡♦r❡♠❛ ✹✳✼✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❦❡t s♦♥ ✈á❧✐❞❛s ♣❛r❛ PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ z ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡✳ ❙✐
∑

c∈D wc ≥ 1✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✹✳✻✮ ❡s

♠❛②♦r ♦ ✐❣✉❛❧ ❛ |C| − 2✳ ❉❛❞♦ q✉❡ ❧♦s ♣r✐♠❡r♦s ❞♦s tér♠✐♥♦s ❞❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✹✳✻✮ ✐♥✈♦❧✉❝r❛♥

❧♦s ✈ért✐❝❡s ❞❡ C \ {i, j}✱ ❡♥t♦♥❝❡s
∑

v∈C\{i,j}

(
xvc0 + xvc1 +

∑

c∈D xvc

)
❡s ♠❡♥♦r ♦ ✐❣✉❛❧ ❛ |C| − 2 ②

❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✳ P♦r ♦tr❛ ♣❛rt❡✱ s✐
∑

c∈D wc = 0✱ ❡♥t♦♥❝❡s s❡ t✐❡♥❡ q✉❡ ❝✉♠♣❧✐r q✉❡

|D| = |C| − |K| ✭s✐ |D| > |C| − |K| ❡♥t♦♥❝❡s ❛❧ ♠❡♥♦s ✉♥ ✈ért✐❝❡ ❡♥ ❧❛ ❝❧✐q✉❡ ✉t✐❧✐③❛rí❛ ✉♥ ❝♦❧♦r ❡♥ |D|✱

❝♦♥tr❛❞✐❝✐❡♥❞♦ ❧❛ ❤✐♣ót❡s✐s✮✳ ❈♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐
∑

v∈C\{i,j} (xvc0 + xvc1) ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |C| − 3✱ ❡♥t♦♥❝❡s s❡ ✈❡r✐✜❝❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✳

◆♦t❛r q✉❡ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✹✳✻✮ ❡s ✐❣✉❛❧ ❛ |C| − 3✳

✷✳ ❙✐
∑

v∈C\{i,j} (xvc0 + xvc1) ❡s ✐❣✉❛❧ ❛ |C| − 2✱ ❡♥t♦♥❝❡s ♣♦r s❡r z ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✱ ❡❧ ✈ért✐❝❡ i

♦ j ✉t✐❧✐③❛ ✉♥ ❝♦❧♦r ❡♥ C \ (D ∪ {c0, c1})✳ ❈♦♠♦
∑

c∈D wc = 0✱ ❧♦s ✈ért✐❝❡s r❡st❛♥t❡s ❞❡ ❧❛ ❝❧✐q✉❡

t✐❡♥❡♥ q✉❡ ✉t✐❧✐③❛r ❧♦s |K|−1 ❝♦❧♦r❡s q✉❡ ♥♦ ❡stá♥ ❡♥ D ② ❡♥tr❡ ❧♦s ❝✉❛❧❡s ❡stá♥ c0 ② c1✳ ❊♥t♦♥❝❡s

❛❧ ♠❡♥♦s ✉♥ ✈ért✐❝❡ ❡♥ K \ {i, j} ✉t✐❧✐③❛ ❡❧ ❝♦❧♦r c0 ♦ c1✳ P♦r ❧♦ t❛♥t♦✱ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✹✳✻✮

❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |C| − 3 ② s❡ ✈❡r✐✜❝❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✳

❉❛❞♦ q✉❡ ❡♥ t♦❞♦s ❧♦s ❝❛s♦s s❡ ✈❡r✐✜❝❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❜❛s❦❡t ✭✹✳✻✮ ② q✉❡ z ❡s ✉♥❛ s♦❧✉❝✐ó♥ ❛r❜✐tr❛r✐❛✱

❡♥t♦♥❝❡s ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ✈á❧✐❞❛ ♣❛r❛ PS(G, C)✳



✹✼

❚❡♦r❡♠❛ ✹✳✽✳ ❙✐ |C| > χA(GC) ② |D| = |C| − |K|✱ ❡♥t♦♥❝❡s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❦❡t ❞❡✜♥❡♥ ❢❛❝❡t❛s

❞❡ PS(GC, C)✳

❉❛❞♦ q✉❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✽ ❡s s✐♠✐❧❛r ❛ ❧❛s r❡❛❧✐③❛❞❛s ❡♥ t❡♦r❡♠❛s ❛♥t❡r✐♦r❡s✱ ♦♠✐✲

t✐♠♦s ❧❛ ♠✐s♠❛✳ ●❡♥❡r❛❧✐③❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❦❡t ✭✹✳✻✮ s♦❜r❡ ✉♥❛ ❡str✉❝t✉r❛ q✉❡

✐♥✈♦❧✉❝r❛ ✉♥ ♥ú♠❡r♦ ♠❛②♦r ❞❡ ❝❧✐q✉❡s✳ ■♥tr♦❞✉❝✐♠♦s ❡♥ ♣r✐♠❡r ❧✉❣❛r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❞✐❝❤❛ ❡str✉❝t✉r❛✳

❉❡✜♥✐❝✐ó♥ ✹✳✺✳ ❙❡❛ C ✉♥ ❝✐❝❧♦ ♣❛r ❞❡ G✱ ② s❡❛♥ Ki ⊆ V ❝♦♥ i ∈ I = {1, . . . , q} q ❝❧✐q✉❡s ❞❡ t❛♠❛ñ♦

♠❛②♦r q✉❡ ✷ t❛❧❡s q✉❡ |E(C) ∩ E(Ki)| = 1 ♣❛r❛ t♦❞♦ i ∈ I ② (Ki ∩ Kj) \ C = ∅ ♣❛r❛ t♦❞♦ i, j ∈ I

✭✈❡r ❋✐❣✉r❛ ✭✹✳✸✮✮✳ ❙❡❛♥ Q =
⋃q

i=1 Ki ② t = |C ∩ Q|✳ ❙❡❛♥ c0, c1 ∈ C✱ ❝♦♥ c0 6= c1✱ ② D ⊂ C t❛❧ q✉❡

|C| −mı́n{|Ki|}i∈I ≤ |D| ≤ |C| − 2 ② c0, c1 /∈ D✳ ❉❡✜♥✐♠♦s

∑

v∈C\Q

(xvc0 + xvc1) +
∑

v∈C\Q

∑

c∈D

xvc −

q
∑

i=1

∑

v∈Ki\C

(xvc0 + xvc1) ≤ |C| − 1− t+
∑

c∈D

wc ✭✹✳✼✮

❝♦♠♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❜❛s❦❡t ❝②❝❧❡ ❛s♦❝✐❛❞❛ ❛❧ ❝✐❝❧♦ C✱ ❧❛s ❝❧✐q✉❡s Ki✱ ❝♦♥ i ∈ I✱ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❝♦❧♦r❡s

D✱ ② ❧♦s ❝♦❧♦r❡s c0 ② c1✳

❋✐❣✉r❛ ✹✳✸✿ ❊❥❡♠♣❧♦ ❞❡ ❧❛ ❡str✉❝t✉r❛ q✉❡ ❡s ❡❧ s♦♣♦rt❡ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❦❡t ❝②❝❧❡✳

❚❡♦r❡♠❛ ✹✳✾✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❦❡t ❝②❝❧❡ s♦♥ ✈á❧✐❞❛s ♣❛r❛ PS(G, C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ z ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡✳ ❙✐ |D| > |C| −mı́n{|Ki|}i∈I ♦ ❡①✐st❡ j ∈ I t❛❧ q✉❡ |Kj | >

mı́n{|Ki|}i∈I ✱ ❡♥t♦♥❝❡s ❡①✐st❡ s✐❡♠♣r❡ ❛❧❣ú♥ ✈ért✐❝❡ ❡♥ ✉♥❛ ❝❧✐q✉❡ q✉❡ ✉t✐❧✐③❛ ✉♥ ❝♦❧♦r ❡♥ D✳ P♦r ❧♦ t❛♥t♦✱

❝♦♠♦
∑

c∈D wc ≥ 1✱ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✹✳✼✮ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ ❛ |C| − t✳ ❉❛❞♦ q✉❡ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❡s

♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ ❡st❡ ✈❛❧♦r✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✼✮ s❡ s❛t✐s❢❛❝❡ tr✐✈✐❛❧♠❡♥t❡✳ ❊♥ ❝❛s♦ ❝♦♥tr❛r✐♦✱ ❡s ❞❡❝✐r✱



✹✳✹✳ ❉❡s✐❣✉❛❧❞❛❞❡s ❜❛s❦❡t ✹✽

s✐ |D| = |C| −mı́n{|Ki|}i∈I ② t♦❞❛s ❧❛s ❝❧✐q✉❡s Ki✱ ❝♦♥ i ∈ I✱ t✐❡♥❡♥ ❡❧ ♠✐s♠♦ t❛♠❛ñ♦✱ ❝♦♥s✐❞❡r❡♠♦s

❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐
∑

c∈D wc ≥ 1✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✼✮ s❡ s❛t✐s❢❛❝❡✳

✷✳ ❙✐
∑

c∈D wc = 0 ❡♥t♦♥❝❡s✱ ♣♦r s❡r z ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✱ ❡①✐st❡ ✉♥ ✈ér✐❝❡ v ∈ C q✉❡ ✉s❛ ✉♥ ❝♦❧♦r c ∈

C\D∪{c0, c1}✳ ❙✐ v ∈ C\Q✱ ❡♥t♦♥❝❡s
∑

v∈C\Q (xvc0 + xvc1) ≤ |C|−1−t ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✼✮ s❡

❝✉♠♣❧❡✳ ❊♥ ❝❛s♦ ❝♦♥tr❛r✐♦✱ v ∈ C∩Ki✱ ♣❛r❛ ❛❧❣ú♥ i ∈ I✳ ❉❛❞♦ q✉❡
∑

c∈D wc = 0 ② |D| = |C|−|Ki|✱

❛❧❣ú♥ ✈ért✐❝❡ ❡♥Ki\C ❞❡❜❡ ✉t✐❧✐③❛r ❡❧ ❝♦❧♦r c0 ♦ c1✳ P♦r ❧♦ t❛♥t♦✱
∑q

i=1

∑

v∈Ki\C
(xvc0 + xvc1) ≥ 1

② s❡ ✈❡r✐✜❝❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✳

❉❛❞♦ q✉❡ ❡♥ t♦❞♦s ❧♦s ❝❛s♦s s❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❜❛s❦❡t ❝②❝❧❡ ✭✹✳✼✮ ② q✉❡ z ❡s ✉♥❛ s♦❧✉❝✐ó♥

❛r❜✐tr❛r✐❛✱ ❡♥t♦♥❝❡s ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ✈á❧✐❞❛ ♣❛r❛ PS(G, C)✳

❊♥ ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❞❡t❡r♠✐♠♦s ❝♦♥❞✐❝✐♦♥❡s ❜❛❥♦ ❧❛s ❝✉❛❧❡s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❦❡t ❝②❝❧❡ ✭✹✳✼✮

❞❡✜♥❡♥ ❢❛❝❡t❛s ❞❡❧ ♣♦❧✐❡❞r♦ ❜❛❥♦ ❡st✉❞✐♦✳

❚❡♦r❡♠❛ ✹✳✶✵✳ ❙✐ |C| > χA(G)✱ {Ki}i∈I ❡s ✉♥ ❝♦♥❥✉♥t♦ ❞❡ q ❝❧✐q✉❡s ❞✐s❥✉♥t❛s ❞♦s ❛ ❞♦s t❛❧❡s q✉❡

|Ki| = |Kj | ♣❛r❛ t♦❞♦ i, j ∈ I ② |D| = |C| − |Ki| ❡♥t♦♥❝❡s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❦❡t ❝②❝❧❡ ❞❡✜♥❡♥ ❢❛❝❡t❛s

❞❡ PS(G, C)✳

◆♦ ✐♥❝❧✉✐♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✭✹✳✶✵✮ ❞❛❞♦ q✉❡ ✉t✐❧✐③❛ ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛ ❧♦s

✉t✐❧✐③❛❞♦s ❡♥ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s✳



❈❛♣ít✉❧♦ ✺

❊st✉❞✐♦ ❞❡ r❛♥❣♦s ❞✐s②✉♥t✐✈♦s

▲♦s ♠ét♦❞♦s ❧✐❢t✲❛♥❞✲♣r♦❥❡❝t ♣r♦✈❡❡♥ ✉♥❛ ❢♦r♠❛ s✐st❡♠át✐❝❛ ❞❡ ❣❡♥❡r❛r ✉♥❛ s❡❝✉❡♥❝✐❛ ❞❡ r❡❧❛❥❛❝✐♦♥❡s

❝♦♥✈❡①❛s ❞❡ ✉♥ ♣♦❧✐t♦♣♦✱ q✉❡ ❝♦♥✈❡r❣❡♥ ❛ ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s✳ ❊st♦s ♠ét♦❞♦s

✉s✉❛❧♠❡♥t❡ ❝♦♠✐❡♥③❛♥ ❝♦♥ ❧❛ r❡❧❛❥❛❝✐ó♥ ❧✐♥❡❛❧✱ ② ❝♦♥str✉②❡♥ ✉♥❛ s❡❝✉❡♥❝✐❛ ❞❡ ♣♦❧✐t♦♣♦s ✕❝❛❞❛ ✉♥♦

✐♥❝❧✉í❞♦ ❡♥ ❡❧ ❛♥t❡r✐♦r✕ q✉❡ ✜♥❛❧✐③❛ ❝♦♥ ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛✳ ❊st♦s ♠ét♦❞♦s ✉t✐❧✐③❛♥ ❢♦r♠✉❧❛❝✐♦♥❡s ❝♦♥

✉♥❛ ♠❛②♦r ❝❛♥t✐❞❛❞ ❞❡ ✈❛r✐❛❜❧❡s ❞✉r❛♥t❡ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ❡st❛ s❡❝✉❡♥❝✐❛ ❞❡ ♣♦❧✐t♦♣♦s✱ ♣♦rq✉❡ ❡st❛s

❢♦r♠✉❧❛❝✐♦♥❡s ❛ ✈❡❝❡s ❛❞♠✐t❡♥ r❡♣r❡s❡♥t❛❝✐♦♥❡s ❝♦♠♣❛❝t❛s ❞❡ ✉♥❛ ❝❛♥t✐❞❛❞ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ ❢❛❝❡t❛s✳

▼✉❝❤♦s ♦♣❡r❛❞♦r❡s ❧✐❢t✲❛♥❞✲♣r♦❥❡❝t ❤❛♥ s✐❞♦ ♣r♦♣✉❡st♦s ❡♥ ❧♦s ú❧t✐♠♦s ❛ñ♦s✱ s✐❡♥❞♦ ❧♦s ♠ás ✐♠♣♦rt❛♥t❡s

❡❧ ♦♣❡r❛❞♦r ❞❡ ❇❛❧❛s✲❈❡r✐❛✲❈♦r♥✉é❥♦❧s ❬✶✼❪✱ ❡❧ ♦♣❡r❛❞♦r ❞❡ ❙❤❡r❛❧✐✲❆❞❛♠s ❬✶✵✸❪✱ ❡❧ ♦♣❡r❛❞♦r ❞❡ ▲♦✈ás③✲

❙❝❤r✐✈❡r ❬✼✽❪✱ ② ❡❧ ♦♣❡r❛❞♦r ❞❡ ▲❛ss❡rr❡ ❬✼✸❪✳ P❛r❛ ✉♥ ❡st✉❞✐♦ ♠ás ♣r♦❢✉♥❞♦ ❞❡ ❡st♦s ♣r♦❝❡❞✐♠✐❡♥t♦s✱

r❡♠✐t✐♠♦s ❛❧ ❧❡❝t♦r ❛ ❬✶✻❪✳

❯♥ ❝♦♥❝❡♣t♦ q✉❡ s✉r❣❡ ❞❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ t❛❧❡s ♦♣❡r❛❞♦r❡s ❡s ❡❧ ❞❡ r❛♥❣♦ ❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛✱

❞❡✜♥✐❞❛ ❝♦♠♦ ❡❧ ♠í♥✐♠♦ ♥ú♠❡r♦ ❞❡ ❛♣❧✐❝❛❝✐♦♥❡s ❞❡❧ ♦♣❡r❛❞♦r ♥❡❝❡s❛r✐♦ ♣❛r❛ ♦❜t❡♥❡r ✉♥ ♣♦❧✐t♦♣♦ ♣❛r❛

❡❧ ❝✉❛❧ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ s❡❛ ✈á❧✐❞❛ ✭❡st❡ ❝♦♥❝❡♣t♦ ❡stá ❜✐❡♥ ❞❡✜♥✐❞♦ ❞❛❞♦ q✉❡ ❡❧ ú❧t✐♠♦ ♣♦❧✐t♦♣♦ ❞❡

❧❛ s❡❝✉❡♥❝✐❛ ❡s ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s✱ ② ♣♦r ❧♦ t❛♥t♦ s❛t✐❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞

✈á❧✐❞❛✮✳ ❊st❡ ✈❛❧♦r ❤❛ s✐❞♦ ♣r♦♣✉❡st♦ ❝♦♠♦ ✉♥❛ ♠❡❞✐❞❛ ❞❡ ✐♥t❡rés t❡ór✐❝♦ ❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛✱

❡♥ ❝♦♥tr❛st❡ ❝♦♥ ♦tr❛s ♠❡❞✐❞❛s ❡♠♣ír✐❝❛s✱ ❝♦♠♦ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ♣rá❝t✐❝❛ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡♥tr♦ ❞❡

✉♥ ❛❧❣♦r✐t♠♦ ❜❛s❛❞♦ ❡♥ ♣❧❛♥♦s ❞❡ ❝♦rt❡✳

❊♥ ❡st❡ tr❛❜❛❥♦ ❡st✉❞✐❛♠♦s ❡❧ r❛♥❣♦ ❞❡ ❛❧❣✉♥❛s ❞❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ♣r❡s❡♥t❛✲

❞❛s ❡♥ ❧♦s ❈❛♣ít✉❧♦s ✸ ② ✹✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡st✉❞✐❛♠♦s ❡❧ r❛♥❣♦ ❛s♦❝✐❛❞♦ ❛❧ ♦♣❡r❛❞♦r ❞❡ ❇❛❧❛s✲❈❡r✐❛✲

❈♦r♥✉é❥♦❧s ✭❇❈❈✮✱ ❝♦♠ú♥♠❡♥t❡ ❧❧❛♠❛❞♦ r❛♥❣♦ ❞✐s②✉♥t✐✈♦✳ ❚❛♠❜✐é♥ ♣r♦♣♦♥❡♠♦s ❡st✉❞✐❛r ✉♥ ❝♦♥❝❡♣t♦

❞✉❛❧✱ ❛❧ q✉❡ ❧❧❛♠❛♠♦s ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛✱ ❞❡✜♥✐❞♦ ❝♦♠♦ ❡❧ ♥ú♠❡r♦ ♠á✲

①✐♠♦ ❞❡ ❛♣❧✐❝❛❝✐♦♥❡s ❞❡❧ ♦♣❡r❛❞♦r ❇❈❈ q✉❡ ❛s❡❣✉r❡ ❧❛ ♦❜t❡♥❝✐ó♥ ❞❡ ✉♥ ♣♦❧✐t♦♣♦ q✉❡ s❛t✐s❢❛❝❡ ❧❛

✹✾



✺✳✶✳ ❊❧ ♦♣❡r❛❞♦r ❇❈❈ ✺✵

❞❡s✐❣✉❛❧❞❛❞✳ ❊♥ ❬✸✶❪ s❡ ✐♠♣❧❡♠❡♥tó ✉♥❛ ✈❡rs✐ó♥ ♣r❡❧✐♠✐♥❛r ❞❡ ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ❜r❛♥❝❤✲❛♥❞✲❝✉t✱ ♠♦s✲

tr❛♥❞♦ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ q✉❡ ❞♦s ❞❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ❝♦♥s✐❞❡r❛❞❛s ❡♥ ❡st❡ tr❛❜❛❥♦

♣❡r♠✐t✐❡r♦♥ ♦❜t❡♥❡r ❧❛ ♠❡❥♦r ♣❡r❢♦r♠❛♥❝❡✳ ❯♥❛ ♠♦t✐✈❛❝✐ó♥ ❛❞✐❝✐♦♥❛❧ ♣❛r❛ ❡❧ ♣r❡s❡♥t❡ ❡st✉❞✐♦ ❡s ✈❡r✐✲

✜❝❛r s✐ ❡st♦s r❡s✉❧t❛❞♦s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s s❡ ❝♦rr❡❧❛❝✐♦♥❛♥ ❝♦♥ ❧❛ ❢✉❡r③❛ t❡ór✐❝❛ ❞❡ ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s✱

♠❡❞✐❞❛ ♣♦r ❡❧ r❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦✳ ❙❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r ❛♥á❧✐s✐s ♣r❡✈✐♦s ❞❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦

❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ♣❛r❛ ♣r♦❜❧❡♠❛s ♣❛rt✐❝✉❧❛r❡s ❡♥ ❬✶✱ ✼✼✱ ✽✹❪✱ ② ♦tr♦s ❡st✉❞✐♦s s♦❜r❡ ❛♣❧✐❝❛❝✐♦♥❡s

❞❡ ♣r♦❝❡❞✐♠✐❡♥t♦s ❧✐❢t✲❛♥❞✲♣r♦❥❡❝t ❛ ♣r♦❜❧❡♠❛s ♣❛rt✐❝✉❧❛r❡s s❡ ❧❧❡✈❛r♦♥ ❛ ❝❛❜♦ ❡♥ ❬✶✺✱ ✼✹✱ ✼✺✱ ✽✸✱ ✶✵✷❪✱

❡♥tr❡ ♦tr♦s✳

❊st❡ ❝❛♣ít✉❧♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳ ❊♥ ❙❡❝❝✐ó♥ ✺✳✶ r❡❝♦r❞❛♠♦s ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡❧

♦♣❡r❛❞♦r ❇❈❈ ② ❞❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛✱ ❡ ✐♥tr♦❞✉❝✐♠♦s ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❛♥t✐✲

r❛♥❣♦ ❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛✳ ❊♥ ❙❡❝❝✐ó♥ ✺✳✷ ❡st✉❞✐❛♠♦s ❡❧ r❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ s❡✐s

❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ♣❛r❛ ❡❧ ♣♦❧✐❡❞r♦ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✳

✺✳✶✳ ❊❧ ♦♣❡r❛❞♦r ❇❈❈

❉❡✜♥✐♠♦s ❡♥ ❡st❛ s❡❝❝✐ó♥ ❡❧ ♦♣❡r❛❞♦r ❇❈❈ ✐♥tr♦❞✉❝✐❞♦ ♣♦r ❇❛❧❛s✱ ❈❡r✐❛✱ ❛♥❞ ❈♦r♥✉é❥♦❧s ❬✶✼❪✳ ❙❡❛

P = ❝♦♥✈{x ∈ {0, 1}n : Ax ≤ b} ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❞❡ ❧♦s ♣✉♥t♦s ❡♥t❡r♦s ❞❡❧ ❝♦♥❥✉♥t♦ L = {x ∈

[0, 1]n : Ax ≤ b}✳ ❊❧ ♦♣❡r❛❞♦r ❇❈❈ t♦♠❛ ❡❧ ♣♦❧✐t♦♣♦ L ② ✉♥❛ ✈❛r✐❛❜❧❡ xi ♣❛r❛ i ∈ {1, . . . , n} ② ❣❡♥❡r❛

✉♥ ♥✉❡✈♦ ♣♦❧✐t♦♣♦ Pxi
(L) ⊆ L ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

✶✳ ▼✉❧t✐♣❧✐❝❛♠♦s ❡❧ s✐st❡♠❛ Ax ≤ b ♣♦r xi ② 1 − xi✱ ♦❜t❡♥✐❡♥❞♦ ❧♦s s✐st❡♠❛s xi(b − Ax) ≥ 0 ②

(1− xi)(b−Ax) ≥ 0✳

✷✳ ■❞❡♥t✐✜❝❛♠♦s ❛ xi := x2
i ② yk := xixk ♣❛r❛ k 6= i✱ ♦❜t❡♥✐❡♥❞♦ ❞❡ ❡st❛ ♠❛♥❡r❛ ✉♥ ♣♦❧✐t♦♣♦

Li ⊆ R
2n−1 ❞❡ ❞✐♠❡♥s✐ó♥ ♠❛②♦r ❛❧ ♦r✐❣✐♥❛❧✳

✸✳ Pr♦②❡❝t❛♠♦s Li ❛❧ ❡s♣❛❝✐♦ ♦r✐❣✐♥❛❧ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s x✱ ② ❧❧❛♠❛♠♦s Pxi
(L) ❛❧ ♣♦❧✐t♦♣♦ r❡s✉❧t❛♥t❡✳

◆♦s r❡❢❡r✐♠♦s ❛❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❛♣❧✐❝❛❞♦ ❛ ❧❛ ✈❛r✐❛❜❧❡ xi ❝♦♠♦ ❇❈❈xi
✳ ❊st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ s❡ ♣✉❡❞❡

r❡♣❡t✐r s♦❜r❡ ♦tr❛ ✈❛r✐❛❜❧❡ xj ✱ ♣❛r❛ j 6= i✱ ♦❜t❡♥✐❡♥❞♦ ❧✉❡❣♦ ❡❧ ♣♦❧✐t♦♣♦ Pxj
(Pxi

(L))✳ P✉❡❞❡ ✈❡rs❡

q✉❡ ❡❧ ♦r❞❡♥ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ♣r♦❝❡s❛❞❛s ♥♦ ♠♦❞✐✜❝❛ ❡❧ ♣♦❧✐t♦♣♦ r❡s✉❧t❛♥t❡ ❬✶✼❪✱ ✐✳❡✳✱ Pxj
(Pxi

(L)) =

Pxi
(Pxj

(L))✱ ② ❡♥t♦♥❝❡s ❧❧❛♠❛r❡♠♦s ❛ ❡st❡ ♣♦❧✐t♦♣♦ PA(L)✱ ❞♦♥❞❡ A = {xi, xj}✳ ❙✐ A ⊂ A
′ ❡♥t♦♥❝❡s

PA′(L) ⊆ PA(L) ② PV(L) = P ♣❛r❛ V = {x1, . . . , xn}✳

▲❛ ❋✐❣✉r❛ ✺✳✶ ♠✉❡str❛ ✉♥ ❡❥❡♠♣❧♦ s♦❜r❡ ❧❛ r❡❧❛❥❛❝✐ó♥ ❧✐♥❡❛❧ L = {x ∈ R
3
+ : x1+x2+x3 ≤ 1+ε}✱ ❝♦♥

0 < ε < 1✳ ❊♥ ❡st❡ ❝❛s♦✱ ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❡♥t❡r❛s ❡s P = {x ∈ R
3
+ : x1+x2+x3 ≤ 1}✳

❈♦♠❡♥③❛♥❞♦ ❡♥ L✱ ❝❛❞❛ ❝❛♠✐♥♦ ❡♥ ❧❛ ✜❣✉r❛ ❣❡♥❡r❛ ✉♥❛ s❡❝✉❡♥❝✐❛ ❞❡ ♣♦❧✐t♦♣♦s ✜♥❛❧✐③❛♥❞♦ ❡♥ P ❧✉❡❣♦



✺✶

❞❡ tr❡s ♣❛s♦s✳ ❈♦♥s✐❞❡r❡♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ x1 ≤ 1✱ q✉❡ ❡s ✈á❧✐❞❛ ♣❛r❛ P ✭♣❡r♦ ♥♦ ♣❛r❛ L✮✳ ▲♦s ♣♦❧✐t♦♣♦s

♠❛r❝❛❞♦s ❡♥ ❧❛ ✜❣✉r❛ ❝♦♥ ✭✯✮ s♦♥ ❛q✉❡❧❧♦s q✉❡ s❛t✐s❢❛❝❡♥ x1 ≤ 1✳ P❛r❛ t♦❞♦ ❝❛♠✐♥♦ ❞❡s❞❡ L ❤❛st❛ P

❡♥ ❧❛ ✜❣✉r❛✱ ❡♥ ❛❧❣ú♥ ♣✉♥t♦ s❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ x1 ≤ 1✱ ② ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❡s ❧❛ ♠❡♥♦r ❛❧t✉r❛

k t❛❧ q✉❡ ❛❧❣ú♥ ♣♦❧✐t♦♣♦ s❛t✐s❢❛❝❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞✳

❋✐❣✉r❛ ✺✳✶✿ ❊❧ ❣rá✜❝♦ ♠✉❡str❛ ❧♦s ♣♦❧✐t♦♣♦s ♦❜t❡♥✐❞♦s ❧✉❡❣♦ ❞❡ ❛♣❧✐❝❛r s✉❝❡s✐✈❛♠❡♥t❡ ❡❧ ♦♣❡r❛❞♦r ❇❈❈

❛ ♣❛rt✐r ❞❡ ❧❛ r❡❧❛❥❛❝✐ó♥ ❧✐♥❡❛❧ L = {x ∈ R
3
+ : x1 + x2 + x3 ≤ 1 + ε}✳ ❧♦s ♣♦❧✐t♦♣♦s ♠❛r❝❛❞♦s ❝♦♥ ✭✯✮

s❛t✐s❢❛❝❡♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ x1 ≤ 1✳ ❯♥ ♣♦❧✐t♦♣♦ ❞❡❧ ♣r✐♠❡r ♥✐✈❡❧ ✭✐✳❡✳✱ ♦❜t❡♥✐❞♦ ❛❧ ❛♣❧✐❝❛r ❡①❛❝t❛♠❡♥t❡

✉♥❛ ✈❡③ ❡❧ ♦♣❡r❛❞♦r ❇❈❈✮ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ x1 ≤ 1✱ ❧✉❡❣♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t✐❡♥❡ r❛♥❣♦ ❞✐②✉♥t✐✈♦

✶✳ ❚♦❞♦s ❧♦s ♣♦❧✐t♦♣♦s ❞❡❧ t❡r❝❡r ♥✐✈❡❧ s❛t✐s❢❛❝❡♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ♠✐❡♥tr❛s q✉❡ ❡①✐st❡ ✉♥ ♣♦❧✐t♦♣♦ ❡♥ ❡❧

s❡❣✉♥❞♦ ♥✐✈❡❧ q✉❡ ♥♦ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✱ ❧✉❡❣♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t✐❡♥❡ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ✷✳

❉❡✜♥✐❝✐ó♥ ✺✳✶✳ ❬✶✼❪ ❙❡❛ πx ≤ π0 ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛ ♣❛r❛ P ✳ ▲❛ ❞❡s✐❣✉❛❧❞❛❞ πx ≤ π0 t✐❡♥❡ r❛♥❣♦

❞✐s②✉♥t✐✈♦ k s✐ ② s♦❧♦ s✐ ❡①✐st❡ ✉♥ ❝♦♥❥✉♥t♦ A ❞❡ ✈❛r✐❛❜❧❡s t❛❧ q✉❡ |A| = k ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ πx ≤ π0 ❡s

✈á❧✐❞❛ ♣❛r❛ PA(L)✱ ② πx ≤ π0 ♥♦ ❡s ✈á❧✐❞❛ ♣❛r❛ PB(L) ❞♦♥❞❡ B ❡s ❝✉❛❧q✉✐❡r ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐❛❜❧❡s ❝♦♥

|B| = k − 1✳

❊❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛ ❡s ✉♥❛ ♠❡❞✐❞❛ t❡ór✐❝❛✱ ❞❛❞♦ ♣♦r ❡❧ ♠❡♥♦r ♥ú♠❡r♦

❞❡ ❛♣❧✐❝❛❝✐♦♥❡s ❞❡❧ ♦♣❡r❛❞♦r BCC ❬✶✼❪ q✉❡ s♦♥ ♥❡❝❡s❛r✐❛s ♣❛r❛ ♦❜t❡♥❡r ❧❛ ❞❡s✐❣✉❛❧❞❛❞✳ ❙✐ ❡❧ r❛♥❣♦

❞✐s②✉♥t✐✈♦ ❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛ ♣❛r❛ P ❡s ✵✱ ❡♥t♦♥❝❡s t❛♠❜✐é♥ ❡s ✈á❧✐❞❛ ♣❛r❛ ❧❛ r❡❧❛❥❛❝✐ó♥ ❧✐♥❡❛❧



✺✳✶✳ ❊❧ ♦♣❡r❛❞♦r ❇❈❈ ✺✷

L✳ ❊♥ ❡st❡ tr❛❜❛❥♦ ♣r♦♣♦♥❡♠♦s t❛♠❜✐é♥ ❡st✉❞✐❛r ❡❧ ♠á①✐♠♦ ♥ú♠❡r♦ ❞❡ ❞✐❝❤❛s ❛♣❧✐❝❛❝✐♦♥❡s✱ ❛❧ ❝✉❛❧

❧❧❛♠❛♠♦s ❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ② ❡s✱ ❡♥ ❝✐❡rt♦ s❡♥t✐❞♦✱ ❡❧ ❝♦♥❝❡♣t♦ ❞✉❛❧ ❞❡❧ r❛♥❣♦

❞✐s②✉♥t✐✈♦✳ ❊♥ ❧❛ ❋✐❣✉r❛ ✺✳✶✱ ❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❝♦rr❡s♣♦♥❞❡ ❛❧ ♠á①✐♠♦ ♥✐✈❡❧ t t❛❧ q✉❡ ❡①✐st❡

❛❧❣ú♥ ♣♦❧✐t♦♣♦ ❡♥ ❡❧ ♥✐✈❡❧ t q✉❡ ♥♦ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛✳

❉❡✜♥✐❝✐ó♥ ✺✳✷✳ ❙❡❛ πx ≤ π0 ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛ ♣❛r❛ P ❝♦♥ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ♥♦ ♥✉❧♦✳ ▲❛ ❞❡✲

s✐❣✉❛❧❞❛❞ πx ≤ π0 t✐❡♥❡ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ t s✐ ② s♦❧♦ s✐ ❡①✐st❡ ✉♥ ❝♦♥❥✉♥t♦ B ❞❡ ✈❛r✐❛❜❧❡s ❝♦♥

|B| = t t❛❧ q✉❡ πx ≤ π0 ♥♦ ❡s ✈á❧✐❞❛ ♣❛r❛ PB(L)✱ ② πx ≤ π0 ❡s ✈á❧✐❞❛ ♣❛r❛ PA(L) ♣❛r❛ ❝✉❛❧q✉✐❡r

❝♦♥❥✉♥t♦ A ❞❡ ✈❛r✐❛❜❧❡s ❝♦♥ |A| = t+ 1✳

❊❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ s✉ ❛♥t✐✲r❛♥❣♦✳ P♦r ❧♦ t❛♥t♦✱ s✐

❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛ ❡s ✵ ❡♥t♦♥❝❡s ❡❧ r❛♥❣♦ t❛♠❜✐é♥ ❡s ✵✳ ❆❞❡♠ás✱ s✐ ❡❧

r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❡s ✵✱ ❡♥t♦♥❝❡s ❧❛ r❡❧❛❥❛❝✐ó♥ ❧✐♥❡❛❧ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ② ❡❧ ❛♥t✐✲r❛♥❣♦ t❛♠❜✐é♥ ❡s

✵✳ ❊❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❡♥ ✉♥❛ ♠❡❞✐❞❛ ♥❛t✉r❛❧ ❛s♦❝✐❛❞❛ ❝♦♥ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛✱ ♣r♦✈❡②❡♥❞♦ ❡♥

❡st❡ ❝❛s♦ ✉♥❛ ❝♦t❛ s✉♣❡r✐♦r ❛❧ ♥ú♠❡r♦ ❞❡ ✐t❡r❛❝✐♦♥❡s ❇❈❈ ♥❡❝❡s❛r✐❛s ♣❛r❛ ♦❜t❡♥❡r ✉♥ ♣♦❧✐t♦♣♦ PA(L)

q✉❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛ s✐♥ ✐♠♣♦rt❛r ❧❛ ❡❧❡❝❝✐ó♥ ❞❡❧ ❝♦♥❥✉♥t♦ A ❞❡ ✈❛r✐❛❜❧❡s✳

▲❛ s✐❣✉✐❡♥t❡ ♣r♦♣✐❡❞❛❞ ❞❡❧ ♦♣❡r❛❞♦r ❇❈❈ r❡s✉❧t❛ ♠✉② út✐❧ ♣❛r❛ ❡st✉❞✐❛r ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✉♥❛

❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛✳

❚❡♦r❡♠❛ ✺✳✶ ✭❬✶✼❪✮✳ ❙✐ A ❡s ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐❛❜❧❡s✱ ❡♥t♦♥❝❡s PA(L) = ❝♦♥✈{x ∈ L : xi ∈ {0, 1}

♣❛r❛ t♦❞♦ xi ∈ A}✳

❊st❡ t❡♦r❡♠❛ ❡s ❧❛ ❜❛s❡ ♣❛r❛ ❡❧ ❛♥á❧✐s✐s ❞❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s✱ ❞❛❞♦ q✉❡

♣r♦♣♦r❝✐♦♥❛ ✉♥❛ ❢♦r♠❛ ❞✐r❡❝t❛ ❞❡ ❝❤❡q✉❡❛r s✐ ✉♥❛ s♦❧✉❝✐ó♥ ❡♥ L ✭♣♦s✐❜❧❡♠❡♥t❡ ❢r❛❝❝✐♦♥❛r✐❛✮ ♣❡rt❡♥❡❝❡

♦ ♥♦ ❛ PA(L)✱ ♣❛r❛ ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❛❞♦ A ❞❡ ✈❛r✐❛❜❧❡s✳ ❊st❡ ❛♥á❧✐s✐s ❞✐r❡❝t♦ ❤❛❝❡ ♣♦s✐❜❧❡ ❡❧ ❛❜♦r❞❛❥❡

r❡❛❧✐③❛❞♦ ❡♥ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❞❡ ❧❛ ❙❡❝❝✐ó♥ ✺✳✷✳

◆♦ ❡st❛♠♦s ❛❧ t❛♥t♦ ❞❡ r❡s✉❧t❛❞♦s s✐♠✐❧❛r❡s ♣❛r❛ ❧♦s r❡st❛♥t❡s ♦♣❡r❛❞♦r❡s ❧✐❢t✲❛♥❞✲♣r♦❥❡❝t ♠❡♥❝✐♦♥❛✲

❞♦s ❡♥ ❧❛ ✐♥tr♦❞✉❝❝✐ó♥✱ q✉❡ ❝❛r❛❝t❡r✐❝❡♥ ❧❛s s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s ❞❡❧ ♣♦❧✐❡❞r♦ r❡s✉❧t❛♥t❡ ❞❡ ✉♥❛ s❡❝✉❡♥❝✐❛

❞❡ ❛♣❧✐❝❛❝✐♦♥❡s ❞❡❧ ♦♣❡r❛❞♦r ❡♥ ❝✉❡st✐ó♥✳ ❆❧ ❝❛r❡❝❡r ❞❡ ❡st❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥✱ ❧❛ ❡str❛t❡❣✐❛ ✉t✐❧✐③❛❞❛ ❡♥

❡st❡ tr❛❜❛❥♦ ♣❛r❛ ❤❛❧❧❛r ❝♦t❛s s♦❜r❡ ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ♥♦ ♣♦❞rí❛ ❛♣❧✐❝❛rs❡ ❞❡ ♠❛♥❡r❛ ❞✐r❡❝t❛ ♣❛r❛

❧♦s ❞❡♠ás ♦♣❡r❛❞♦r❡s✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❧❛ ❡①♣❧♦r❛❝✐ó♥ ❞❡ ❧♦s r❛♥❣♦s ❞✐s②✉♥t✐✈♦s ❛s♦❝✐❛❞♦s ❝♦♥ ♦tr♦s

♦♣❡r❛❞♦r❡s ♣❛r❡❝❡ s❡r ✉♥❛ t❛r❡❛ ♠ás ❝♦♠♣❧✐❝❛❞❛✳ P♦r ❡st❡ ♠♦t✐✈♦✱ ❡♥ ❡st❛ t❡s✐s ♥♦s ❝♦♥❝❡♥tr❛♠♦s ❡♥

❡❧ r❛♥❣♦ ❛s♦❝✐❛❞♦ ❛❧ ♦♣❡r❛❞♦r ❇❈❈✳



✺✸

✺✳✷✳ ❘❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥♦❝✐❞❛s

❊♥ ❡st❛ s❡❝❝✐ó♥ ❡st✉❞✐❛♠♦s ❡❧ r❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❛❧❣✉♥❛s ❞❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧✲

❞❛❞❡s ♣r❡s❡♥t❛❞❛s ❡♥ ❧♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✱ ❝✉❛♥❞♦ ❡❧ ❣r❛❢♦ G ❡s ✉♥ ❝✐❝❧♦✳ ❆s✉♠✐♠♦s ❛ ❧♦ ❧❛r❣♦ ❞❡

❡st❛ s❡❝❝✐ó♥ q✉❡ G = (C, E) ❡s ✉♥ ❝✐❝❧♦ ♣❛r✱ ② t♦❞❛s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♣r❡s❡♥t❛❞❛s ❡♥ ❡st❛ s❡❝❝✐ó♥ ✐♥✲

✈♦❧✉❝r❛♥ t❛❧ ❝✐❝❧♦✳ ▲❧❛♠❛♠♦s C = {v1, v2, . . . , v|C|} ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ❧♦s ✈ért✐❝❡s ❞❡ G✱ s✐❡♥❞♦ vivi+1 ∈ E

♣❛r❛ 1 ≤ i ≤ |C| − 1✱ ② v|C|v1 ∈ E✳ ❙❡❛ p = |V ||C| + |C|✱ ❡s ❞❡❝✐r✱ ❧❛ ❝❛♥t✐❞❛❞ t♦t❛❧ ❞❡ ✈❛r✐❛❜❧❡s ❞❡❧

♣r♦❜❧❡♠❛✳

❊♥ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ r❡❝♦♣✐❧❛♠♦s r❡s✉❧t❛❞♦s q✉❡ s❡rá♥ út✐❧❡s ❡♥ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❞❡ ❡st❛ s❡❝❝✐ó♥✳

▲❡♠❛ ✺✳✶✳ ❙❡❛♥ (x,w) ∈ L(G, C)✱ C ⊆ V ✉♥ ❝✐❝❧♦ ♣❛r✱ ② c ∈ C✳

✭✐✮ ❊❧ ♣✉♥t♦ ✭①✱✇✮ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞
∑

v∈C
xvc ≤

|C|
2 wc✳

✭✐✐✮ ❙✐ ❛ ❧♦ s✉♠♦ |C| − 1 ✈❛r✐❛❜❧❡s ❡♥ {xvd}v∈C,d∈C t✐❡♥❡♥ ✈❛❧♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s✱ ❡♥t♦♥❝❡s ❡①✐st❡♥ ❛

❧♦ s✉♠♦ |C|/2− 1 ✈❛r✐❛❜❧❡s ❡♥ {xvc}v∈C ❝♦♥ ✈❛❧♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s✳

❉❡♠♦str❛❝✐ó♥✳ P❛r❛ ❧❛ ♣❛rt❡ ✭✐✮✱ ❞❛❞♦ q✉❡ (x,w) ∈ L(G, C) ❡♥t♦♥❝❡s ✭✶✳✷✮ ✐♠♣❧✐❝❛ q✉❡ xuc + xvc ≤ wc

♣❛r❛ t♦❞❛ ❛r✐st❛ uv ❡♥ ❡❧ ❝✐❝❧♦ ✭❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❛r✐st❛s✮✳ ❙✉♠❛♥❞♦ ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s

s♦❜r❡ t♦❞❛s ❧❛s ❛r✐st❛s ❞❡❧ ❝✐❝❧♦✱ s❡ ❝♦♥❝❧✉②❡ ❧❛ ♣❛rt❡ ✭✐✮✳

❱❡r✐✜❝❛♠♦s ❛❤♦r❛ ❧❛ ♣❛rt❡ ✭✐✐✮✳ ❙✐ ❡①✐st❡♥ ♠ás ❞❡ |C|/2 ✈❛r✐❛❜❧❡s ❡♥ {xvc}v∈C ❝♦♥ ✈❛❧♦r❡s ❢r❛❝✲

❝✐♦♥❛r✐♦s✱ ❡♥t♦♥❝❡s ✭✶✳✶✮ ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡♥ ❛❧ ♠❡♥♦s |C|/2 ✈❛r✐❛❜❧❡s ❡♥ {xvd}v∈C,d∈C\{c} q✉❡ s♦♥

❢r❛❝❝✐♦♥❛r✐❛s✳ ❊st♦ ❝♦♥❞✉❝❡ ❛ q✉❡ ❡❧ ♥ú♠❡r♦ ❞❡ ✈❛r✐❛❜❧❡s ❢r❛❝❝✐♦♥❛r✐❛s ❡♥ {xvd}v∈C,d∈C ❡s ❛❧ ♠❡♥♦s |C|✱

❝♦♥tr❛❞✐❝✐❡♥❞♦ ❧❛ ❤✐♣ót❡s✐s✳

✺✳✷✳✶✳ ❉❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r

❈♦♠❡♥③❛♠♦s ❡st✉❞✐❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r ✭✸✳✶✮✱ ❢❛♠✐❧✐❛ ❝♦♥ ❧❛ ♠❡❥♦r ♣❡r❢♦r♠❛♥❝❡ ❡♥ ❡❧

♣r♦❝❡❞✐♠✐❡♥t♦ ❜r❛♥❝❤✲❛♥❞✲❝✉t r❡♣♦rt❛❞♦ ❡♥ ❬✸✶❪✳

❈♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❞❡s❝r✐❜✐r ❡✜❝✐❡♥t❡♠❡♥t❡ ❧❛s ❝♦♥str✉❝❝✐♦♥❡s ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s ❞❛❞❛s ❡♥

❡st❛ s❡❝❝✐ó♥✱ ✐♥tr♦❞✉❝✐♠♦s ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❣rá✜❝❛ ❞❡s❝r✐♣t❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✷✳ ▲❛ ♠✐s♠❛ ❡s♣❡❝✐✜❝❛ ❡❧

✈❛❧♦r q✉❡ ❝❛❞❛ ✈❛r✐❛❜❧❡ t♦♠❛ ❡♥ ✉♥❛ s♦❧✉❝✐ó♥✳ P♦r ❡❥❡♠♣❧♦✱ ❡❧ ✈❛❧♦r ✵ ❡♥ ❧❛ ❝♦❧✉♠♥❛ v2 ② ❧❛ ✜❧❛ c1 ❡♥

❧❛ ❋✐❣✉r❛ ✺✳✷ ❛✜r♠❛ q✉❡ ❧❛ ✈❛r✐❛❜❧❡ xv2c1 t♦♠❛ ✈❛❧♦r ✵✳ ▲❛ ú❧t✐♠❛ ❝♦❧✉♠♥❛ r❡♣r❡s❡♥t❛ ❧♦s ✈❛❧♦r❡s ❞❡

❧❛s ✈❛r✐❛❜❧❡s w✳

❚❡♦r❡♠❛ ✺✳✷✳ ❊❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t✇♦✲❝♦❧♦r ✭✸✳✶✮ ❡s 2✳



✺✳✷✳ ❘❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥♦❝✐❞❛s ✺✹

v1 v2 v3 v4 ✳✳✳✳ v|C| wc

c0
1

2

1

2

1

2

1

2
✳✳✳✳ 1

2
1

c1
1

2
0 1

2
0 ✳✳✳✳ 0 1

2

c2 0 1

2
0 1

2
✳✳✳✳ 1

2
1

c3 0 0 0 0 ✳✳✳✳ 0 0

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳

c|C| 0 0 0 0 ✳✳✳✳ 0 0

❋✐❣✉r❛ ✺✳✷✿ ❈♦♥str✉❝❝✐ó♥ ♣❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✷✳ ▲♦s ✈❛❧♦r❡s ❡♥ ♥❡❣r✐t❛ ❝♦rr❡s♣♦♥❞❡♥ ❛

❧❛s ✈❛r✐❛❜❧❡s ❡♥ V\B✳

❉❡♠♦str❛❝✐ó♥✳ Pr✐♠❡r♦ ❞❡❜❡♠♦s ❞❡♠♦str❛r q✉❡ ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✸✳✶✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ 2✳

❙❡❛ A ⊆ V ❡❧ ❝♦♥❥✉♥t♦ {wc0 , wc1}✳ ❉❡❜❡♠♦s ♣r♦❜❛r q✉❡ ✭✸✳✶✮ ❡s ✈á❧✐❞❛ ♣❛r❛ PA(L)✳ ❙❡❛ z = (x,w) ✉♥❛

s♦❧✉❝✐ó♥ ✭♣♦s✐❜❧❡♠❡♥t❡ ❢r❛❝❝✐♦♥❛r✐❛✮ t❛❧ q✉❡ wc0 , wc1 ∈ {0, 1} ✭❡❧ ❚❡♦r❡♠❛ ✺✳✶ ✐♠♣❧✐❝❛ q✉❡ z ∈ PA(L)✮✱

② ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐ ❧❛s ✈❛r✐❛❜❧❡s ❡♥ A t♦♠❛♥ ✈❛❧♦r ✶ ❡♥ z✱ ✐✳❡✳✱ wc0 = wc1 = 1✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✸✳✶✮

❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |C| − 1✱ ❞❛❞♦ q✉❡ z s❛t✐s❢❛❝❡ ✭✶✳✸✮✱ ❝♦♥ A = C✱ c = c0 ② c′ = c1✳ ◆♦t❛r q✉❡✱

❡♥ ❡st❡ ❝❛s♦✱ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✮ ❡s ✐❣✉❛❧ ❛ |C| − 1✳

✷✳ ❙✐ ❡①❛❝t❛♠❡♥t❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❡♥ A t♦♠❛ ✈❛❧♦r ✶✱ s✉♣♦♥❣❛♠♦s wc0 = 1 ② wc1 = 0✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦

✐③q✉✐❡r❞♦ ❞❡ ✭✸✳✶✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |C|
2 ♣♦r ❡❧ ▲❡♠❛ ✺✳✶✭✐✮✳ ❉❛❞♦ q✉❡ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛

❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✮ ❡s ✐❣✉❛❧ ❛ |C|
2 ✱ ❡♥t♦♥❝❡s z s❛t✐s❢❛❝❡ ✭✸✳✶✮✳

✸✳ ❙✐ ❧❛s ❞♦s ✈❛r✐❛❜❧❡s ❡♥ A t♦♠❛♥ ✈❛❧♦r ✵ ❡♥ z✱ ✐✳❡✳✱ wc0 = wc1 = 0✱ ❡♥t♦♥❝❡s ♣♦r ✭✶✳✷✮✱ ❡❧ ❧❛❞♦

✐③q✉✐❡r❞♦ ❞❡ ✭✸✳✶✮ t♦♠❛ ✈❛❧♦r ✵✳ ❊❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✮ ❡s ✐❣✉❛❧ ❛❧ ✈❛❧♦r ✶✳ ▲✉❡❣♦

z s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✳

❉❛❞♦ q✉❡ ❡♥ ❧♦s tr❡s ❝❛s♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t✇♦✲❝♦❧♦r s❡ s❛t✐s❢❛❝❡ ② z ❡s ✉♥❛ s♦❧✉❝✐ó♥ ❛r❜✐tr❛r✐❛ ❞❡

PA(L)✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ✭✸✳✶✮ ❡s ✈á❧✐❞❛ ♣❛r❛ PA(L)✳ ❊♥t♦♥❝❡s✱ ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✸✳✶✮ ❡s ♠❡♥♦r ♦

✐❣✉❛❧ q✉❡ ✷✳

❆❤♦r❛ ❞❡♠♦str❛r❡♠♦s q✉❡ ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✸✳✶✮ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ ✷✳ ❙❡❛ B ⊆ V ✉♥

❝♦♥❥✉♥t♦ ❛r❜✐tr❛r✐♦ ❞❡ ✈❛r✐❛❜❧❡s ❝♦♥ ❝❛r❞✐♥❛❧✐❞❛❞ ✶✳ P❛r❛ ❞❡♠♦str❛r q✉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t✇♦✲❝♦❧♦r ♥♦



✺✺

❡s ✈á❧✐❞❛ ♣❛r❛ PB(L)✱ ❞❡❜❡♠♦s ♠♦str❛r ✉♥❛ s♦❧✉❝✐ó♥ z ∈ PB(L) q✉❡ ✈✐♦❧❡ ✭✸✳✶✮✳ ❈♦♥ ❡st❡ ♣r♦♣ós✐t♦✱

❝♦♥s✐❞❡r❛♠♦s ❧❛ s♦❧✉❝✐ó♥ ❞❡s❝r✐♣t❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✷✱ ❧❛ ❝✉❛❧ ✈✐♦❧❛ ✭✸✳✶✮ ♣❡r♦ s❛t✐s❢❛❝❡ ✭✶✳✶✮✲✭✶✳✸✮✱ ②

❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

❙✐ B = {wci} ♣❛r❛ ❛❧❣ú♥ i 6= 1✱ ❡♥t♦♥❝❡s ❧❛ s♦❧✉❝✐ó♥ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✷ ♣❡rt❡♥❡❝❡ ❛ PB(L) ♣♦r ❡❧

❚❡♦r❡♠❛ ✺✳✶ ② ✈✐♦❧❛ ✭✸✳✶✮✳

❙✐ B = {wc1}✱ ❡♥t♦♥❝❡s ❧❛ s♦❧✉❝✐ó♥ ♦❜t❡♥✐❞❛ ❛ ♣❛rt✐r ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✷ ✐♥t❡r❝❛♠❜✐❛♥❞♦ ❧♦s ❝♦❧♦r❡s

c0 ② c1 ✈✐♦❧❛ ✭✸✳✶✮ ② ♣❡rt❡♥❡❝❡ ❛ PB(L) ♣♦r ❡❧ ❚❡♦r❡♠❛ ✺✳✶✳

❙✐ B = {xvc1}✱ ❛s✉♠✐♠♦s s✐♥ ♣ér❞✐❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞ q✉❡ v = v2✳ ◆✉❡✈❛♠❡♥t❡✱ ❧❛ s♦❧✉❝✐ó♥

❞❡s❝r✐♣t❛ ♣♦r ❧❛ ❋✐❣✉r❛ ✺✳✷ ✈✐♦❧❛ ✭✸✳✶✮✳

■❢ B = {xvc0}✱ ❛s✉♠✐♠♦s s✐♥ ♣ér❞✐❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞ q✉❡ v = v2✳ ▲❛ s♦❧✉❝✐ó♥ ♦❜t❡♥✐❞❛ ❛ ♣❛rt✐r ❞❡

❧❛ ❋✐❣✉r❛ ✺✳✷ ✐♥t❡r❝❛♠❜✐❛♥❞♦ ❧♦s ❝♦❧♦r❡s c0 ② c1 ✈✐♦❧❛ ✭✸✳✶✮✳

❙✐ B = {xvc} ❝♦♥ c /∈ {c0, c1}✱ ❛s✉♠✐♠♦s s✐♥ ♣ér❞✐❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞ q✉❡ v = v1✳ ▲❛ s♦❧✉❝✐ó♥

♦❜t❡♥✐❞❛ ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✷ ✐♥t❡r❝❛♠❜✐❛♥❞♦ ❧♦s ❝♦❧♦r❡s c ② c2 ✈✐♦❧❛ ✭✸✳✶✮✳

❈♦♥❝❧✉✐♠♦s q✉❡ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ B ❞❡ ✉♥ ❡❧❡♠❡♥t♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✮ ♥♦ ❡s ✈á❧✐❞❛ ♣❛r❛ PB(L)✱

❧✉❡❣♦ ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✸✳✶✮ ❡s ✐❣✉❛❧ ❛ ✷✳

P❛r❛ ❡st❛❜❧❡❝❡r ❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✸✳✶✮ ♣r✐♠❡r♦ ❞❡♠♦str❛r❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✳

▲❡♠❛ ✺✳✷✳ ❙✐ z = (x,w) ∈ L ✈✐♦❧❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t✇♦✲❝♦❧♦r✱ ❡♥t♦♥❝❡s 1 < wc0 + wc1 < 2✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ z = (x,w) ∈ L ✉♥❛ s♦❧✉❝✐ó♥ q✉❡ ✈✐♦❧❛ ✭✸✳✶✮✳ ❊♥t♦♥❝❡s✱

1 +

(
|C|

2
− 1

)

(wc0 + wc1) <
∑

v∈C

(xvc0 + xvc1) .

P♦r ❡❧ ▲❡♠❛ ✺✳✶✭✐✮✱ t❡♥❡♠♦s q✉❡
∑

v∈C
xvc0 ≤ |C|

2 wc0 ②
∑

v∈C
xvc1 ≤ |C|

2 wc1 ✳ P♦r ❧♦ t❛♥t♦✱
∑

v∈C
(xvc0 + xvc1) ≤

|C|
2 (wc0 + wc1) ②

1 +

(
|C|

2
− 1

)

(wc0 + wc1) <
|C|

2
(wc0 + wc1).

❈♦♥❝❧✉✐♠♦s ❡♥t♦♥❝❡s q✉❡ 1 < wc0+wc1 ✳ P♦r ♦tr♦ ❧❛❞♦✱ ❧❛ r❡str✐❝❝✐ó♥ ✭✶✳✸✮ ❛✜r♠❛ q✉❡
∑

v∈C
(xvc0 + xvc1) ≤

|C| − 1✳ ❊♥t♦♥❝❡s✱

1 +

(
|C|

2
− 1

)

(wc0 + wc1) < |C| − 1

❈♦♥❝❧✉✐♠♦s ❡♥t♦♥❝❡s q✉❡ wc0 + wc1 < 2✳



✺✳✷✳ ❘❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥♦❝✐❞❛s ✺✻

❊st❛♠♦s ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❛❤♦r❛ ❞❡ ❝❛r❛❝t❡r✐③❛r ❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s t✇♦✲

❝♦❧♦r✳ ❘❡❝♦r❞❛r q✉❡ p = |V ||C|+ |C|✳

❚❡♦r❡♠❛ ✺✳✸✳ ❊❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t✇♦✲❝♦❧♦r ✭✸✳✶✮ ❡s p− (|C|+ 1)✳

❉❡♠♦str❛❝✐ó♥✳ Pr✐♠❡r♦ ✈❛♠♦s ❛ ❞❡♠♦str❛r q✉❡ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ A ⊆ V ❝♦♥ p − |C| ✈❛r✐❛❜❧❡s✱ ❧❛

❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✮ ❡s ✈á❧✐❞❛ ♣❛r❛ PA(L)✳ ❙❡❛ (x,w) ∈ PA(L)✳ ❙✐ wc0 +wc1 ≤ 1 ♦ wc0 +wc1 = 2 ❡♥t♦♥❝❡s

❡❧ ▲❡♠❛ ✺✳✷ ✐♠♣❧✐❝❛ q✉❡ s❡ s❛t✐s❢❛❝❡ ✭✸✳✶✮✳ ❊♥t♦♥❝❡s ❛s✉♠✐♠♦s q✉❡ 1 < wc0 + wc1 < 2 ✭❧✉❡❣♦ wc0 > 0

② wc1 > 0✮ ② ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐ wc0
= 1 ❡♥t♦♥❝❡s 0 < wc1 < 1✱ ❧✉❡❣♦ ♥✐♥❣✉♥❛ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡♥ {xvc1}v∈C ♣✉❡❞❡ t♦♠❛r

✈❛❧♦r ✶✳ ❉❛❞♦ q✉❡ |V \ (A ∪ {wc1})| = |C| − 1✱ ♣♦r ❡❧ ▲❡♠❛ ✺✳✶✭✐✐✮ ❛ ❧♦ s✉♠♦ |C|
2 − 1 ✈❛r✐❛❜❧❡s

❞❡ {xvc1}v∈V ♣✉❡❞❡♥ t♦♠❛r ✈❛❧♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s ② ❧❛s r❡st❛♥t❡s t♦♠❛♥ ✈❛❧♦r ✵✳ ▲❛ r❡str✐❝❝✐ó♥

✭✶✳✷✮ ✐♠♣❧✐❝❛ q✉❡ xvc1 ≤ wc1 ✱ ❡♥t♦♥❝❡s
∑

v∈C
xvc1 ≤

(
|C|
2 − 1

)

wc1 ✳ ❈♦♠♦
∑

v∈C
xvc0 ≤ |C|

2 ✱ ❡❧

❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✸✳✶✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡
(

|C|
2 − 1

)

wc1 +
|C|
2 ✳ ◆♦t❛r q✉❡ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛

❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✮ ❡s ✐❣✉❛❧ ❛ ❡st❡ ✈❛❧♦r✱ ❧✉❡❣♦ s❡ s❛t✐s❢❛❝❡ ✭✸✳✶✮✳ ❯♥ ❛r❣✉♠❡♥t♦ s✐♠étr✐❝♦ r❡s✉❡❧✈❡

❡❧ ❝❛s♦ wc1 = 1✳

✷✳ ❙✐ 0 < wc0
< 1✱ ❡st♦ ♥♦s ❞❡❥❛ ❝♦♥ ❡❧ ❝❛s♦ 0 < wc1 < 1✳ P♦r ❧♦ t❛♥t♦✱ ❛ ❧♦ s✉♠♦ |C| − 2 ✈❛r✐❛❜❧❡s

❞✐st✐♥t❛s ❞❡ wc0 ② wc1 ♣✉❡❞❡♥ t♦♠❛r ✈❛❧♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s✳ ◆✉❡✈❛♠❡♥t❡✱ ♣♦r ❡❧ ▲❡♠❛ ✺✳✶✭✐✐✮

❛ ❧♦ s✉♠♦ |C|
2 − 1 ✈❛r✐❛❜❧❡s ❞❡ {xvc0}v∈C ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ {xvc1}v∈C✮ ♣✉❡❞❡♥ t♦♠❛r ✈❛❧♦r❡s

❢r❛❝❝✐♦♥❛r✐♦s ② ❧❛s r❡st❛♥t❡s t♦♠❛♥ ✈❛❧♦r ✵✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✸✳✶✮ ❡s ♠❡♥♦r ♦

✐❣✉❛❧ q✉❡
(

|C|
2 − 1

)

(wc0 + wc1)✳ ◆♦t❛r q✉❡ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❡s ♠❛②♦r q✉❡ ❡st❡ ✈❛❧♦r✱ ❡♥t♦♥❝❡s s❡

s❛t✐s❢❛❝❡ ✭✸✳✶✮✳

❈♦♥❝❧✉✐♠♦s q✉❡ ❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✸✳✶✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ p− (|C|+ 1)✳

P❛r❛ ❞❡♠♦str❛r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ♦♣✉❡st❛✱ s❡❛ B ⊆ V ❡❧ ❝♦♥❥✉♥t♦ {xvc : v ∈ C, c ∈ C, c 6= c1, c2}∪{xvc :

v ∈ Cv2
, c = c1, c2} ∪ {wc : c ∈ C, c 6= c1}✳ ❊❧ ❝❛r❞✐♥❛❧ ❞❡ B ❡s p− (|C|+ 1)✳ ❙❡❛ z = (x,w) ∈ PB(L) ❧❛

s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❞❡s❝r✐♣t❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✸✳ ❊st❛ s♦❧✉❝✐ó♥ s❛t✐s❢❛❝❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦✱ ✈✐♦❧❛

❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✮✱ ② ❧❛s ✈❛r✐❛❜❧❡s ❡♥ B t♦♠❛♥ ✈❛❧♦r❡s ✵✲✶✳ ❊♥t♦♥❝❡s✱ ❡❧ ❛♥t✐✲r❛♥❣♦ ❞❡ ✭✸✳✶✮ ❡s ♠❛②♦r

♦ ✐❣✉❛❧ q✉❡ p− (|C|+ 1)✱ ② s❡ ♣r✉❡❜❛ ❡❧ t❡♦r❡♠❛✳

✺✳✷✳✷✳ ❉❡s✐❣✉❛❧❞❛❞❡s ❞✐st✐♥❣✉✐s❤❡❞ ❝♦❧♦rs

❊♥ ❡st❛ s❡❝❝✐ó♥ ❡st✉❞✐❛♠♦s ❡❧ r❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞✐st✐♥❣✉✐s❤❡❞ ❝♦❧♦rs

✭✹✳✶✮✱ q✉❡ ✐♥❝❧✉②❡♥ ❡♥ s✉ ❞❡✜♥✐❝✐ó♥ ✉♥ s✉❜❝♦♥❥✉♥t♦ ❛r❜✐tr❛r✐♦ ❞❡ ❝♦❧♦r❡s✳ ◆♦t❛r q✉❡ ♥♦ ♥❡❝❡s✐t❛♠♦s

❝♦♥s✐❞❡r❛r ❡❧ ❝❛s♦ D = ∅✱ ❞❛❞♦ q✉❡ ❡♥ ❡s❡ ❝❛s♦ ✭✹✳✶✮ s❡ ❝♦♥✈✐❡rt❡ ❡♥ 0 ≤ 1✳



✺✼

v1 v2 v3 v4 ✳✳✳✳ v|C| wc

c0 0 1 0 1 ✳✳✳✳ 1 1

c1
1

2
0 1

2
0 ✳✳✳✳ 0 1

2

c2
1

2
0 1

2
0 ✳✳✳✳ 0 1

c3 0 0 0 0 ✳✳✳✳ 0 0

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳

c|C| 0 0 0 0 ✳✳✳✳ 0 0

❋✐❣✉r❛ ✺✳✸✿ ▲♦s ✈❛❧♦r❡s ❡♥ ♥❡❣r✐t❛ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛s ✈❛r✐❛❜❧❡s ❡♥ V\B✳

❚❡♦r❡♠❛ ✺✳✹✳ ❊❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞✐st✐♥❣✉✐s❤❡❞ ❝♦❧♦rs ❡s

✶✳ |D| s✐ |D| ≥ 2❀

✷✳ 0 s✐ |D| ≤ 1✳

❉❡♠♦str❛❝✐ó♥✳ ❈❛s♦ ■✿ |D| = 1✳ ❙❡❛ D = {d}✳ ❊❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✹✳✶✮ ❡s ✐❣✉❛❧ ❛
∑

v∈C
xvd ② ❡❧

▲❡♠❛ ✺✳✶✭✐✮ ✐♠♣❧✐❝❛ q✉❡
∑

v∈C
xvd ≤ |C|

2 wd✳ ❉❛❞♦ q✉❡ |C| ≥ 4✱ ❡♥t♦♥❝❡s 2 |C|−3
|C|−2 ≥ 1✱ ② ❧✉❡❣♦

|C|
2 wd ≤ |C| − 3 + wd✳ P♦r ❧♦ t❛♥t♦✱ s❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ ② t✐❡♥❡ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ✵✳

❈❛s♦ ■■✿ |D| ≥ 2✳ Pr✐♠❡r♦ ❞❡♠♦str❛♠♦s q✉❡ ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✹✳✶✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |D|✳

❙❡❛ A ⊆ V ❡❧ ❝♦♥❥✉♥t♦ {wc : c ∈ D}✳ ❉❡❜❡♠♦s ♣r♦❜❛r q✉❡ ✭✹✳✶✮ ❡s ✈á❧✐❞❛ ♣❛r❛ PA(L)✳ ❙❡❛

z = (x,w) ∈ PA(L) ✉♥❛ s♦❧✉❝✐ó♥ ❛r❜✐tr❛r✐❛✱ ❡♥t♦♥❝❡s ♣♦r ❡❧ ❚❡♦r❡♠❛ ✺✳✶ t❡♥❡♠♦s wc ∈ {0, 1}✱ ②

❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ✈❛r✐❛❜❧❡s w ❡♥ A q✉❡ t♦♠❛♥ ✈❛❧♦r ✶ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ ✸✱ ❡♥t♦♥❝❡s ❡❧

❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ ♥♦ ❡s ♠❡♥♦r q✉❡ q✉❡ |C|✱ ❧✉❡❣♦ s❡ s❛t✐s❢❛❝❡ ✭✹✳✶✮✳

✷✳ ❙✐ ❡①❛❝t❛♠❡♥t❡ ❞♦s ✈❛r✐❛❜❧❡s ❡♥ A t♦♠❛♥ ✈❛❧♦r ✶✱ s✉♣♦♥❣❛♠♦s wd ② wd′ ✱ ❡♥t♦♥❝❡s ❧❛s r❡str✐❝✲

❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ✭✶✳✷✮ ✐♠♣❧✐❝❛♥ q✉❡ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✹✳✶✮ ❡s ✐❣✉❛❧ ❛
∑

v∈C
(xvd+xvd′)✱

② ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✹✳✶✮ ❡s ✐❣✉❛❧ ❛ |C| − 1✳ ❉❛❞♦ q✉❡ z s❛t✐s❢❛❝❡ ✭✶✳✸✮✱ s❡ s❛t✐s❢❛❝❡ ❧❛

❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮✳

✸✳ ❙✐ ❡①❛❝t❛♠❡♥t❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❡♥ A t♦♠❛ ✈❛❧♦r ✶✱ ❡♥t♦♥❝❡s ♣♦r ❡❧ ▲❡♠❛ ✺✳✶✭✐✮ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦

❞❡ ✭✹✳✶✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |C|
2 ✳ ❈♦♠♦ |C|

2 ≤ |C| − 2 s✐ ② s♦❧♦ s✐ |C| ≥ 4✱ s❡ s❛t✐s❢❛❝❡ ❧❛

❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮✳



✺✳✷✳ ❘❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥♦❝✐❞❛s ✺✽

✹✳ ❙✐ t♦❞❛s ❧❛s ✈❛r✐❛❜❧❡s ❡♥ A t♦♠❛♥ ✈❛❧♦r ✵✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❡s ✐❣✉❛❧ ❛ ✵ ② s❡ s❛t✐s❢❛❝❡

❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮✳

❉❛❞♦ q✉❡ ❡♥ ❧♦s ❝✉❛tr♦ ❝❛s♦s s❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞✐st✐♥❣✉✐s❤❡❞ ❝♦❧♦rs ② z ❡s ✉♥❛ s♦❧✉❝✐ó♥

❛r❜✐tr❛r✐❛ ❞❡ PA(L)✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ✭✹✳✶✮ ❡s ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛ ♣❛r❛ PA(L)✳ ❊♥t♦♥❝❡s✱ ❡❧

r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✹✳✶✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |D|✳

❆❤♦r❛ ❞❡♠♦str❛♠♦s q✉❡ ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✹✳✶✮ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ |D|✳ ❙❡❛ B ⊆ V ✉♥

❝♦♥❥✉♥t♦ ❛r❜✐tr❛r✐♦ ❞❡ |D|−1 ✈❛r✐❛❜❧❡s✳ ❚❡♥❡♠♦s q✉❡ ❞❡♠♦str❛r q✉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞✐st✐♥❣✉✐s❤❡❞

❝♦❧♦rs ♥♦ ❡s ✈á❧✐❞❛ ♣❛r❛ PB(L)✳

vi vi+1 vi+2 vi+3 vi+4 ✳✳✳✳ vj vj+1 vj+2 vj+3 vj+4 ✳✳✳✳ v|C| wc

d1 ✵ 1 ✵ 1 ✵ ✳✳✳✳ 0 ✶ ✵ ✶ ✵ ✳✳✳✳ ✶ ✶

d2
1

2
✵ ✶ ✵ ✶ ✳✳✳✳ 1

2
✵ ✶ ✵ ✶ ✳✳✳✳ ✵ ✶

d3
1

2
✵ ✵ ✵ ✵ ✳✳✳✳ 1

2
✵ ✵ ✵ ✵ ✳✳✳✳ ✵ 1

2

d4 ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳ ✳✳✳✳

✳✳✳
✳✳✳

d|D| ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵

c1 ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳ ✳✳✳✳

✳✳✳
✳✳✳

c|C\D| ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵

❋✐❣✉r❛ ✺✳✹✿ ❙♦❧✉❝✐ó♥ ♣❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✹✳ ▲♦s ✈❛❧♦r❡s ❡♥ ♥❡❣r✐t❛ ❡s♣❡❝✐✜❝❛♥ ❛❧❣✉♥❛s

❞❡ ❧❛s ✈❛r✐❛❜❧❡s q✉❡ ♥♦ ♣❡rt❡♥❡❝❡♥ ❛ B✳

❙❡❛♥ D = {d1, . . . , d|D|} ② C \D = {c1, . . . , c|C\D|}✳ ❉❛❞♦ q✉❡ |B| = |D| − 1✱ ❡①✐st❡ ❛❧❣ú♥ ❝♦❧♦r ❡♥

D✱ s✉♣♦♥❣❛♠♦s d3✱ t❛❧ q✉❡ wd3
6∈ B ② xvd3

6∈ B ♣❛r❛ t♦❞♦ v ∈ C ✭s✐ ♣❛r❛ ❝❛❞❛ d ∈ D s❡ t✐❡♥❡ q✉❡

wd ∈ B ♦ xvd ∈ B ♣❛r❛ ❛❧❣ú♥ v ∈ C✱ ❡♥t♦♥❝❡s t❡♥❞rí❛♠♦s ❛❧ ♠❡♥♦s ✉♥❛ ✈❛r✐❛❜❧❡ ❡♥ B ♣❛r❛ ❝❛❞❛

❝♦❧♦r ❡♥ D✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ |B| ≥ |D|✱ ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✮✳ ❊❧ ❝♦♥❥✉♥t♦ D = {xvc}v∈C,c∈D\{d3}

❝♦♥t✐❡♥❡ |C|(|D|−1) ✈❛r✐❛❜❧❡s✳ ❉❛❞♦ q✉❡ B ❝♦♥t✐❡♥❡ s♦❧❛♠❡♥t❡ |D|−1 ✈❛r✐❛❜❧❡s✱ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥

❝♦❧♦r ❡♥ D\{d3}✱ s✉♣♦♥❣❛♠♦s d2✱ ② ❞♦s ✈ért✐❝❡s ❡♥ C s✐t✉❛❞♦s ❛ ❞✐st❛♥❝✐❛ ♣❛r ❡♥ C✱ ♣♦r ❡❥❡♠♣❧♦

vi ② vj ✱ t❛❧❡s q✉❡ xvid2
, xvjd2

6∈ B✳ ▲❛ s♦❧✉❝✐ó♥ ❞❡s❝r✐♣t❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✹ s❛t✐s❢❛❝❡ ✭✶✳✶✮✲✭✶✳✸✮✱

♣❡rt❡♥❡❝❡ ❛ PB(L) ♣♦r ❡❧ ❚❡♦r❡♠❛ ✺✳✶✱ ♣❡r♦ ✈✐♦❧❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮✳



✺✾

P♦r ❧♦ t❛♥t♦✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✹✳✶✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |D|✳

❚❡♦r❡♠❛ ✺✳✺✳ ❊❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞✐st✐♥❣✉✐s❤❡❞ ❝♦❧♦rs ❡s

✶✳ 0✱ s✐ |D| ≤ 1❀

✷✳ p− (|C|+ 1)✱ s✐ |D| = 2❀

✸✳ p− 5✱ s✐ |D| ≥ 3✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✳

❈❛s♦ ■✿ |D| ≤ 1✳ ❊❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❡s ✵✱ ❧♦ ❝✉❛❧ ✐♠♣❧✐❝❛ q✉❡ ❧❛ r❡❧❛❥❛❝✐ó♥ ❧✐♥❡❛❧ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧✲

❞❛❞ ✭✹✳✶✮✳ ▲✉❡❣♦✱ ❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✹✳✶✮ ❡s t❛♠❜✐é♥ ✵✳

❈❛s♦ ■■✿ |D| = 2✳ Pr✐♠❡r♦ ✈❡r✐✜❝❛♠♦s q✉❡ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ A ⊆ V ❝♦♥ p − |C| ✈❛r✐❛❜❧❡s✱ ❧❛ ❞❡✲

s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ ❡s ✈á❧✐❞❛ ♣❛r❛ PA(L)✳ ❙❡❛ (x,w) ∈ PA(L) ✉♥ ♣✉♥t♦ ❛r❜✐tr❛r✐♦✱ ② ❝♦♥s✐❞❡r❡♠♦s ❧♦s

s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐ wd1
, wd2

∈ Z ❡♥t♦♥❝❡s ❞✐✈✐❞✐♠♦s ❡❧ ❛♥á❧✐s✐s ❡♥ ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

❛✮ ❙✐ wd1
= wd2

= 1✱ ❡♥t♦♥❝❡s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ ❛✜r♠❛ q✉❡
∑

v∈C
(xvd1

+xvd2
) ≤ |C|−1✳

❊st❛ ❞❡s✐❣✉❛❧❞❛❞ s❡ s❛t✐s❢❛❝❡ ❛❧ s❡r ✉♥❛ ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ✭✶✳✸✮✳

❜✮ ❙✐ wd1
6= wd2

✱ ♣♦r ❡❥❡♠♣❧♦ wd1
= 1 ② wd2

= 0✱ ❡♥t♦♥❝❡s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ ❛✜r♠❛

q✉❡
∑

v∈C
xvd1

≤ |C| − 2✳ ❊st❛ ❞❡s✐❣✉❛❧❞❛❞ s❡ s❛t✐s❢❛❝❡ ♣♦rq✉❡
∑

v∈C
xvd1

≤ |C|
2 ♣♦r

❡❧ ▲❡♠❛ ✺✳✶✭✐✮✳

❝✮ ❙✐ wd1
= wd2

= 0✱ ❡♥t♦♥❝❡s ✭✹✳✶✮ s❡ s❛t✐s❢❛❝❡ tr✐✈✐❛❧♠❡♥t❡✳

✷✳ ❙✐ wd1
= 0 ② 0 < wd2

< 1✱ ❡♥t♦♥❝❡s xvd1
= 0 ♣❛r❛ v ∈ C✳ ❆❞❡♠ás✱

∑

v∈C
xvd2

≤ |C|
2 wd2

♣♦r ❡❧ ▲❡♠❛ ✺✳✶✭✐✮✳ ❊❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ ❡s ✐❣✉❛❧ ❛ |C|+wd2
− 3 ②✱ ❞❛❞♦

q✉❡ |C|
2 wd2

≤ |C|+ wd2
− 3✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ s❡ s❛t✐s❢❛❝❡✳

✸✳ ❙✐ wd1
= 1 ② 0 < wd2

< 1✱ ❡♥t♦♥❝❡s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ ❛✜r♠❛ q✉❡
∑

v∈C
(xvd1

+xvd2
) ≤

|C| − 2+wd2
✳ P♦r ❝♦♥tr❛❞✐❝❝✐ó♥✱ s✉♣♦♥❣❛♠♦s q✉❡

∑

v∈C
(xvd1

+ xvd2
) > |C| − 2+wd2

♣❛r❛

✉♥❛ s♦❧✉❝✐ó♥ (x,w) ∈ PA(L)✳ ❉❛❞♦ q✉❡ |V \ (A ∪ {wd2
})| = |C| − 1✱ ❡❧ ▲❡♠❛ ✺✳✶✭✐✐✮ ✐♠♣❧✐❝❛

q✉❡ ❛ ❧♦ s✉♠♦ |C|
2 −1 ✈❛r✐❛❜❧❡s ❞❡ {xvd2

}v∈C t♦♠❛♥ ✈❛❧♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s ② ❧❛s r❡st❛♥t❡s s♦♥

✵✳ ❈♦♠♦ wd1
= 1✱ ❡♥t♦♥❝❡s

∑

v∈C
(xvd1

+ xvd2
) ≤ |C|

2 +
(

|C|
2 − 1

)

wd2
✳ ❊♥t♦♥❝❡s✱

|C|

2
+

(
|C|

2
− 1

)

wd2
> |C| − 2 + wd2

. ✭✺✳✶✮



✺✳✷✳ ❘❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥♦❝✐❞❛s ✻✵

P♦r ✭✺✳✶✮ ♦❜t❡♥❡♠♦s q✉❡ wd2
> 1 s✐ |C| 6= 4✱ ② 0 > 0 s✐ |C| = 4❀ ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✱ ❧✉❡❣♦ s❡

s❛t✐s❢❛❝❡ ✭✹✳✶✮✳

✹✳ ❙✐ 0 < wd1
, wd2

< 1 ✭❧✉❡❣♦ wd1
, wd2

/∈ A✮✱ ❡❧ ▲❡♠❛ ✺✳✶✭✐✐✮ ❛s❡❣✉r❛ q✉❡ ❛ ❧♦ s✉♠♦ |C|
2 − 1

✈❛r✐❛❜❧❡s ❞❡ {xvd1
}v∈C ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ {xvd2

}v∈C✮ ♣✉❡❞❡♥ t♦♠❛r ✈❛❧♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s✳

P♦r ❧♦ t❛♥t♦✱

∑

v∈C

(xvd1
+ xvd2

) ≤

(
|C|

2
− 1

)

(wd1
+ wd2

).

❆❤♦r❛ ❞❡♠♦str❛♠♦s q✉❡

(
|C|

2
− 1

)

(wd1
+ wd2

) ≤ |C| − 3 + wd1
+ wd2

. ✭✺✳✷✮

❙✐ ✭✺✳✷✮ ♥♦ s❡ ❝✉♠♣❧❡ ② |C| 6= 4✱ ❡♥t♦♥❝❡s wd1
+wd2

> 2 |C|−3
|C|−4 ≥ 2✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ wd1

+wd2
>

2✱ ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✳ ❙✐ ✭✺✳✷✮ ♥♦ s❡ ✈❡r✐✜❝❛ ② |C| = 4✱ ♦❜t❡♥❡♠♦s 0 > 1✳ ❊♥t♦♥❝❡s✱ ✭✺✳✷✮ s❡

❝✉♠♣❧❡ ② s❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮✳

❈♦♥❝❧✉✐♠♦s q✉❡ ❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✹✳✶✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ p− (|C|+ 1)✳

P❛r❛ ❧❛ ❞✐r❡❝❝✐ó♥ ❝♦♥tr❛r✐❛✱ ♥♦t❛r q✉❡ |C \ D| ≥ 1✱ ❞❛❞♦ q✉❡✱ ❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦✱ ❡❧ ♣♦❧✐t♦♣♦ ❡s

✈❛❝í♦✳ ❙❡❛ B ⊆ V ❡❧ ❝♦♥❥✉♥t♦ {xvc : v ∈ C, c ∈ C, c 6= c1, d2} ∪ {xvc : v ∈ Cv2
, c = c1, d2} ∪ {wc :

c ∈ C, c 6= d2}✳ ❊❧ ❝❛r❞✐♥❛❧ ❞❡ B ❡s p− (|C|+ 1)✳ ❙❡❛ z = (x,w) ∈ PB(L) ❧❛ s♦❧✉❝✐ó♥ ❞❡s❝r✐♣t❛ ❡♥

❧❛ ❋✐❣✉r❛ ✺✳✺✱ ❞♦♥❞❡ D = {d1, d2} ② C \ D = {c1, . . . , c|C|−2}✳

v1 v2 v3 v4 ✳ ✳ ✳ v|C| wc

d1 0 1 0 1 ✳ ✳ ✳ 1 1

d2 1− 2

|C| 0 1− 2

|C| 0 ✳ ✳ ✳ 0 1− 2

|C|

c1
2

|C| 0 2

|C| 0 ✳ ✳ ✳ 0 1

c2 0 0 0 0 ✳ ✳ ✳ 0 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳ ✳ ✳ ✳

✳✳✳
✳✳✳

c|C|−2 0 0 0 0 ✳ ✳ ✳ 0 0

❋✐❣✉r❛ ✺✳✺✿ ▲♦s ✈❛❧♦r❡s ❡♥ ♥❡❣r✐t❛ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛s ✈❛r✐❛❜❧❡s q✉❡ ♣❡rt❡♥❡❝❡♥ ❛ V\B✳

❊st❛ s♦❧✉❝✐ó♥ s❛t✐s❢❛❝❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦✱ ✈✐♦❧❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ ② ❧❛s ✈❛r✐❛❜❧❡s ❡♥ B

t♦♠❛♥ ✈❛❧♦r❡s ❡♥ {0, 1}✳ P♦r ❧♦ t❛♥t♦✱ ❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ p− (|C|+1)✳



✻✶

❈❛s♦ ■■■✿ |D| ≥ 3✳ P❛r❛ ❞❡♠♦str❛r q✉❡ ❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ p− 5✱ ❞❡❜❡♠♦s

✈❡r✐✜❝❛r q✉❡ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ A ⊆ V ❞❡ p − 4 ✈❛r✐❛❜❧❡s✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ ❡s ✈á❧✐❞❛ ♣❛r❛

PA(L)✳ ❈♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐
∑

d∈D wd ≥ 3✱ ❡♥t♦♥❝❡s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ s❡ s❛t✐s❢❛❝❡ tr✐✈✐❛❧♠❡♥t❡✳

✷✳ ❙✐ {wd}d∈D ⊆ A ② ❛ ❧♦ s✉♠♦ ❞♦s ✈❛r✐❛❜❧❡s ❞❡ ❡st❡ ❝♦♥❥✉♥t♦ t♦♠❛♥ ✈❛❧♦r ✶✱ ♣♦r ❡❥❡♠♣❧♦ wd1

② wd2
✱ ❡♥t♦♥❝❡s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ ❛✜r♠❛ q✉❡

∑

v∈C
(xvd1

+ xvd2
) ≤ |C| − 1✱ ❧♦ ❝✉❛❧ ❡s

❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ r❡str✐❝❝✐ó♥ ✭✶✳✸✮ ②✱ ♣♦r ❧♦ t❛♥t♦✱ s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✳

✸✳ ❙✐ ❛❧ ♠❡♥♦s ✉♥❛ ✈❛r✐❛❜❧❡ ❞❡ {wd}d∈D ♥♦ ♣❡rt❡♥❡❝❡ ❛ A✱ ② t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡ ❛ ❧♦ s✉♠♦

❝✉❛tr♦ ✈❛r✐❛❜❧❡s t♦♠❛♥ ✈❛❧♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s✱ q✉❡
∑

d∈D wd < 3 ② q✉❡ s❡ ❞❡❜❡ s❛t✐s❢❛❝❡r ❧❛

r❡str✐❝❝✐ó♥ ✭✶✳✶✮✱ ❡♥t♦♥❝❡s ❛ ❧♦ s✉♠♦ ✉♥ ✈ért✐❝❡ t✐❡♥❡ s✉ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ✈❛r✐❛❜❧❡ xvd ❝♦♥

✈❛❧♦r ❢r❛❝❝✐♦♥❛r✐♦ ② ❧♦s r❡st❛♥t❡s t♦♠❛♥ ✈❛❧♦r ✵✳ ❙❡❛ v t❛❧ ✈ért✐❝❡✳ ❆❞❡♠ás✱ ❛ ❧♦ s✉♠♦ ❞♦s

✈❛r✐❛❜❧❡s w ❡♥ A t♦♠❛♥ ✈❛❧♦r ✶✳ ❈♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✳

❛✮ ❉♦s ✈❛r✐❛❜❧❡s ❞❡ {wd}d∈D ❡♥ A✱ ♣♦r ❡❥❡♠♣❧♦ wd1
② wd2

✱ t♦♠❛♥ ✈❛❧♦r ✶✳ ❊❧ ❧❛❞♦ ✐③q✉✐❡r❞♦

❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |C| − 1 +
∑

d∈D
d 6=d1,d2

xvd✳ ❈♦♠♦
∑

d∈D
d 6=d1,d2

xvd ≤
∑

d∈D wd − 2✱ ❧❛

❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ s❡ ❝✉♠♣❧❡✳

❜✮ ❊①❛❝t❛♠❡♥t❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❞❡ {wd}d∈D ❡♥ A✱ ♣♦r ❡❥❡♠♣❧♦ wd1
✱ t♦♠❛ ✈❛❧♦r ✶✳ ❊❧ ❧❛❞♦

✐③q✉✐❡r❞♦ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |C|
2 +

∑

d∈D
d 6=d1

xvd✳ ❈♦♠♦
∑

d∈D
d 6=d1

xvd ≤ |C|
2 −3+

∑

d∈D wd✱

❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ s❡ ❝✉♠♣❧❡✳

❝✮ ◆✐♥❣✉♥❛ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ {wd}d∈D ❡♥ A t♦♠❛♥ ✈❛❧♦r ✶✳ ❊❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❡s ✐❣✉❛❧ ❛
∑

d∈D xvd ② ❡st❡ ✈❛❧♦r ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ ❛❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✹✳✶✮✳ ❊♥t♦♥❝❡s s❡ ❝✉♠♣❧❡ ❧❛

❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮✳

P❛r❛ ❧❛ ❞✐r❡❝❝✐ó♥ ✐♥✈❡rs❛✱ s❡❛ B = V \ {xv1d2
, xv1d3

, xv3d2
, xv3d3

, wc3}✱ ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥ p − 5

❡❧❡♠❡♥t♦s✳ ❙❡❛ z = (x,w) ∈ PB(L) ❧❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❞❡s❝r✐♣t❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✻✳ ❊st❛ s♦❧✉❝✐ó♥

s❛t✐s❢❛❝❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦✱ ✈✐♦❧❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✮ ② ❧❛s ✈❛r✐❛❜❧❡s ❡♥ B t♦♠❛♥ ✈❛❧♦r❡s

❡♥ {0, 1}✳ P♦r ❧♦ t❛♥t♦✱ ❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ p − 5✳ ❈♦♥❝❧✉✐♠♦s q✉❡ ❡❧

❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✹✳✶✮ ❡s p− 5 ❝✉❛♥❞♦ |D| ≥ 3✳

✺✳✷✳✸✳ ❉❡s✐❣✉❛❧❞❛❞❡s ♣r♦♠✐♥❡♥t ✈❡rt❡①

❊♥ ❡st❛ s❡❝❝✐ó♥ ❡st✉❞✐❛♠♦s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♣r♦♠✐♥❡♥t ✈❡rt❡① ✭✹✳✹✮✱ ❝✉②♦ r❛♥❣♦ ♥♦ q✉❡❞❛rá t♦t❛❧✲

♠❡♥t❡ ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ❧♦s r❡s✉❧t❛❞♦s ❡♥ ❡st❛ t❡s✐s✳ Pr✐♠❡r♦ ♣r❡s❡♥t❛♠♦s ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ♣❛r❝✐❛❧ ②

❧✉❡❣♦ ❞✐s❝✉t✐♠♦s ❡❧ ❝❛s♦ ❛❜✐❡rt♦✳



✺✳✷✳ ❘❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥♦❝✐❞❛s ✻✷

v1 v2 v3 v4 v5 v6 v7 ✳✳✳✳ v|C| wc

d1 0 1 0 1 0 1 0 ✳✳✳✳ 1 1

d2
1

2
0 1

2
0 1 0 1 ✳✳✳✳ 0 1

d3
1

2
0 1

2
0 0 0 0 ✳✳✳✳ 0 1

2

d4 0 0 0 0 0 0 0 ✳✳✳✳ 0 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳

d|D|

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳

c1
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳ ✳✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳ ✳✳✳✳

✳✳✳
✳✳✳

c|C\D| 0 0 0 0 0 0 0 ✳✳✳✳ 0 0

❋✐❣✉r❛ ✺✳✻✿ ❙♦❧✉❝✐ó♥ ♣❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✺✳ ▲♦s ✈❛❧♦r❡s ❡♥ ♥❡❣r✐t❛ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛s

✈❛r✐❛❜❧❡s q✉❡ ♥♦ ♣❡rt❡♥❡❝❡♥ ❛ B✳

❚❡♦r❡♠❛ ✺✳✻✳ ❊❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✹✳✹✮ ❡s |D|+ 1 + ⌊ |C|
4 ⌋ s✐

✭❛✮ D 6= ∅✱ ②

✭❜✮ |C| ≥ 6 ♦ |D| > 1✳

❉❡♠♦str❛❝✐ó♥✳ ❘❡❡s❝r✐❜✐♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✹✮ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

∑

u∈C\{v2}

xuc0 +
∑

u∈Cv2

∑

c∈D∪{c0}

xuc ≤
|C|

2
(wc0 + 1) +

∑

c∈D

wc +
∑

c∈C\D∪{c0,c1}

∑

u∈Cv1

xuc − 2, ✭✺✳✸✮

❞♦♥❞❡ ❧♦s ✈ért✐❝❡s v1 ② v2 r❡♣r❡s❡♥t❛♥ ❛ ❧♦s ✈ért✐❝❡s i, j ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✹✮✳

Pr✐♠❡r♦ t❡♥❡♠♦s q✉❡ ❞❡♠♦str❛r q✉❡ ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✺✳✸✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |D|+1+⌊ |C|
4 ⌋

s✐D 6= ∅✳ ❙❡❛ A ⊆ V ❡❧ ❝♦♥❥✉♥t♦ {wc0}∪{wd : d ∈ D}∪{xv4k−1c0 : k = 1, . . . , ⌊ |C|
4 ⌋}✳ ❉❡❜❡♠♦s ❞❡♠♦str❛r

q✉❡ ✭✺✳✸✮ ❡s ✈á❧✐❞❛ ♣❛r❛ PA(L)✳ ❙❡❛ z = (x,w) ∈ PA(L) ✉♥❛ s♦❧✉❝✐ó♥ ✭♣♦s✐❜❧❡♠❡♥t❡ ❢r❛❝❝✐♦♥❛r✐❛✮ ✕❡❧

❚❡♦r❡♠❛ ✺✳✶ ✐♠♣❧✐❝❛ q✉❡ t♦❞❛s ❧❛s ✈❛r✐❛❜❧❡s ❡♥ A t♦♠❛♥ ✈❛❧♦r❡s ❡♥ {0, 1}✕ ② ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s

❝❛s♦s✿

✶✳ ❙✐ ❡❧ ♥ú♠❡r♦ ❞❡ ✈❛r✐❛❜❧❡s w ❡♥ A q✉❡ t♦♠❛♥ ✈❛❧♦r ✶ ❡♥ z ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ ✷✱ ❡♥t♦♥❝❡s ❡❧

▲❡♠❛ ✺✳✶✭✐✮ ② ❧❛ r❡str✐❝❝✐ó♥ ✭✶✳✶✮ ✐♠♣❧✐❝❛♥ q✉❡ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✺✳✸✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡
|C|
2 wc0 + |C|

2 ✳ ◆♦t❛r q✉❡ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✺✳✸✮ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ |C|
2 wc0 + |C|

2 ✱ ❞❛❞♦ q✉❡
∑

c∈D wc ≥ 2✳



✻✸

✷✳ ❙✐ ❡❧ ♥ú♠❡r♦ ❞❡ ✈❛r✐❛❜❧❡s w ❡♥ A q✉❡ t♦♠❛♥ ✈❛❧♦r ✶ ❡♥ z ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ ✶✱ ❝♦♥s✐❞❡r❛♠♦s

❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

❛✮ ❙✐ t♦❞❛s ❧❛s ✈❛r✐❛❜❧❡s ❡♥ A ❛s♦❝✐❛❞❛s ❝♦♥ ❡❧ ❝♦❧♦r c0 t♦♠❛♥ ✈❛❧♦r ✶ ❡♥ z✱ ❡♥t♦♥❝❡s xvc0 = 0

♣❛r❛ t♦❞♦ v ∈ Cv2
✱ ❞❛❞♦ q✉❡ z s❛t✐s❢❛❝❡ ✭✶✳✷✮ ② wc0 = 1✳

✶✮ ❙✐ ❡①✐st❡ d ∈ D t❛❧ q✉❡ wd = 1✱ ❡♥t♦♥❝❡s ❧❛ s✉♣♦s✐❝✐ó♥ ❞❡❧ ❈❛s♦ ✷ ✐♠♣❧✐❝❛ q✉❡ wd′ = 0

♣❛r❛ t♦❞♦ d′ ∈ D \ {d}✳ ❊♥t♦♥❝❡s✱ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✺✳✸✮ ❡s ✐❣✉❛❧ ❛
∑

v∈Cv1
xvc0 +

∑

v∈Cv2
xvd✱ ✐♠♣❧✐❝❛♥❞♦

∑

v∈Cv1

xvc0 +
∑

v∈Cv2

xvd ≤
∑

v∈C

(xvc0 + xvd) ≤ |C| − 1,

❞❛❞♦ q✉❡ z r❡♣r❡s❡♥t❛ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✳ ❈♦♠♦ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✺✳✸✮ ❡s ♠❛②♦r ♦

✐❣✉❛❧ q✉❡ |C| − 1✱ s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✳

✷✮ ❙✐ wd = 0 ♣❛r❛ t♦❞♦ d ∈ D✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✺✳✸✮ ❡s ✐❣✉❛❧ ❛
∑

v∈Cv1
xvc0 ✱

❡❧ ❝✉❛❧ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |C|
2 ✳ P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✺✳✸✮ ❡s ♠❛②♦r ♦ ✐❣✉❛❧

q✉❡ |C| − 2✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮✳

❜✮ ❙✐ ❡①✐st❡♥ xvic0 , xvjc0 ∈ A t❛❧❡s q✉❡ xvic0 = 0 ② xvjc0 = 1✱ ❡♥t♦♥❝❡s wc0 = 1✳ ❙❡❛ C′ =

C\{v2, vj}✳ ❈♦♠♦ xvjc0 = 0✱ ❡❧ ▲❡♠❛ ✺✳✶✭✐✮ ✐♠♣❧✐❝❛ q✉❡

∑

v∈C\{v2}

xvc0 =
∑

v∈C′

xvc0 ≤

(
|C|

2
− 1

)

wc0 =

(
|C|

2
− 1

)

. ✭✺✳✹✮

❈♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✮ ❙✐ ❡①✐st❡ d ∈ D t❛❧ q✉❡ wd = 1✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✺✳✸✮ ❡s ♠❛②♦r ♦ ✐❣✉❛❧

q✉❡ |C| − 1✳ ❈♦♠❜✐♥❛♥❞♦ ✭✺✳✹✮ ②
∑

v∈Cv2
(xvd1

+ vvc0) ≤ |C|
2 ✱ ♦❜t❡♥❡♠♦s q✉❡ ❡❧ ❧❛❞♦

✐③q✉✐❡r❞♦ ❞❡ ✭✺✳✸✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |C| − 1✳ ❊♥t♦♥❝❡s✱ s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞

✭✺✳✸✮✳

✷✮ ❙✐ wd = 0 ♣❛r❛ t♦❞♦ d ∈ D✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮ ❡s ✐❣✉❛❧ ❛
∑

v∈C\{v2}
xvc0 +

∑

v∈Cv2
vvc0 ✳ ❈♦♠♦ xvic0 = 1✱ ❡♥t♦♥❝❡s xvi−1c0 = xvi+1c0 = 0✱ ❞♦♥❞❡

❧♦s s✉❜í♥❞✐❝❡s s♦♥ ❝♦♥s✐❞❡r❛❞♦s ♠ó❞✉❧♦ n✳ ❊st♦ ✐♠♣❧✐❝❛ q✉❡
∑

v∈Cv2
vvc0 ≤ |C|

2 − 2✳

❊♥t♦♥❝❡s✱ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✺✳✸✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |C| − 3✳ ❈♦♠♦ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦

❞❡ ✭✺✳✸✮ ❡s ♠❛②♦r ♦ ✐❣❛✉❧ q✉❡ ❡st❡ ✈❛❧♦r✱ s❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮✳

❝✮ ❙✐ xvic0 = 0 ♣❛r❛ t♦❞♦ xvic0 ∈ A✱ ❝♦♥s✐❞❡r❛♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✮ ❙✐ wd = 1 ♣❛r❛ ❛❧❣ú♥ d ∈ D ② wc0 = 1✱ ❡♥t♦♥❝❡s ✉♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ❛❧ ❞❛❞♦ ♣❛r❛ ❡❧

❈❛s♦ ✷✭❜✮✐ ♠✉❡str❛ q✉❡ s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮✳



✺✳✷✳ ❘❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥♦❝✐❞❛s ✻✹

✷✮ ❙✐ wd = 1 ♣❛r❛ ❛❧❣ú♥ d ∈ D ② wc0 = 0✱ ❡♥t♦♥❝❡s wd′ = 0 ♣❛r❛ t♦❞♦ d′ ∈ D✱ d′ 6= d✳

❊st❡ ❤❡❝❤♦✱ ❥✉♥t♦ ❝♦♥ ❧❛s r❡str✐❝❝✐♦♥❡s ✭✶✳✶✮✱ ✐♠♣❧✐❝❛ q✉❡
∑

v∈Cv1

∑

c∈C\D∪{c0,c1}
xvc =

|C|
2 −

∑

v∈Cv1
(xvc1+xvd)✳ ▲✉❡❣♦✱ ♣♦❞❡♠♦s r❡❡s❝r✐❜✐r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮ ❞❡ ❧❛ s✐❣✉✐❡♥t❡

♠❛♥❡r❛✿
∑

v∈Cv2

xvd +
∑

v∈Cv1

(xvc1 + vvd) ≤ |C| − 1,

② ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ s❡ ❝✉♠♣❧❡ ❞❛❞♦ q✉❡ z r❡♣r❡s❡♥t❛ ✉♥ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✳

✸✮ ❙✐ wd = 0 ♣❛r❛ t♦❞♦ d ∈ D✱ ❡♥t♦♥❝❡s ✭✺✳✸✮ s❡ s❛t✐s❢❛❝❡ tr✐✈✐❛❧♠❡♥t❡✳

❉❛❞♦ q✉❡ ❡♥ t♦❞♦s ❧♦s ❝❛s♦s s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ♣r♦♠✐♥❡♥t ✈❡rt❡① ② z ❡s ✉♥❛ s♦❧✉❝✐ó♥ ❛r❜✐tr❛r✐❛

❞❡ PA(L)✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ✭✺✳✸✮ ❡s ✈á❧✐❞❛ ♣❛r❛ PA(L)✳ ▲✉❡❣♦ ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✺✳✸✮ ❡s ♠❡♥♦r ♦

✐❣✉❛❧ q✉❡ |D|+ 1 + ⌊ |C|
4 ⌋✳

❆❤♦r❛ ✈❛♠♦s ❛ ❞❡♠♦str❛r q✉❡ q✉❡ ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✺✳✸✮ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ |D|+1+ ⌊ |C|
4 ⌋✳

❙❡❛ B ⊆ V ✉♥ ❝♦♥❥✉♥t♦ ❛r❜✐tr❛r✐♦ ❞❡ ✈❛r✐❛❜❧❡s ❝♦♥ ❝❛r❞✐♥❛❧✐❞❛❞ |D| + ⌊ |C|
4 ⌋✳ P❛r❛ ❞❡♠♦str❛r q✉❡ ❧❛

❞❡s✐❣✉❛❧❞❛❞ ♣r♦♠✐♥❡♥t ✈❡rt❡① ♥♦ ❡s ✈á❧✐❞❛ ♣❛r❛ PB(L)✱ ♠♦str❛♠♦s ✉♥❛ s♦❧✉❝✐ó♥ z ∈ PB(L) q✉❡ ✈✐♦❧❛

✭✺✳✸✮✳ P❛r❛ ❡❧❧♦✱ ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

v1 v2 v3 v4 v5 v6 v7 · · · v|C| wc

c0 ✵ 1 ✵ 1 ✵ 1 ✵ ✳✳✳✳ ✶ ✶

c1 1 ✵ 1

2
✵ 1

2
✵ 1 ✳✳✳✳ ✵ ✶

d1 ✵ ✵ 1

2
✵ 1

2
✵ ✵ ✳✳✳✳ ✵ 1

2

d2 ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳

d|D|

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳

t1
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳ ✳✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳ ✳✳✳✳

✳✳✳
✳✳✳

t|C\D|−2 ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵

❋✐❣✉r❛ ✺✳✼✿ ❙♦❧✉❝✐ó♥ ♣❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✻✱ ♣❛r❛ i = 3✳ ▲❛s ✈❛r✐❛❜❧❡s ❡♥ ♥❡❣r✐t❛ ♥♦

♣❡rt❡♥❡❝❡♥ ❛ B✳

✶✳ ❙✐ wd 6∈ B ♣❛r❛ ❛❧❣ú♥ d ∈ D✱ ❧❛ ❤✐♣ót❡s✐s ✭❜✮ ② ✉♥ ❛r❣✉♠❡♥t♦ ❞✐r❡❝t♦ ❞❡ ❝♦♥t❡♦ ♣❡r♠✐t❡♥ ✈❡r q✉❡

|B| = |D|+ ⌊ |C|
4 ⌋ ✐♠♣❧✐❝❛ q✉❡



✻✺

v1 v2 v3 v4 v5 v6 v7 · · · v|C| wc

c0 ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵

c1 1 ✵ 1 ✵ 1 ✵ ✶ ✳✳✳✳ ✵ ✶

d1 ✵ 1

2
✵ 1

2
✵ 1 0 ✳✳✳✳ ✶ ✶

d2 ✵ 1

2
✵ 1

2
✵ ✵ ✵ ✳✳✳✳ ✵ 1

2

d3 ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳

d|D|

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳

t1
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳ ✳✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳ ✳✳✳✳

✳✳✳
✳✳✳

t|C\D|−2 ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵

❋✐❣✉r❛ ✺✳✽✿ ❙♦❧✉❝✐ó♥ ♣❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✻✱ ♣❛r❛ i = 2✳ ▲❛s ✈❛r✐❛❜❧❡s ❡♥ ♥❡❣r✐t❛ ♥♦

♣❡rt❡♥❡❝❡♥ ❛ B✳

✭❛✮ ❡①✐st❡♥ d1 ∈ D ② i ∈ {1, . . . , n} t❛❧❡s q✉❡ wd1
6∈ B ② xvid1

, xvi+2d1
, xvic1 , xvi+2c1 6∈ B ✭✈❡r

❋✐❣✉r❛ ✺✳✼ ♣❛r❛ ✉♥ ❡❥❡♠♣❧♦ ❝♦♥ i = 3✮✱ ♦

✭❜✮ ❡①✐st❡♥ d1, d2 ∈ D ② i ∈ {1, . . . , n} t❛❧❡s q✉❡ wd2
6∈ B ② xvid1

, xvi+2d1
, xvid2

, xvi+2d2
6∈ B ✭✈❡r

❋✐❣✉r❛ ✺✳✽ ♣❛r❛ ✉♥ ❡❥❡♠♣❧♦ ❝♦♥ i = 4✮✳

❙✐ s❡ ❝✉♠♣❧❡ ✭❛✮✱ ❡♥t♦♥❝❡s ❧❛ s♦❧✉❝✐ó♥ ❞❡s❝r✐♣t❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✼ ❡s ❧❛ s♦❧✉❝✐ó♥ ❜✉s❝❛❞❛ ②✱ s✐ s❡

❝✉♠♣❧❡ ✭❜✮✱ ❡♥t♦♥❝❡s ❧❛ s♦❧✉❝✐ó♥ ❞❡s❝r✐♣t❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✽ ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r ❡❧ ❛♥á❧✐s✐s ❞❡ ❡st❡

❝❛s♦✳

✷✳ ❙✐ wd ∈ B ♣❛r❛ t♦❞♦ d ∈ D✱ ❡♥t♦♥❝❡s t✐❡♥❡♥ q✉❡ ❡①✐st✐r d1 ∈ D ❡ i ∈ {1, . . . , n} t❛❧❡s q✉❡

xvic0 , xvi+1c0 , xvi+2c0 , xvic1 , xvi+2c1 , xvi+1d1
6∈ B✱ ❞❛❞♦ q✉❡ s✐ t❛❧ ❡str✉❝t✉r❛ ♥♦ ❡stá ♣r❡s❡♥t❡✱ ❡♥✲

t♦♥❝❡s B ❝♦♥t✐❡♥❡ ❛❧ ♠❡♥♦s |C|/3 ✈❛r✐❛❜❧❡s ❞❡❧ ❝♦♥❥✉♥t♦ {xvc0 , xvc1}v∈C✳ ▲❛ s♦❧✉❝✐ó♥ r❡♣r❡s❡♥t❛❞❛

♣♦r ❧❛ ❋✐❣✉r❛ ✺✳✾ s♦❧❛♠❡♥t❡ t✐❡♥❡ ✈❛❧♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s ♣❛r❛ ❡st❛s ✈❛r✐❛❜❧❡s ② ✈✐♦❧❛ ✭✺✳✸✮✱ ❝♦♥❝❧✉✲

②❡♥❞♦ ❡❧ ❛á❧✐s✐s ❞❡ ❡st❡ ❝❛s♦✳

P♦r ❧♦ t❛♥t♦✱ ♣❛r❛ ❝✉❛❧q✉✐❡r ❝♦♥❥✉♥t♦ B ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♥❛ s♦❧✉❝✐ó♥ q✉❡ ✈✐♦❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞

✭✺✳✸✮ ② ✈❡r✐✜q✉❡ ✭✶✳✶✮✲✭✶✳✸✮✳ ❊♥t♦♥❝❡s✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ B ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮ ♥♦ ❡s

✈á❧✐❞❛ ♣❛r❛ PB(L)✳



✺✳✷✳ ❘❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥♦❝✐❞❛s ✻✻

v1 v2 v3 v4 v5 v6 v7 · · · v|C| wc

c0 1 ✵ 1

2

1

2

1

2
✵ 1 ✳✳✳✳ ✵ ✶

c1 ✵ ✵ 1

2
✵ 1

2
✵ ✵ ✳✳✳✳ ✵ 1

d1 ✵ 1 ✵ 1

2
✵ 1 ✵ ✳✳✳✳ ✶ ✶

d2 ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳

d|D|

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳

t1
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳ ✳✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳ ✳✳✳✳

✳✳✳
✳✳✳

t|C\D|−2 ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵

❋✐❣✉r❛ ✺✳✾✿ ❙♦❧✉❝✐ó♥ ♣❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✻✳ ▲❛s ✈❛r✐❛❜❧❡s ❡♥ ♥❡❣r✐t❛ ♥♦ ♣❡rt❡♥❡❝❡♥ ❛

B✳

◆♦t❛r q✉❡ ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✹✳✹✮ ♥♦ ❡stá t♦t❛❧♠❡♥t❡ ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✺✳✻✳ ❙✐ ♥♦

s❡ ❝✉♠♣❧❡ ❧❛ ❤✐♣ót❡s✐s ✭❜✮✱ ❡s ❞❡❝✐r✱ s✐ |C| = 4 ② |D| = 1✱ ❡♥t♦♥❝❡s ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡♣❡♥❞❡ ❞❡

❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❝♦❧♦r❡s ❡♥ C \ D ∪ {c0, c1}✱ ❝♦♠♦ ❧♦ ❡st❛❜❧❡❝❡ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥✳ ❖♠✐t✐♠♦s ❧❛

❞❡♠♦str❛❝✐ó♥ ❞❛❞♦ q✉❡ ❡stá ❜❛s❛❞❛ ❡♥ ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛ ❧♦s ✉t✐❧✐③❛❞♦s ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧

❚❡♦r❡♠❛ ✺✳✻✳

Pr♦♣♦s✐❝✐ó♥ ✺✳✶✳ ❆s✉♠✐♠♦s q✉❡ |C| = 4 ② |D| = 1✳ ❙✐ C\D∪{c0, c1} 6= ∅ ❡♥t♦♥❝❡s ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦

❞❡ ✭✹✳✹✮ ❡s ✸✳ ❊♥ ❝❛s♦ ❝♦♥tr❛r✐♦✱ ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✹✳✹✮ ❡s ✷✳

❊❧ ❚❡♦r❡♠❛ ✺✳✻ ② ❧❛ Pr♦♣♦s✐❝✐ó♥ ✺✳✶ ❞❡❥❛♥ ❛❜✐❡rt♦ ❡❧ ❝❛s♦ D = ∅✳ ❈♦♥❥❡t✉r❛♠♦s q✉❡ ❡❧ r❛♥❣♦ ❡♥

❡st❡ ❝❛s♦ ❡s ✶✳ ▲❛ s♦❧✉❝✐ó♥ r❡♣r❡s❡♥t❛❞❛ ♣♦r ❧❛ ❋✐❣✉r❛ ✺✳✶✵ ✈✐♦❧❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✹✮ ♣❡r♦ s❛t✐s❢❛❝❡

✭✶✳✶✮✲✭✶✳✸✮✱ ② ❡♥t♦♥❝❡s ❡❧ r❛♥❣♦ ❡s ❛❧ ♠❡♥♦s ✶✳ P❛r❛ ❞❡♠♦str❛r q✉❡ ❡❧ r❛♥❣♦ ❞❡ ✭✹✳✹✮ ❡s ❛ ❧♦ s✉♠♦

✶✱ t❡♥❡♠♦s q✉❡ ❡♥❝♦♥tr❛r ✉♥ ❝♦♥❥✉♥t♦ A ❞❡ ✉♥ s♦❧♦ ❡❧❡♠❡♥t♦ ② ❞❡♠♦str❛r q✉❡ ✭✹✳✹✮ s❡ ❝✉♠♣❧❡ ♣❛r❛

PA(L)✳ ▲❛♠❡♥t❛❜❧❡♠❡♥t❡ ♥♦ ♣✉❞✐♠♦s r❡s♦❧✈❡r ❡st❡ ❝❛s♦✳ ❈♦♥❥❡t✉r❛♠♦s q✉❡ A = {xv3c0} ♥♦s ♣❡r♠✐t✐rí❛

❝♦♠♣❧❡t❛r ❧❛ ❞❡♠♦str❛❝✐ó♥✱ ♣❡r♦ ♠♦str❛r q✉❡ ✉♥❛ s♦❧✉❝✐ó♥ (x,w) ∈ PA(L) ❝♦♥ xv3c0 = 0 s❛t✐s❢❛❝❡ ❧❛

❞❡s✐❣✉❛❧❞❛❞ ♥♦ ♣❛r❡❝❡ s❡r ✉♥❛ t❛r❡❛ s❡♥❝✐❧❧❛✳

❚❡♦r❡♠❛ ✺✳✼✳ ❊❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✹✳✹✮ ❡s p− 5 s✐ D 6= ∅✳

❉❡♠♦str❛❝✐ó♥✳ P❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ t❛♠❜✐é♥ ✈❛♠♦s ❛ ✉t✐❧✐③❛r ❧❛ ❡①♣r❡s✐ó♥

✭✺✳✸✮ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ♣r♦♠✐♥❡♥t ✈❡rt❡①✳



✻✼

v1 v2 v3 v4 v5 v6 v7 · · · v|C| wc

c0 ✵ |C|−2
|C| ✵ |C|−2

|C| ✵ |C|−2
|C| ✵ ✳✳✳✳ |C|−2

|C|
|C|−2
|C|

c1 1 ✵ 1 ✵ 1 ✵ ✶ ✳✳✳✳ ✵ ✶

t1 ✵ 2
|C| ✵ 2

|C| ✵ 2
|C| 0 ✳✳✳✳ 2

|C| ✶

t2 ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳

t|C|−2 ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵

❋✐❣✉r❛ ✺✳✶✵✿ ❯♥❛ s♦❧✉❝✐ó♥ q✉❡ ✈✐♦❧❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✹✮✳

❈♦♠❡♥③❛♠♦s ❞❡♠♦str❛♥❞♦ q✉❡ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ A ⊆ V ❝♦♥ p− 4 ✈❛r✐❛❜❧❡s✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮

❡s ✈á❧✐❞❛ ♣❛r❛ PA(L)✳ ❙❡❛ (x,w) ✉♥ ♣✉♥t♦ ❡①tr❡♠♦ ❛r❜✐tr❛r✐♦ ❡♥ PA(L) q✉❡ t✐❡♥❡✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✺✳✶✱

❛ ❧♦ s✉♠♦ ❝✉❛tr♦ ✈❛r✐❛❜❧❡s ❝♦♥ ✈❛❧♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s✳

❙✐
∑

d∈D wd ≥ 2✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✺✳✸✮ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ (1+wc0)
|C|
2 ✳ ▲❛ r❡str✐❝❝✐ó♥

✭✶✳✶✮ ❣❛r❛♥t✐③❛ q✉❡
∑

u∈Cv2

∑

c∈D∪{c0}
xuc ≤

|C|
2 q✉❡✱ ❥✉♥t♦ ❝♦♥ ❡❧ ▲❡♠❛ ✺✳✶✭✐✮✱ ✐♠♣❧✐❝❛ q✉❡ s❡ ❝✉♠♣❧❡

✭✺✳✸✮✳ P♦r ❧♦ t❛♥t♦✱ r❡str✐♥❣✐♠♦s ❡❧ ❛♥á❧✐s✐s ❛❧ ❝❛s♦
∑

d∈D wd ≤ 1✳ ❆s✉♠❛♠♦s q✉❡ ❡st♦ s❡ ❝✉♠♣❧❡ ②

❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

✶✳ ❙✐
∑

v∈Cv2

xvc0
= |C|

2
✱ ❡♥t♦♥❝❡s

∑

v∈C\{v2}
xvc0 = |C|

2 − 1✳ ❆❞❡♠ás✱ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❡♥ ❡❧

❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✺✳✸✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |C|/2✳ ❈♦♠♦ (x,w) s❛t✐s❢❛❝❡ ❧❛ r❡str✐❝❝✐ó♥ ✭✶✳✸✮✱

❡♥t♦♥❝❡s
∑

c∈D wc +
∑

c∈C\D∪{c0,c1}

∑

u∈Cv1
xuc ≥ 1✳ ▲✉❡❣♦✱ s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮✳

✷✳ ❙✐ |C|
2

− 1 <
∑

v∈Cv2

xvc0
<

|C|
2
✱ ❡♥t♦♥❝❡s wc0 = 1✱ ❛❧ ♠❡♥♦s ✉♥❛ ✈❛r✐❛❜❧❡ ❞❡ {xvc0}v∈Cv2

t♦♠❛

✉♥ ✈❛❧♦r ❢r❛❝❝✐♦♥❛r✐♦✱ ② xvc0 6= 0 ♣❛r❛ t♦❞♦ v ∈ Cv2
✳ ❉❛❞♦ q✉❡ ❛ ❧♦ s✉♠♦ ❝✉❛tr♦ ✈❛r✐❛❜❧❡s ♣✉❡❞❡♥

t♦♠❛r ✈❛❧♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s✱ ❡♥t♦♥❝❡s ❛ ❧♦ s✉♠♦ ❞♦s ✈❛r✐❛❜❧❡s ❞❡ {xvc0}v∈Cv2
♣✉❡❞❡♥ t♦♠❛r ✈❛❧♦r❡s

❢r❛❝❝✐♦♥❛r✐♦s✱ ② ❡st♦ ✐♠♣❧✐❝❛ q✉❡ xvc0 = 0 ♣❛r❛ t♦❞♦ v ∈ Cv1
✳ P♦r ❧♦ t❛♥t♦✱

∑

v∈C\{v2}
xvc0 ≤

|C|
2 −1 ② ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✺✳✸✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |C|−1✳ ❈♦♠♦

∑

v∈C
(xvc0 + xvc1) ≤ |C|−1

♣♦r ❧❛ r❡str✐❝❝✐ó♥ ✭✶✳✸✮✱ ❡♥t♦♥❝❡s
∑

c∈C\{c0,c1}

∑

u∈Cv1
xuc ≥ 1✳ ❙✐ wd1

< 1 ♣❛r❛ ❛❧❣ú♥ d1 ∈ D✱

❡♥t♦♥❝❡s xvd1
= 0 ♣❛r❛ t♦❞♦ v ∈ Cv1

✳ ▲✉❡❣♦✱
∑

c∈C\D∪{c0,c1}

∑

u∈Cv1
xuc ≥ 1 ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞

✭✺✳✸✮ s❡ ❝✉♠♣❧❡✳ ❙✐ wd1
= 1 ♣❛r❛ ❛❧❣ú♥ d1 ∈ D ✭❧✉❡❣♦ wd = 0 ♣❛r❛ t♦❞♦ d ∈ D, d 6= d1 ❞❛❞♦ q✉❡

∑

d∈D wd ≤ 1✮✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡ tr✐✈✐❛❧♠❡♥t❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮✳

✸✳ ❙✐ 0 <
∑

v∈Cv2

xvc0
≤ |C|

2
− 1 ② wc0

= 1✱ ❛✜r♠❛♠♦s q✉❡
∑

v∈C\{v2}
xvc0 ≤ |C|

2 − 1✳ P❛r❛

❝♦♠♣r♦❜❛r❧♦✱ ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿



✺✳✷✳ ❘❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥♦❝✐❞❛s ✻✽

❛✮ ❙✐ xvc0 ∈ Z ♣❛r❛ t♦❞♦ v ∈ Cv1
♦ ♣❛r❛ t♦❞♦ v ∈ Cv2

✱ ❡♥t♦♥❝❡s
∑

v∈C\{v2}
xvc0 ≤ |C|

2 − 1✳

❜✮ ❙✐ ❡①✐st❡♥ xvtc0 ∈ Cv2
② xvt′c0 ∈ Cv1

❝♦♥ 0 < xvtc0 , xvt′c0 < 1 ② t❛❧❡s q✉❡ vtvt′ /∈ E✱

❡♥t♦♥❝❡s ❡①✐st❡♥ ❝♦❧♦r❡s c2, c3 ∈ C\{c0} t❛❧❡s q✉❡ xvtc2 ② xvt′c3 t♦♠❛♥ ✈❛❧♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s✳

❈♦♠♦ (x,w) t✐❡♥❡ ❛ ❧♦ s✉♠♦ ❝✉❛tr♦ ✈❛r✐❛❜❧❡s ❝♦♥ ✈❛❧♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s✱ ❡♥t♦♥❝❡s xvt−1c0 =

xvt+1c0 = xvt′−1c0 = xvt′+1c0 = 0✱ ❞♦♥❞❡ ❧♦s í♥❞✐❝❡s s❡ t♦♠❛♥ ♠ó❞✉❧♦ n✳ ❊st♦ ✐♠♣❧✐❝❛ q✉❡ ❛❧

♠❡♥♦s tr❡s ✈❛r✐❛❜❧❡s ❞❡ {xvc0}v∈C\{v2} t♦♠❛♥ ✈❛❧♦r❡s ♥✉❧♦s✱ ❧✉❡❣♦
∑

v∈C\{v2}
xvc0 ≤ |C|

2 −1✳

❝✮ ❙✐ ❡①✐st❡♥ xvtc0 ∈ Cv2
② xvt′c0 ∈ Cv1

❝♦♥ 0 < xvtc0 , xvt′c0 < 1 ② t❛❧❡s q✉❡ vtvt′ ∈ E✱ ❡♥t♦♥❝❡s

✉♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ❞❡♠✉❡str❛ q✉❡ xvt−1c0 = xvt′+1c0 = 0✳ P♦r ❧♦ t❛♥t♦✱
∑

v∈C\{v2}
xvc0 ≤

|C|
2 − 1✳

❊♥ ❧♦s tr❡s ❝❛s♦s s❡ ❝✉♠♣❧❡ ❧❛ ❛✜r♠❛❝✐ó♥✱ ❧✉❡❣♦ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✺✳✸✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡

|C| − 2✳ ❈♦♠♦ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✺✳✸✮ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ ❡st❡ ✈❛❧♦r✱ s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞

✭✺✳✸✮✳

✹✳ ❙✐
∑

v∈Cv2

xvc0
= 0 ② wc0

= 1✱ ❡♥t♦♥❝❡s
∑

v∈C\{v2}
xvc0 ≤ |C|

2 ✳ P♦r ✉♥ ❧❛❞♦✱ s✐ wd1
= 1 ♣❛r❛

❛❧❣ú♥ d1 ∈ D✱ ❡❧ s✉♣✉❡st♦
∑

d∈D wd ≤ 1 ✐♠♣❧✐❝❛ q✉❡ wd = 0 ♣❛r❛ t♦❞♦ d ∈ D, d 6= d1✳ ❊♥t♦♥❝❡s✱

❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✺✳✸✮ ❡s ✐❣✉❛❧ ❛
∑

v∈C\{v2}
xvc0 +

∑

v∈Cv2
xvd1

✱ ❡❧ ❝✉❛❧✱ ♣♦r ❧❛ r❡str✐❝❝✐ó♥

✭✶✳✸✮✱ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ |C| − 1✳ ❈♦♥❝❧✉✐♠♦s q✉❡ s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮✳ P♦r ♦tr♦

❧❛❞♦✱ s✐
∑

d∈D wd < 1✱ ❡♥t♦♥❝❡s ❛ ❧♦ s✉♠♦ ✉♥❛ ✈❛r✐❛❜❧❡ ❞❡ {xvd}v∈Cv2
,d∈D ♣✉❡❞❡ t♦♠❛r ✉♥ ✈❛❧♦r

❢r❛❝❝✐♦♥❛r✐♦✱ ❞❛❞♦ q✉❡ ❡♥ (x,w) ❛ ❧♦ s✉♠♦ ❝✉❛tr♦ ✈❛r✐❛❜❧❡s ♣✉❡❞❡♥ t♦♠❛r ✈❛❧♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s✳

❊st♦ ✐♠♣❧✐❝❛ q✉❡
∑

v∈Cv2

∑

d∈D xvd ≤
∑

d∈D wd✱ ② s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮✳

✺✳ ❙✐ 0 < wc0
< 1✱ ❡♥t♦♥❝❡s ❛ ❧♦ s✉♠♦ tr❡s ✈❛r✐❛❜❧❡s ❞❡ {xvc}v∈C,c∈C ♣✉❡❞❡♥ t♦♠❛r ✈❛❧♦r❡s ❢r❛❝✲

❝✐♦♥❛r✐♦s✳ P♦r ❧♦ t❛♥t♦✱ ❛ ❧♦ s✉♠♦ ✉♥❛ ✈❛r✐❛❜❧❡ ❞❡ {xvc0}v∈C ♣✉❡❞❡ t♦♠❛r ✉♥ ✈❛❧♦r ❢r❛❝❝✐♦♥❛r✐♦✳

❆❞❡♠ás✱ s✐ xvtc0 t♦♠❛ ✉♥ ✈❛❧♦r ❢r❛❝❝✐♦♥❛r✐♦✱ ❡♥t♦♥❝❡s ❛ ❧♦ s✉♠♦ ✉♥❛ ✈❛r✐❛❜❧❡ ❞❡ {wd}d∈D ♣✉❡❞❡

t♦♠❛r ✉♥ ✈❛❧♦r ❞✐❢❡r❡♥t❡ ❞❡ ✵ ✭❞❡ ❧♦ ❝♦♥tr❛r✐♦ t❡♥❞rí❛♠♦s ♠ás ❞❡ ❝✉❛tr♦ ✈❛r✐❛❜❧❡s ❝♦♥ ✈❛❧♦r❡s

❢r❛❝❝✐♦♥❛r✐♦s✮✳ ❙❡❛ wd1
❡st❛ ✈❛r✐❛❜❧❡✱ ② ❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝❛s♦s✿

❛✮ ❙✐ wd1
= 1 ② |C|

2 − 1 <
∑

v∈Cv2
xvd1

≤ |C|
2 ✱ ❡♥t♦♥❝❡s✱ ❝♦♠♦

∑

v∈C
(xvc1 +xvd1

) ≤ |C| − 1✱ ❧❛

s✉♠❛
∑

c∈C\D∪{c0,c1}

∑

u∈Cv1
xuc ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ ✶✳ ❊♥t♦♥❝❡s s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞

✭✺✳✸✮✳

❜✮ ❙✐ wd1
= 1 ②

∑

v∈Cv2
xvd1

≤ |C|
2 − 1✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✺✳✸✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧

q✉❡ 2wc0 +
|C|
2 − 1✳ P♦r ❧♦ t❛♥t♦✱ s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮✳

❝✮ ❙✐ wd1
< 1✱ ❡♥t♦♥❝❡s xvtd1

❡s ❧❛ ú♥✐❝❛ ✈❛r✐❛❜❧❡ ❡♥ {xvd1
}v∈C q✉❡ ♣✉❡❞❡ t♦♠❛r ✉♥ ✈❛❧♦r

♥♦ ♥✉❧♦ ✭s✐ xud1
> 0 ♣❛r❛ ❛❧❣ú♥ u 6= vt✱ ❡♥t♦♥❝❡s xud1

≤ wd1
< 1✱ ❣❡♥❡r❛♥❞♦ ❞❡ ❡st❡



✻✾

♠♦❞♦ ❛❧ ♠❡♥♦s ❝✐♥❝♦ ✈❛r✐❛❜❧❡s ❝♦♥ ✈❛❧♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s✮✳ ❊♥t♦♥❝❡s✱ ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡

❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ 2xvtc0 + xvtd1
✳ ❈♦♠♦ ❡st❡ ✈❛❧♦r ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡

2wc0 + wd1
✱ s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮✳

✻✳ ❙✐ wc0
= 0✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✺✳✸✮ ❡s ✐❣✉❛❧ ❛

∑

v∈Cv2

∑

d∈D xvd✳ ❈♦♥s✐❞❡r❡♠♦s ❧♦s

s✐❣✉✐❡♥t❡s ❝❛s♦s✿

❛✮ ❙✐
∑

d∈D wd < 1✱ ❡♥t♦♥❝❡s ✉♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ❛❧ ✉t✐❧✐③❛❞♦ ❡♥ ❡❧ ❈❛s♦ ✹ ❞❡♠✉❡str❛ q✉❡ s❡

❝✉♠♣❧❡ ✭✺✳✸✮✳

❜✮ ❙✐ wd1
= 1 ♣❛r❛ ❛❧❣ú♥ d1 ∈ D✱ ❡♥t♦♥❝❡s ❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ✭✺✳✸✮ ❡s ✐❣✉❛❧ ❛

∑

v∈Cv2
xvd1

✳ ❙✐
∑

v∈Cv2
xvd1

≤ |C|
2 −1✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮✳ ❙✐ |C|

2 −1 <
∑

v∈Cv2
xvd1

≤

|C|
2 ✱ ❡♥t♦♥❝❡s

∑

v∈Cv1
xvd1

= 0✳ P♦r ❧♦ t❛♥t♦✱
∑

c∈C\D∪{c0,c1}

∑

u∈Cv1
xuc ≥ 1 ② ♥✉❡✈❛♠❡♥t❡

s❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮✳

❈♦♥❝❧✉✐♠♦s q✉❡ ❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✺✳✸✮ ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ p− 5✳

v1 v2 v3 v4 v5 v6 v7 · · · v|C| wc

c0 ✵ ✶ ✵ ✶ ✵ ✶ ✵ ✳✳✳✳ ✶ ✶

c1
1

2
✵ 1

2
✵ ✶ ✵ ✶ ✳✳✳✳ ✵ ✶

d1
1

2
✵ 1

2
✵ ✵ ✵ ✵ ✳✳✳✳ ✵ 1

2

d2 ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳

d|D|

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳ ✳✳✳✳
✳✳✳

✳✳✳

t1
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳ ✳✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳ ✳✳✳✳

✳✳✳
✳✳✳

t|C\D|−2 ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✳✳✳✳ ✵ ✵

❋✐❣✉r❛ ✺✳✶✶✿ ❙♦❧✉❝✐ó♥ ♣❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✺✳✼✳ ▲♦s ✈❛❧♦r❡s ❡♥ ♥❡❣r✐t❛ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛s

✈❛r✐❛❜❧❡s ❡♥ V\B

❆❤♦r❛ ❞❡♠♦str❛♠♦s q✉❡ ❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ p−5✳ ❙❡❛ d1 ∈ D ② ❞❡✜♥❛♠♦s

B ⊆ V ❝♦♠♦ ❡❧ ❝♦♥❥✉♥t♦ V \ {xv1c1 , xv1d1
, xv3c1 , xv3d1

, wd1
}✱ ❡❧ ❝✉❛❧ t✐❡♥❡ ❝❛r❞✐♥❛❧✐❞❛❞ |B| = p − 5✳

❙❡❛ z = (x,w) ∈ PB(L) ❧❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ❞❡s❝r✐♣t❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✶✶✳ ❊st❛ s♦❧✉❝✐ó♥ s❛t✐s❢❛❝❡ ❧❛s

r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦✱ ✈✐♦❧❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✺✳✸✮ ② ❧❛s ✈❛r✐❛❜❧❡s ❡♥ B t♦♠❛♥ ✈❛❧♦r❡s ✵✲✶✳ P♦r ❧♦ t❛♥t♦✱

❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❡s ♠❛②♦r ♦ ✐❣✉❛❧ q✉❡ p− 5 ② q✉❡❞❛ ❞❡♠♦str❛❞♦ ❡❧ t❡♦r❡♠❛✳



✺✳✷✳ ❘❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♥♦❝✐❞❛s ✼✵

✺✳✷✳✹✳ ❖tr❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s

❊♥ ❡st❛ s❡❝❝✐ó♥ ❡st✉❞✐❛♠♦s ❡❧ r❛♥❣♦ ② ❡❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦s ❞❡ ❛❧❣✉♥❛s ❞❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡

❞❡s✐❣✉❛❧❞❛❞❡s ♣r❡s❡♥t❛❞❛s ❡♥ ❧♦s ❈❛♣ít✉❧♦s ✸ ② ✹✳ ◆♦ ✐♥❝❧✉✐♠♦s ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❞❡ ❧♦s s✐❣✉✐❡♥t❡s

t❡♦r❡♠❛s ②❛ q✉❡ ✐♥✈♦❧✉❝r❛♥ ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛ ❧♦s ❛♥t❡r✐♦r❡s✳

❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❡st❛❜❧❡❝❡ ❡❧ r❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s r❡✐♥❢♦r❝❡❞ t✇♦✲

❝♦❧♦r ✭✸✳✺✮✳ ❊st❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❡stá♥ ❛s♦❝✐❛❞❛s ❛ ✉♥ ❝✐❝❧♦✱ ❛ ✉♥ ✈ért✐❝❡ ② ❛ ❞♦s ❝♦❧♦r❡s✳ ❊♥

❡st❡ ❝❛s♦✱ ❡❧ r❛♥❣♦ ② ❡❧ ❛♥t✐✲r❛♥❣♦ ❞❡♣❡♥❞❡♥ ❞❡❧ t❛♠❛ñ♦ ❞❡❧ ❝✐❝❧♦✳

❚❡♦r❡♠❛ ✺✳✽✳ ❊❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ r❡✐♥❢♦r❝❡❞ t✇♦✲❝♦❧♦r ✭✸✳✺✮ ❡s ⌊ |C|
4 ⌋ ② ❡❧ ❛♥t✐✲r❛♥❣♦

❞✐s②✉♥t✐✈♦ ❞❡ ✭✸✳✺✮ ❡s p− (|C|+ 1)✳

▲♦s s✐❣✉✐❡♥t❡s t❡♦r❡♠❛s ❡st❛❜❧❡❝❡♥ ❡❧ r❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s t❤r❡❡✲

❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ✭✹✳✷✮✳ ❊st❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡stá♥ ❛s♦❝✐❛❞❛s ❛ ✉♥ ❝✐❝❧♦ ♣❛r✱ ❛ tr❡s ✈ért✐❝❡s ❝♦♥s❡❝✉✲

t✐✈♦s✱ ❞♦s ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ❞❡ ❝♦❧♦r❡s ② ✉♥ ❝♦❧♦r q✉❡ ♥♦ ♣❡rt❡♥❡❝❡ ❛ ❡❧❧♦s✳ ▲❛ ❡str✉❝t✉r❛ ❞❡ ❡st❛s

❞❡s✐❣✉❛❧❞❛❞❡s ❡s ❜❛st❛♥t❡ ❝♦♠♣❧✐❝❛❞❛✱ ❛❧ ✐❣✉❛❧ q✉❡ ❧♦s ✈❛❧♦r❡s ❞❡ s✉s r❛♥❣♦s ② ❛♥t✐✲r❛♥❣♦s✳

❚❡♦r❡♠❛ ✺✳✾✳ ❙✐ C\(D∪D′∪{c0}) = ∅✱ ❡♥t♦♥❝❡s ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ t❤r❡❡✲❝♦♥s❡❝✉t✐✈❡

✈❡rt✐❝❡s ✭✹✳✷✮ ❡s

✶✳ |D|+ |D′|+ 1✱ s✐ D 6= ∅✱ D′ 6= ∅ ② |C| ≥ |D|+|D′|+2
|D|+|D′|−12❀

✷✳ |C|
2 − 1✱ s✐ D 6= ∅✱ D′ 6= ∅✱ |C| ≤ 6 ② |D|+ |D′| = 2❀

✸✳ 2✱ s✐ |C| = 4✱ D 6= ∅✱ D′ 6= ∅ ② |D|+ |D′| = 3❀

✹✳ |D′|✱ s✐ D = ∅❀

✺✳ |D|✱ s✐ D′ = ∅✳

❙✐ |C \ (D ∪D′ ∪ {c0})| ≥ 1✱ ❡♥t♦♥❝❡s ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✹✳✷✮ ❡s

✶✳ |D|+ |D′|+ ⌊ |C|
4 ⌋ s✐ |D ∪ D′| ≥ 2❀

✷✳ ⌊ |C|
4 ⌋ s✐ |D ∪ D′| = 1❀

✸✳ 0✱ s✐ |D ∪ D′| = 0✳

❊❧ ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✹✳✷✮ ❡s



✼✶

✶✳ p− 5✱ s✐ |D ∪ D′| ≥ 2❀

✷✳ p− 6✱ s✐ |D ∪ D′| = 1❀

✸✳ 0✱ s✐ D ∪D′ = ∅✳

❊❧ ♣ró①✐♠♦ t❡♦r❡♠❛ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❢♦✉r✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ✭✸✳✶✷✮✱ q✉❡

❡stá♥ ❛s♦❝✐❛❞❛s ❝♦♥ ✉♥ ❝✐❝❧♦ ♣❛r✱ ❝✉❛tr♦ ✈ért✐❝❡s ❝♦♥s❡❝✉t✐✈♦s ② tr❡s ❝♦❧♦r❡s✳ ▲♦s ✈❛❧♦r❡s ❞❡ s✉ r❛♥❣♦ ②

❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦ s♦♥ s✐♠✐❧❛r❡s ❛❧ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r✳

❚❡♦r❡♠❛ ✺✳✶✵✳ ❊❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❢♦✉r✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ✭✸✳✶✷✮ ❡s 4✳ ❊❧ ❛♥t✐✲

r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ✭✸✳✶✷✮ ❡s p− (|C|+ 1)✳





❈❛♣ít✉❧♦ ✻

❊①♣❡r✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s

❊❧ ♦❜❥❡t✐✈♦ ♣rá❝t✐❝♦ ♠ás ✐♠♣♦rt❛♥t❡ ❞❡ ❧❛ ❜úsq✉❡❞❛ ❞❡ ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ♣❛r❛ ✉♥

♣r♦❜❧❡♠❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❝♦♠❜✐♥❛t♦r✐❛ ❢♦r♠✉❧❛❞♦ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ ♠♦❞❡❧♦ ❞❡ ♣r♦❣r❛♠❛❝✐ó♥ ❧✐♥❡❛❧

❡♥t❡r❛ ❡stá ❞❛❞♦ ♣♦r ❧❛ ♥❡❝❡s✐❞❛❞ ❞❡ r❡s♦❧✈❡r ✐♥st❛♥❝✐❛s r❡❛❧❡s ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❝✉❡st✐ó♥✳ ❆ ♣❡s❛r ❞❡

q✉❡ ♥♦ ❡s ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❛ t❡s✐s ❡①♣❧♦r❛r ❡♥ ❧❛ ♣rá❝t✐❝❛ ❧❛ r❡s♦❧✉❝✐ó♥ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡❧ ♣r♦❜❧❡♠❛

❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✱ ✐♥❝❧✉✐♠♦s ❡♥ ❡st❡ ❝❛♣ít✉❧♦ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❛❧❣✉♥♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s

s♦❜r❡ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ t✐♣♦ ❜r❛♥❝❤ ✫ ❝✉t ✭❇✫❈✮✳ ❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❡s ❛♥❛❧✐③❛r ♣♦s✐❜❧❡s

❡str❛t❡❣✐❛s ♣❛r❛ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ❡st❡ t✐♣♦✱ ② t❡♥❡r ✉♥❛ ❡✈❛❧✉❛❝✐ó♥ ♣r❡❧✐♠✐♥❛r

❞❡ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❛ ❧❛ ♣❡r❢♦r♠❛♥❝❡ ✜♥❛❧ ❞❡ ❛❧❣✉♥❛s ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ♣r❡s❡♥t❛❞❛s ❡♥ ❡st❡

tr❛❜❛❥♦✳

P❛r❛ ❡st♦✱ ✐♠♣❧❡♠❡♥t❛♠♦s ✉♥ ❛❧❣♦r✐t♠♦ ❜r❛♥❝❤ ✫ ❝✉t s❡♥❝✐❧❧♦ ❝♦♠♦ ♠❛r❝♦ ❡♠♣ír✐❝♦ ♣❛r❛ ❡①♣❧♦r❛r ❧❛

❡❢❡❝t✐✈✐❞❛❞ ❞❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ❤❛❧❧❛❞❛s✳ ◆✉❡str♦ ♦❜❥❡t✐✈♦ ♥♦ ❡s r❡s♦❧✈❡r ✐♥st❛♥❝✐❛s

r❡❛❧❡s ❡♥ ❧❛ ♣rá❝t✐❝❛ ♥✐ ❛❥✉st❛r t♦❞♦s ❧♦s ❛s♣❡❝t♦s ❞❡ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ❡st❡ t✐♣♦✱ s✐♥♦ q✉❡ ❡st❛♠♦s

✐♥t❡r❡s❛❞♦s ❡♥ ❡①♣❧♦r❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❡♠♣ír✐❝♦ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s✱ ❝♦♠♦ ✉♥ ♣✉♥t♦ ❞❡

♣❛rt✐❞❛ ♣❛r❛ ❢✉t✉r❛s ✐♠♣❧❡♠❡♥t❛❝✐♦♥❡s✳

✻✳✶✳ ▼❛r❝♦ ❡♠♣ír✐❝♦

❊❧ ❛❧❣♦r✐t♠♦ ❝♦♠✐❡♥③❛ ❝♦♥ ✉♥ ♠♦❞❡❧♦ ✐♥✐❝✐❛❧ ❞❛❞♦ ♣♦r ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ✭✶✳✶✮✲✭✶✳✷✮ ② ❧❛s r❡str✐❝❝✐♦♥❡s

❞❡ r♦♠♣✐♠✐❡♥t♦ ❞❡ s✐♠❡trí❛s ♣r❡s❡♥t❛❞❛s ❡♥ ❬✹✻❪ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❝❧ás✐❝♦✳

❙❡ ❞❡♥♦♠✐♥❛♥ s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ❛ ❞♦s r❡♣r❡s❡♥t❛❝✐♦♥❡s ❞✐st✐♥t❛s ✭❡♥ tér♠✐♥♦s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s

❞❡❧ ♠♦❞❡❧♦✮ ❞❡ ✉♥❛ ♠✐s♠❛ s♦❧✉❝✐ó♥ ②✱ ❡♥ ❣❡♥❡r❛❧✱ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ♠✉❝❤❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s t✐❡♥❞❡

❛ ❞❡❣r❛❞❛r ❧❛ ♣❡r❢♦r♠❛♥❝❡ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ❞❡ r❡s♦❧✉❝✐ó♥ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛❝✐ó♥ ❡♥t❡r❛✳ ▲❛s

✼✸



✻✳✶✳ ▼❛r❝♦ ❡♠♣ír✐❝♦ ✼✹

r❡str✐❝❝✐♦♥❡s ✐♥❝♦r♣♦r❛❞❛s s❡ ❞❡♥♦♠✐♥❛♥ ❞❡s✐❣✉❛❧❞❛❞❡s ❜❧♦❝❦ ❝♦❧♦r ② s❡ ❞❡✜♥❡♥✱ ♣❛r❛ c0 ∈ C✱ ❝♦♠♦

|C|
∑

c=c0

xvc ≤ wc0 . ✭✻✳✶✮

❊st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡st❛❜❧❡❝❡ q✉❡ s✐ ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡ ♥♦ ✉t✐❧✐③❛ ❡❧ ❝♦❧♦r c0✱ ❡♥t♦♥❝❡s t❛♠♣♦❝♦ ✉s❛ ❧♦s

❝♦❧♦r❡s c ❝♦♥ c ≥ c0✳ ❉❡ ❛❝✉❡r❞♦ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s r❡♣♦rt❛❞♦s ❡♥ ❬✽✼❪✱ ❡❧✐♠✐♥❛r s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s

❡s ♣❛rt✐❝✉❧❛r♠❡♥t❡ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❝❧ás✐❝♦ ❞❡ ❝♦❧♦r❡♦ ② ♣♦r ❡st❡ ♠♦t✐✈♦ s❡ ✐♥❝❧✉②❡♥ ❡st❛s

r❡str✐❝❝✐♦♥❡s ❛❞✐❝✐♦♥❛❧❡s ❡♥ ♥✉❡str♦s ❡①♣❡r✐♠❡♥t♦s✳

❉❛❞♦ q✉❡ ❡①✐st❡ ✉♥ ♥ú♠❡r♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ r❡str✐❝❝✐♦♥❡s ❞❡ ❛❝✐❝❧✐❝✐❞❛❞ ✭✶✳✸✮✱ ❡st❛s r❡str✐❝❝✐♦♥❡s

♥♦ s❡ ❛❣r❡❣❛♥ ❞❡s❞❡ ❡❧ ❝♦♠✐❡♥③♦✱ s✐♥♦ q✉❡ s❡ ❛❣r❡❣❛♥ ❡♥ ❢♦r♠❛ ❞✐♥á♠✐❝❛ ❞✉r❛♥t❡ ❧❛ ❡❥❡❝✉❝✐ó♥ ❝♦♥ ❡❧

♦❜❥❡t✐✈♦ ❞❡ ❡❧✐♠✐♥❛r s♦❧✉❝✐♦♥❡s ❡♥t❡r❛s q✉❡ ♥♦ s♦♥ ❢❛❝t✐❜❧❡s ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✳ ❈❛❞❛ ✈❡③ q✉❡

❡❧ ❛❧❣♦r✐t♠♦ ❡♥❝✉❡♥tr❛ ✉♥❛ s♦❧✉❝✐ó♥ ❡♥t❡r❛ ♣❛r❛ ❡❧ ♠♦❞❡❧♦ ❞✐s♣♦♥✐❜❧❡ ❡♥ ❡s❡ ♠♦♠❡♥t♦✱ ✉♥❛ r✉t✐♥❛ ❞❡

s❡♣❛r❛❝✐ó♥ ❜✉s❝❛ ❡♥ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ ❝✐❝❧♦s ❝♦❧♦r❡❛❞♦s ❝♦♥ ❞♦s ❝♦❧♦r❡s ❡♥ ❡❧ ❣r❛❢♦✳ ❊st♦ s❡ ❧♦❣r❛ ♣♦r

♠❡❞✐♦ ❞❡❧ ❛❧❣♦r✐t♠♦ ❇❋❙ ❛♣❧✐❝❛❞♦ ❛ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❜✐❝♦❧♦r ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❤❛❧❧❛❞❛ ✭❞❛❞♦s ❞♦s ❝♦❧♦r❡s

c1 ② c2✱ ❧❛ ❝♦♠♣♦♥❡♥t❡ ❜✐❝♦❧♦r ❞❡✜♥✐❞❛ ♣♦r c1 ② c2 ❡s ❡❧ s✉❜❣r❛❢♦ ✐♥❞✉❝✐❞♦ ♣♦r ❧♦s ✈ért✐❝❡s ❝♦❧♦r❡❛❞♦s

❝♦♥ ❡st♦s ❞♦s ❝♦❧♦r❡s✮✳ ❙✐ ❡①✐st❡ ✉♥ ❝✐❝❧♦ ❡♥ ❡st❛ ❝♦♠♣♦♥❡♥t❡✱ ❡♥t♦♥❝❡s ❧❛ s♦❧✉❝✐ó♥ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥

❝♦❧♦r❡♦ q✉❡ ♥♦ ❡s ❛❝í❝❧✐❝♦✱ ② s❡ ❛❣r❡❣❛ ❛ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❧❛ r❡str✐❝❝✐ó♥ ❞❡ ❛❝✐❝❧✐❝✐❞❛❞ ❝♦rr❡s♣♦♥❞✐❡♥t❡✳

❉✉r❛♥t❡ ❧❛ ❡❥❡❝✉❝✐ó♥ ❞❡❧ ❛❧❣♦r✐t♠♦✱ ❛❣r❡❣❛♠♦s ❞✐♥á♠✐❝❛♠❡♥t❡ ❝♦rt❡s ❣❡♥❡r❛❞♦s ❛ ♣❛rt✐r ❞❡ ❛❧❣✉✲

♥❛s ❞❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ♣r❡s❡♥t❛❞❛s ❡♥ ❡st❡ tr❛❜❛❥♦✱ ❥✉♥t♦ ❝♦♥ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝❧✐q✉❡

✐♥tr♦❞✉❝✐❞❛s ❡♥ ❬✹✻❪✳ ❆ ❧♦ ❧❛r❣♦ ❞❡ ❡st❛ s❡❝❝✐ó♥✱ ✉t✐❧✐③❛♠♦s ❧❛ s✐❣✉✐❡♥t❡ ♥♦t❛❝✐ó♥ ♣❛r❛ ❡st❛s ❢❛♠✐❧✐❛s ❞❡

❞❡s✐❣✉❛❧❞❛❞❡s✿

✷❈ ❚✇♦✲❝♦❧♦r ✐♥❡q✉❛❧✐t✐❡s

❉❈ ❉✐st✐♥❣✉✐s❤❡❞ ❝♦❧♦rs ✐♥❡q✉❛❧✐t✐❡s

❘✷❈ ❘❡✐♥❢♦r❝❡❞ t✇♦✲❝♦❧♦r ✐♥❡q✉❛❧✐t✐❡s

✸❈❱ ❚❤r❡❡✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ✐♥❡q✉❛❧✐t✐❡s

P❱ Pr♦♠✐♥❡♥t ✈❡rt❡① ✐♥❡q✉❛❧✐t✐❡s

✹❈❱ ❋♦✉r✲❝♦♥s❡❝✉t✐✈❡ ✈❡rt✐❝❡s ✐♥❡q✉❛❧✐t✐❡s

❑ ❈❧✐q✉❡ ✐♥❡q✉❛❧✐t✐❡s

❉❛❞♦ q✉❡ t♦❞❛s ❡st❛s ❢❛♠✐❧✐❛s✱ s❛❧✈♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝❧✐q✉❡✱ r❡q✉✐❡r❡♥ ❞❡ ✉♥ ❝✐❝❧♦ ❡♥ ❡❧ ❣r❛❢♦✱

❤❡♠♦s ✐♠♣❧❡♠❡♥t❛❞♦ ❧❛s s✐❣✉✐❡♥t❡s ❡str❛t❡❣✐❛s ♣❛r❛ ❤❛❧❧❛r ❝✐❝❧♦s ❛♣r♦♣✐❛❞♦s ❡♥ G✿



✼✺

❍❡✉ríst✐❝❛ ❜❛s❛❞❛ ❡♥ ❜❛❝❦tr❛❝❦✐♥❣✳ ❊st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ ❜✉s❝❛ ❝✐❝❧♦s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ ❛❧❣♦r✐t♠♦

❞❡ ❜❛❝❦tr❛❝❦✐♥❣✱ r❡❝♦rr✐❡♥❞♦ t♦❞♦s ❧♦s ❝❛♠✐♥♦s ♣♦s✐❜❧❡s ❡♥ ❡❧ ❣r❛❢♦ ❤❛st❛ ❡♥❝♦♥tr❛r ✉♥ ❝❛♠✐♥♦ q✉❡ r❡♣✐t❡

✉♥♦ ❞❡ s✉s ✈ért✐❝❡s✳ ❉❛❞♦ q✉❡ ❡st❡ ❛❧❣♦r✐t♠♦ t✐❡♥❡ ✉♥ t✐❡♠♣♦ ❞❡ ❡❥❡❝✉❝✐ó♥ ❡①♣♦♥❡♥❝✐❛❧✱ ❧✐♠✐t❛♠♦s ❧❛

❜úsq✉❡❞❛ ❛ ✉♥ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s ♣r❡✜❥❛❞♦ ❡♥ ❡❧ ár❜♦❧ ❞❡ ❡♥✉♠❡r❛❝✐ó♥ ❞❡❧ ❜❛❝❦tr❛❝❦✐♥❣✱ ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦

❞❡ ♠❛♥t❡♥❡r ❧♦s t✐❡♠♣♦s ❞❡ ❡❥❡❝✉❝✐ó♥ ❜❛❥♦ ❝♦♥tr♦❧✳ ❉❛❞♦ q✉❡ ♥❡❝❡s✐t❛♠♦s ❛s❡❣✉r❛r q✉❡ ❧♦s ❝✐❝❧♦s ♠ás

♣r♦♠❡t❡❞♦r❡s s❡❛♥ ❡♥❝♦♥tr❛❞♦s ❡♥ ♣r✐♠❡r tér♠✐♥♦✱ ❡♥ ❝❛❞❛ ♥✐✈❡❧ ❞❡❧ ár❜♦❧ ❞❡❧ ❜❛❝❦tr❛❝❦✐♥❣ s❡❧❡❝❝✐♦✲

♥❛♠♦s ❧♦s ✈ért✐❝❡s✱ ❞❡ ♠❛♥❡r❛ ❣♦❧♦s❛✱ tr❛t❛♥❞♦ ❞❡ ♠❛①✐♠✐③❛r ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ t♦t❛❧ ❛❧ ❧❛❞♦ ✐③q✉✐❡r❞♦

❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❝♦♥s✐❞❡r❛❞❛✳ ❊s ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ♣❛r❛ ❛❧❣✉♥❛s ❞❡ ❧❛s ❢❛♠✐❧✐❛s ♣r❡s❡♥t❛❞❛s ❡♥

❡st❡ tr❛❜❛❥♦✱ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡ ✉♥ ✈ért✐❝❡ ❞❡♣❡♥❞❡ t❛♠❜✐é♥ ❞❡ s✉ ♣♦s✐❝✐ó♥ ❡♥ ❡❧ ❝✐❝❧♦✱ ♣❡r♦ ❡st♦ ❡s

❢á❝✐❧♠❡♥t❡ ♠❛♥❡❥❛❜❧❡ ❡♥ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥✳

❙❡♣❛r❛❝✐ó♥ ♣♦r ♠❡❞✐♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝✐❝❧♦ ❞❡ ❝♦st♦ ♣r♦♠❡❞✐♦ ♠í♥✐♠♦✳ P❛r❛ ❧❛s ❞❡s✐❣✉❛❧✲

❞❛❞❡s ✷❈ ② ❧❛s ❉❈ ❞❡s❛rr♦❧❧❛♠♦s ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ s❡♣❛r❛❝✐ó♥ ❡①❛❝t♦✱ r❡❞✉❝✐❡♥❞♦ ❡❧ ♣r♦❜❧❡♠❛ ❞❡

s❡♣❛r❛❝✐ó♥ ❛ ✉♥❛ ✐♥st❛♥❝✐❛ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝✐❝❧♦ ❞❡ ❝♦st♦ ♣r♦♠❡❞✐♦ ♠í♥✐♠♦ ✭♠✐♥✐♠✉♠ ♠❡❛♥ ❝②❝❧❡✮✳

❉❛❞♦ ✉♥ ❞✐❣r❛❢♦ D = (N,A) ② ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦st♦ w : A → R q✉❡ ❛s♦❝✐❛ ❝♦st♦s ❛ ❧♦s ❛r❝♦s✱ ❡❧

♣r♦❜❧❡♠❛ ❞❡ ❝✐❝❧♦ ❞❡ ❝♦st♦ ♣r♦♠❡❞✐♦ ♠í♥✐♠♦ ❝♦♥s✐st❡ ❡♥ ❡♥❝♦♥tr❛r ✉♥ ❝✐❝❧♦ C ❡♥ A ✭❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦

✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❛r❝♦s✮ q✉❡ ♠✐♥✐♠✐❝❡ 1
|C|

∑

ij∈C wij ✳ q✉❡ ♣✉❡❞❡ s❡r r❡s✉❡❧t♦ ❡♥ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ ♣♦r ❡❧

❛❧❣♦r✐t♠♦ ✐♥tr♦❞✉❝✐❞♦ ❡♥ ❬✻✼❪✳ ❊st❡ ♣r♦❜❧❡♠❛ ❡s ✉♥ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✉♠ ❝♦st✲t♦✲t✐♠❡

r❛t✐♦ ❬✷❪ ② ♣✉❡❞❡ r❡s♦❧✈❡rs❡ ♣♦r ✉♥ ❛❧❣♦r✐t♠♦ ❝♦♥ ❝♦♠♣❧❡❥✐❞❛❞ ❝♦♠♣✉t❛❝✐♦♥❛❧ O(nm) ❬✻✼✱ ✻✽❪✳ ▲❛ ❡s✲

tr❛t❡❣✐❛ ❞❡ s❡♣❛r❛❝✐ó♥ ♣r♦♣✉❡st❛ ❡♥ ❡st❡ ♣árr❛❢♦ ❝♦♥s✐st❡ ❡♥ ✉♥❛ ❛❞❛♣t❛❝✐ó♥ ❞✐r❡❝t❛ ❞❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦

❛♣❧✐❝❛❞♦ ❡♥ ❬✽✷❪ ♣❛r❛ s❡♣❛r❛r ❞❡ ♠❛♥❡r❛ ❡①❛❝t❛ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ❜❛s❛❞❛s ❡♥ ❝✐❝❧♦s✳

❍❡✉ríst✐❝❛ ❜❛s❛❞❛ ❡♥ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ár❜♦❧ ❣❡♥❡r❛❞♦r ♠á①✐♠♦✳ ❙✐ T = (V,ET ) ❡s ✉♥ ár❜♦❧

❣❡♥❡r❛❞♦r ❞❡ G✱ ❡♥t♦♥❝❡s t♦❞❛ ❛r✐st❛ vw ∈ E \ ET ❝r❡❛ ✉♥ ❝✐❝❧♦ ❞❡ G ❝✉❛♥❞♦ ❡s ❛❣r❡❣❛❞❛ ❛ T ✳ ❆

♣❛rt✐r ❞❡ ❡st❛ ♦❜s❡r✈❛❝✐ó♥✱ s❡ ♣✉❡❞❡ ✐♠♣❧❡♠❡♥t❛r ✉♥❛ ❤❡✉ríst✐❝❛ ❞❡ s❡♣❛r❛❝✐ó♥ s❡♥❝✐❧❧❛ ❝❤❡q✉❡❛♥❞♦ ❧❛s

❞❡s✐❣✉❛❧❞❛❞❡s ❛s♦❝✐❛❞❛s ❛ ❧♦s ❝✐❝❧♦s ❝r❡❛❞♦s ❞❡ ❡st❛ ♠❛♥❡r❛ ♣❛r❛ ❝❛❞❛ ❛r✐st❛ ❡♥ E \ ET ✱ ♣❛r❛ ❛❧❣ú♥

ár❜♦❧ ❣❡♥❡r❛❞♦r T ✳ ❈♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ♠❡❥♦r❛r ❧❛s ❝❤❛♥❝❡s ❞❡ ❤❛❧❧❛r ❞❡s✐❣✉❛❧❞❛❞❡s ✈✐♦❧❛❞❛s✱ ♣❛rt✐♠♦s ❞❡

✉♥ ár❜♦❧ ❣❡♥❡r❛❞♦r ❞❡ ❝♦st♦ ♠á①✐♠♦✱ ❞♦♥❞❡ ❡❧ ♣❡s♦ ❞❡ ✉♥❛ ❛r✐st❛ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥

❞❡ s✉s ✈ért✐❝❡s ❡①tr❡♠♦s ❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✳

▲❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ❝♦♥s✐❞❡r❛❞❛s ❡♥ ❡❧ ❛❧❣♦r✐t♠♦ r❡q✉✐❡r❡♥ ✜❥❛r ❛❧❣✉♥♦s ❝♦❧♦r❡s

❞❡ C ♣❛r❛ s✉ ❞❡✜♥✐❝✐ó♥✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❝❡♥tr❛♠♦s ♥✉❡str♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡ s❡♣❛r❛❝✐ó♥ ❡♥ ❧❛ ❜úsq✉❡❞❛

❞❡ ❝✐❝❧♦s ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ♠❛♥t❡♥❡r ❡❧ t✐❡♠♣♦ ❞❡ ❡❥❡❝✉❝✐ó♥ ❜❛❥♦ ❝♦♥tr♦❧✳ ❇❛s❛❞♦ ❡♥ ❛❧❣✉♥❛s ❡①♣❡r✐✲

♠❡♥t❛❝✐♦♥❡s ♣r❡❧✐♠✐♥❛r❡s✱ ❝♦♥❥❡t✉r❛♠♦s q✉❡ ❧♦s ♠❡❥♦r❡s ❝♦❧♦r❡s t✐❡♥❞❡♥ ❛ s❡r ❛q✉❡❧❧♦s ❝♦♥ ❧♦s ✈❛❧♦r❡s



✻✳✷✳ ❘❡s✉❧t❛❞♦s s♦❜r❡ ✐♥st❛♥❝✐❛s ❞❡ ❛❧t❛ ❞❡♥s✐❞❛❞ ✼✻

★ ✐♥st❛♥❝✐❛s ❣❛♣ ❞✉❛❧ ❝♦t❛ ❞✉❛❧ ★ ♥♦❞♦s ❝♦t❛ ❞✉❛❧ ♣r♦♠❡❞✐♦

❝♦♥✜❣✉r❛❝✐ó♥ ♦♣t t✐❡♠♣♦ ♠❡♠ ♣r♦♠❡❞✐♦ ♣r♦♠❡❞✐♦ ♣r♦♠❡❞✐♦ ❡♥ ❧❛ r❛í③

❈P▲❊❳ ✖ ✶✵ ✷✵ ✷✻✳✷✺✪ ✻✳✷✵ ✶✷✶✵ ✷

❇✫❇ ✖ ✷✾ ✶ ✹✸✳✶✵✪ ✻✳✸✼ ✶✵✷✶✺ ✷

❑ ✶✶ ✾ ✶✵ ✶✾✳✹✽✪ ✽✳✶✼ ✹✺✷✼ ✼✳✶✹

❑✰✷❈ ✭❜t❦✮ ✶✶ ✶✹ ✺ ✶✾✳✷✾✪ ✽✳✶✼ ✹✹✹✷ ✼✳✶✹

❑✰✷❈ ✭❝♣♠✮ ✹ ✷✻ ✖ ✷✸✳✹✾✪ ✼✳✼✵ ✼✹✹ ✼✳✶✹

❑✰✷❈ ✭❛❣♠✮ ✼ ✷✸ ✖ ✷✶✳✸✷✪ ✼✳✽✵ ✷✶✷✽ ✼✳✶✹

❑✰❉❈ ✭❜t❦✮ ✶✵ ✶✹ ✻ ✶✽✳✺✼✪ ✽✳✶✼ ✹✺✵✹ ✼✳✶✹

❑✰❉❈ ✭❝♣♠✮ ✶✵ ✶✺ ✺ ✶✾✳✽✻✪ ✽✳✶✸ ✸✸✻✻ ✼✳✶✹

❑✰❉❈ ✭❛❣♠✮ ✶✶ ✾ ✶✵ ✶✽✳✾✻✪ ✽✳✶✼ ✹✹✻✻ ✼✳✶✹

❑✰✸❈❱ ✾ ✷✶ ✖ ✶✽✳✹✹✪ ✽✳✵✼ ✸✷✷✶ ✼✳✶✹

❑✰✹❈❱ ✽ ✷✷ ✖ ✷✶✳✸✸✪ ✽✳✵✸ ✸✷✻✶ ✼✳✶✹

❑✰P❱ ✻ ✷✸ ✶ ✷✶✳✾✶✪ ✽✳✵✵ ✸✷✺✽ ✼✳✶✹

❑✰❘✷❈ ✼ ✷✷ ✶ ✷✵✳✽✺✪ ✼✳✾✼ ✸✵✹✻ ✼✳✶✹

❑✰❆▲▲ ✼ ✷✸ ✖ ✷✵✳✾✾✪ ✼✳✽✵ ✶✺✽✼ ✼✳✶✹

✭❜t❦✮ ❂ ❜❛❝❦tr❛❝❦✐♥❣❀ ✭❝♣♠✮ ❂ ❝✐❝❧♦ ❞❡ ❝♦st♦ ♣r♦♠❡❞✐♦ ♠í♥✐♠♦❀ ✭❛❣♠✮ ❂ ár❜♦❧ ❣❡♥❡r❛❞♦r ♠á①✐♠♦✳

❚❛❜❧❛ ✻✳✶✿ ❘❡s✉❧t❛❞♦s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s s♦❜r❡ ✐♥st❛♥❝✐❛s ❞❡ ❛❧t❛ ❞❡♥s✐❞❛❞ ❣❡♥❡r❛❞❛s ❛❧❡❛t♦r✐❛♠❡♥t❡✳

♠❛②♦r❡s ❡♥ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❝♦❧♦r ❝♦rr❡s♣♦♥❞✐❡♥t❡s✱ ✐✳❡✳✱ ❛q✉❡❧❧♦s q✉❡ ✐♠♣♦♥❡♥ ❧í♠✐t❡s ♠❡♥♦r❡s ❡♥ ❧❛s

✈❛r✐❛❜❧❡s ❞❡ ❛s✐❣♥❛❝✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡✳

✻✳✷✳ ❘❡s✉❧t❛❞♦s s♦❜r❡ ✐♥st❛♥❝✐❛s ❞❡ ❛❧t❛ ❞❡♥s✐❞❛❞

❚❡st❡❛♠♦s ❡❧ ❛❧❣♦r✐t♠♦ ❇✫❈ s♦❜r❡ ✸✵ ✐♥st❛♥❝✐❛s ❣❡♥❡r❛❞❛s ❞❡ ♠❛♥❡r❛ ❛❧❡❛t♦r✐❛ ❝♦♥ ❞❡♥s✐❞❛❞❡s ❞❡

✼✵✪✱ ✽✵✪ ② ✾✵✪✳ ❊①♣❡r✐♠❡♥t♦s ♣r❡❧✐♠✐♥❛r❡s ❞❡♠♦str❛r♦♥ q✉❡ ❡❧ ❧í♠✐t❡ ❡♥tr❡ ❧❛s ✐♥st❛♥❝✐❛s ❛❧❡❛t♦r✐❛s

❢á❝✐❧ ② ❞✐❢í❝✐❧♠❡♥t❡ r❡s♦❧✉❜❧❡s s❡ ❡♥❝✉❡♥tr❛ ❡♥tr❡ ❧♦s ✶✷ ② ✶✹ ✈ért✐❝❡s✳ ▲✉❡❣♦✱ ❣❡♥❡r❛♠♦s ✐♥st❛♥❝✐❛s ❞❡

❡st♦s t❛♠❛ñ♦s✳

❊❥❡❝✉t❛♠♦s ❡❧ ❛❧❣♦r✐t♠♦ ❇✫❈ ✭❛✮ ♣❛r❛ ❝❛❞❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ❝♦♠❜✐♥❛❞❛s ❝♦♥ ❧❛s

❞❡s✐❣✉❛❧❞❛❞❡s ❝❧✐q✉❡✱ ✭❜✮ ✉t✐❧✐③❛♥❞♦ s♦❧♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝❧✐q✉❡✱ ② ✭❝✮ ❝♦♥ t♦❞❛s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s

❝♦♥s✐❞❡r❛❞❛s ❡♥ ❡st❡ tr❛❜❛❥♦ ✭❑✰❆▲▲✮✳ P❛r❛ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✷❈ ② ❧❛s ❉❈ t❛♠❜✐é♥ ♣r♦❜❛♠♦s ❝♦♥

❧♦s tr❡s ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡ s❡♣❛r❛❝✐ó♥ ♣r♦♣✉❡st♦s✳ ❉✉r❛♥t❡ ❧❛ ❢❛s❡ ❞❡ s❡♣❛r❛❝✐ó♥ ❡♥ ❝❛❞❛ ♥♦❞♦ ❞❡❧

ár❜♦❧ ❞❡ ❡♥✉♠❡r❛❝✐ó♥✱ ❛♣❧✐❝❛♠♦s s♦❧❛♠❡♥t❡ ✉♥❛ r♦♥❞❛ ❞❡ ♣❧❛♥♦s ❞❡ ❝♦rt❡✳ ❚❛♠❜✐é♥ t❡st❡❛♠♦s ✉♥

❛❧❣♦r✐t♠♦ ❜r❛♥❝❤ ✫ ❜♦✉♥❞ ✭❇✫❇✮ ♣✉r♦ ❝♦♠❡♥③❛♥❞♦ ❝♦♥ ✭✶✳✶✮✲✭✶✳✷✮ ❝♦♠♦ ❢♦r♠✉❧❛❝✐ó♥ ✐♥✐❝✐❛❧✱ ② ❡♥ ❡❧

q✉❡ s❡ ❛❣r❡❣❛♥ ❞✐♥á♠✐❝❛♠❡♥t❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡ ❛❝✐❝❧✐❝✐❞❛❞ ✭✶✳✸✮ ✈✐♦❧❛❞❛s ❡♥ ❝❛❞❛ ♥♦❞♦✳ ❋✐♥❛❧♠❡♥t❡✱

❡❥❡❝✉t❛♠♦s ❝♣❧❡① ❝♦♥ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❝♦♠♣❧❡t❛ ✭✶✳✶✮✲✭✶✳✺✮✳

❊♥ ❧❛s ✐♥st❛♥❝✐❛s ❞❡ ❛❧t❛ ❞❡♥s✐❞❛❞ ❡❧ ♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s ♣✉❡❞❡ s❡r ♠✉② ❡❧❡✈❛❞♦✱ ② ❡st♦ ♣✉❡❞❡ tr❛❡r



✼✼

❛♣❛r❡❥❛❞♦s ♣r♦❜❧❡♠❛s ❞❡ ♠❡♠♦r✐❛ ❞❛❞♦ q✉❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ r❡str✐❝❝✐♦♥❡s ❞❡ ❛❝✐❝❧✐❝✐❞❛❞ ❡s ❡①♣♦♥❡♥❝✐❛❧✳

❊♥ ❧❛ ❚❛❜❧❛ ✻✳✶ ♣r❡s❡♥t❛♠♦s ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ✐♥st❛♥❝✐❛s r❡s✉❡❧t❛s ❛ ♦♣t✐♠❛❧✐❞❛❞✱ ❡❧ ♥ú♠❡r♦ ❞❡ ✐♥st❛♥❝✐❛s

q✉❡ ❛❧❝❛♥③❛r♦♥ ❡❧ t✐❡♠♣♦ ❧í♠✐t❡ ❞❡ ✸✵ ♠✐♥✉t♦s ② ❡❧ ♥ú♠❡r♦ ❞❡ ✐♥st❛♥❝✐❛s ♣❛r❛ ❧❛s ❝✉❛❧❡s ❡❧ ♣r♦❝❡❞✐✲

♠✐❡♥t♦ ❛❜♦rtó ♣♦r ❛❣♦t❛r ❧❛ ♠❡♠♦r✐❛ ❞✐s♣♦♥✐❜❧❡✱ ♣❛r❛ ❝❛❞❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ❧❛s ❝❧❛s❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s

✈á❧✐❞❛s✳ ❚❛♠❜✐é♥ ✐♥❢♦r♠❛♠♦s ❡❧ ❣❛♣ ❞✉❛❧ ♣r♦♠❡❞✐♦ ♣❛r❛ ❧❛s ✐♥st❛♥❝✐❛s ♥♦ r❡s✉❡❧t❛s✱ ❧❛ ❝♦t❛ ❞✉❛❧ ♣r♦✲

♠❡❞✐♦ ❡♥ t♦❞❛s ❧❛s ✐♥st❛♥❝✐❛s ② ❧❛ ❝❛♥t✐❞❛❞ ♣r♦♠❡❞✐♦ ❞❡ ♥♦❞♦s ❛❜✐❡rt♦s ❡♥ ❡❧ ár❜♦❧ ❞❡ ❡♥✉♠❡r❛❝✐ó♥✳ P♦r

❣❛♣ ❞✉❛❧ ♥♦s r❡❢❡r✐♠♦s ❛ ❧❛ r❛③ó♥ ❡♥tr❡ ❧❛ ♠❡❥♦r s♦❧✉❝✐ó♥ ❡♥t❡r❛ ❡♥❝♦♥tr❛❞❛ ② ❧❛ ❝♦t❛ ❞✉❛❧ ❛❧❝❛♥③❛❞❛✳

◆♦t❛r q✉❡ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r s✐♥ ♣r♦❜❧❡♠❛s ❡❧ ♣r♦♠❡❞✐♦ ❞❡ ❧❛ ❝♦t❛ ❞✉❛❧ ❞❛❞♦ q✉❡ t♦❞❛s ❧❛s ✐♥st❛♥❝✐❛s

s♦♥ ❣❡♥❡r❛❞❛s ♣♦r ❡❧ ♠✐s♠♦ ♣r♦❝❡❞✐♠✐❡♥t♦ ❛❧❡❛t♦r✐♦ ② t✐❡♥❡♥ t❛♠❛ñ♦s ② ❞❡♥s✐❞❛❞❡s s✐♠✐❧❛r❡s✳ ❆❞❡♠ás✱

❡♥ ❧❛ ú❧t✐♠❛ ❝♦❧✉♠♥❛ ❞❡ ❧❛ t❛❜❧❛ ✐♥❢♦r♠❛♠♦s ❧❛ ❝♦t❛ ❞✉❛❧ ♣r♦♠❡❞✐♦ ♦❜t❡♥✐❞❛ ✉t✐❧✐③❛♥❞♦ ✉♥ ❛❧❣♦r✐t♠♦

❞❡ ♣❧❛♥♦s ❞❡ ❝♦rt❡s ♣✉r♦ ✭✐✳❡✳✱ s✐♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ❜r❛♥❝❤✐♥❣✮✳ ❚♦❞♦s ❧♦s ❡①♣❡r✐♠❡♥t♦s s❡ ❧❧❡✈❛r♦♥

❛ ❝❛❜♦ ❡♥ ✉♥❛ ❝♦♠♣✉t❛❞♦r❛ ❝♦♥ ♣r♦❝❡s❛❞♦r ❆▼❉ ❆t❤❧♦♥ ❝© ✻✹ P❈ ❝♦rr✐❡♥❞♦ ❛ ✶✳✺ ●❍③✱ ② ❝♦♥ ✉♥❛

♠❡♠♦r✐❛ ❘❆▼ ❞❡ ✷ ●❇✳

▲♦s r❡s✉❧t❛❞♦s ♠✉❡str❛♥ q✉❡ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ♠❡♠♦r✐❛ s♦♥ ❝r✉❝✐❛❧❡s ♣❛r❛ ❧❛ ♣❡r❢♦r♠❛♥❝❡ ❞❡ ❝♣❧❡①✳

❆❞❡♠ás✱ ❧❛s ❝♦t❛s ❞✉❛❧❡s ♦❜t❡♥✐❞❛s ❡stá♥ ❧❡❥♦s ❞❡ ❧♦s ✈❛❧♦r❡s ó♣t✐♠♦s ❛♣♦rt❛♥❞♦✱ ♣♦r ❧♦ t❛♥t♦✱ ❝♦t❛s

✐♥❢❡r✐♦r❡s ♣♦❜r❡s✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❝♣❧❡① ♥♦ ♣✉❡❞❡ r❡s♦❧✈❡r ♥✐♥❣✉♥❛ ✐♥st❛♥❝✐❛ ❡♥ ❢♦r♠❛ ó♣t✐♠❛✳ ❊❧

❇✫❇ s✉♣❡r❛ ❡st♦s ♣r♦❜❧❡♠❛s ❞❡ ♠❡♠♦r✐❛ ❣❡♥❡r❛♥❞♦ ❞✐♥á♠✐❝❛♠❡♥t❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡ ❛❝✐❝❧✐❝✐❞❛❞✱

s✐♥ ❡♠❜❛r❣♦ ❧❛s ❝♦t❛s ❞✉❛❧❡s ♦❜t❡♥✐❞❛s ♥♦ s♦♥ út✐❧❡s ❞✉r❛♥t❡ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦✱ ② ♥✐♥❣✉♥❛ ✐♥st❛♥❝✐❛ s❡

r❡s✉❡❧✈❡ ❡♥ ❢♦r♠❛ ó♣t✐♠❛✳ ▲❛ ✐♥❝❧✉s✐ó♥ ❞✐♥á♠✐❝❛ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝❧✐q✉❡ ♠❡❥♦r❛ ❧❛s ❝♦t❛s ❞✉❛❧❡s ②

❛②✉❞❛ ❛ r❡s♦❧✈❡r ❛❧❣✉♥❛s ✐♥st❛♥❝✐❛s ❛❧ ó♣t✐♠♦✱ s✐♥ ❡♠❜❛r❣♦ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ♠❡♠♦r✐❛ r❡❛♣❛r❡❝❡♥✳

❆❧❣✉♥❛s ❞❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✐♥tr♦❞✉❝✐❞❛s ❡♥ ❡st❡ tr❛❜❛❥♦ ❛②✉❞❛♥ ❛ r❡s♦❧✈❡r ❡st♦s ♣r♦✲

❜❧❡♠❛s❀ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡ ❧❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✉t✐❧✐③❛❞❛ ❞✉r❛♥t❡ ❡❧ ♣r♦❝❡s♦✱

❡❧ ❛❧❣♦r✐t♠♦ ❇✫❈ r❡s✉❧t❛♥t❡ t♦❞❛✈í❛ ♣✉❡❞❡ t❡♥❡r ♣r♦❜❧❡♠❛s ❞❡ ♠❡♠♦r✐❛✱ ♣❡r♦ ❛ú♥ ❛sí ♣❛r❛ ❛❧❣✉♥❛s

❝♦♠❜✐♥❛❝✐♦♥❡s ♥✐♥❣✉♥❛ ✐♥st❛♥❝✐❛ ❛❜♦rt❛ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✷❈ ② ❉❈

♣❛r❡❝❡♥ s❡r ❧❛s ♠ás ❡❢❡❝t✐✈❛s ❞❛❞♦ q✉❡ ✉♥❛s ♣♦❝❛s ✐♥st❛♥❝✐❛s ♣r♦✈♦❝❛r♦♥ ♣r♦❜❧❡♠❛s ❞❡ ♠❡♠♦r✐❛ ②

♣❛r❛ ❧❛ ♠❛②♦rí❛ ❞❡ ❧♦s ❝❛s♦s ❡❧ ♥ú♠❡r♦ ❞❡ ✐♥st❛♥❝✐❛s r❡s✉❡❧t❛s ❡♥ ❢♦r♠❛ ó♣t✐♠❛ ♣❡r♠❛♥❡❝❡ s✐♠✐❧❛r✳ ❊s

✐♥t❡r❡s❛♥t❡ ♥♦t❛r q✉❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ♣r❡s❡♥t❛❞❛s ❡♥ ❡st❡ tr❛❜❛❥♦ ♥♦ ♣❛r❡❝❡♥ ♠❡❥♦r❛r ❡❧

✈❛❧♦r ❞❡ ❧❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦ ❡♥ ❧❛ r❡❧❛❥❛❝✐ó♥ ❧✐♥❡❛❧✱ ❝♦♠♦ ♠✉❡str❛ ❧❛ ú❧t✐♠❛ ❝♦❧✉♠♥❛ ❞❡ ❧❛ ❚❛❜❧❛ ✻✳✶✳

❙✐♥ ❡♠❜❛r❣♦✱ ❡st♦s ❡①♣❡r✐♠❡♥t♦s s✉❣✐❡r❡♥ q✉❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✷❈ ② ❧❛s ❉❈ ❝♦♥tr✐❜✉②❡♥ ❛ ❡✈✐t❛r

♣r♦❜❧❡♠❛s ❞❡ ♠❡♠♦r✐❛ ② ❛ ❡♥❝♦♥tr❛r s♦❧✉❝✐♦♥❡s ♣r✐♠❛❧❡s ❛❧❣♦ ♠❡❥♦r❡s ❞✉r❛♥t❡ ❡❧ ♣r♦❝❡s♦ ❞❡ ❇✫❈✳

▲❛ ❚❛❜❧❛ ✻✳✷ ♠✉❡str❛ ❧❛ ❝❛♥t✐❞❛❞ ♣r♦♠❡❞✐♦ ❞❡ ❝♦rt❡s ❞✉r❛♥t❡ ❧❛ ❡t❛♣❛ ❞❡ s❡♣❛r❛❝✐ó♥ ❞❡❧ ❛❧❣♦r✐t♠♦



✻✳✸✳ ❘❡s✉❧t❛❞♦s s♦❜r❡ ✐♥st❛♥❝✐❛s ❞❡ ♠❡❞✐❛♥❛ ❞❡♥s✐❞❛❞ ✼✽

❱ért✐❝❡s ✴ ❞❡♥s✐❞❛❞

✶✷ ✶✹

❋❛♠✐❧✐❛ ✼✵✪ ✽✵✪ ✾✵✪ ✼✵✪ ✽✵✪ ✾✵✪ Pr♦♠❡❞✐♦

❑ ✹✵✾ ✺✺✾ ✺✹✺ ✾✷✶ ✶✻✵✷ ✶✸✷✽ ✽✾✹

✷❈ ✭❜t❦✮ ✶✺✵ ✷✽✵ ✶✶✵ ✸✼✷ ✺✹✷ ✷✻✼ ✷✽✼

✷❈ ✭❝♣♠✮ ✶✹✺✽ ✷✸✹ ✹✷ ✶✵✺✻ ✽✾✻ ✶✶✸ ✻✸✸

✷❈ ✭❛❣♠✮ < 1 < 1 ✷ ✷ ✷ ✸ ✷

❉❈ ✭❜t❦✮ ✶✵✼ ✹✼ ✶ ✶✽✺ ✹✾ ✸ ✻✺

❉❈ ✭❝♣♠✮ ✽✷✵ ✹✼✽ ✹✼✹ ✽✺✾ ✽✽✻ ✹✸✷ ✻✺✽

❉❈ ✭❛❣♠✮ ✵ ✵ < 1 ✵ < 1 < 1 < 1

✸❈❱ ✸✽✸ ✶✺✻ ✽✽ ✺✽✼ ✺✵✵ ✶✸✼ ✸✵✾

✹❈❱ ✶✻✹ ✷✾✶ ✹✽ ✺✽✼ ✼✵✸ ✶✶✺ ✸✶✽

P❱ ✸✹✸ ✶✾✵ ✻✸ ✺✵✹ ✷✺✽ ✶✾✽ ✷✻✵

❘✷❈ ✸✸✸ ✺✻✹ ✹✻ ✾✹✾ ✽✵✾ ✶✸✺ ✹✼✸

✭❜t❦✮ ❂ ❜❛❝❦tr❛❝❦✐♥❣❀ ✭❝♣♠✮ ❂ ❝✐❝❧♦ ❞❡ ❝♦st♦ ♣r♦♠❡❞✐♦ ♠í♥✐♠♦❀ ✭❛❣♠✮ ❂ ár❜♦❧ ❣❡♥❡r❛❞♦r ♠á①✐♠♦✳

❚❛❜❧❛ ✻✳✷✿ ❈❛♥t✐❞❛❞ ♣r♦♠❡❞✐♦ ❞❡ ❝♦rt❡s ❡♥ ✉♥❛ ❡❥❡❝✉❝✐ó♥ ✭✐♥st❛♥❝✐❛s ❞❡ ❛❧t❛ ❞❡♥s✐❞❛❞✮✳

❇✫❈ ❞❡♥tr♦ ❞❡ ✉♥❛ ❡❥❡❝✉❝✐ó♥✳ ▲❛ s❡♣❛r❛❝✐ó♥ ❜❛s❛❞❛ ❡♥ ár❜♦❧❡s ❣❡♥❡r❛❞♦r❡s ♠í♥✐♠♦s ♥♦ ❡s ❡❢❡❝t✐✈❛✱

❞❛❞♦ q✉❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❝♦rt❡s ❤❛❧❧❛❞♦s ❡s ❝❛s✐ ♥✉❧❛✳ ❈♦♠♦ ❝♦♥❝❧✉s✐ó♥ ❣❡♥❡r❛❧✱ ❧❛ ❝❛♥t✐❞❛❞ ♣r♦♠❡❞✐♦

❞❡ ❝♦rt❡s ❤❛❧❧❛❞♦s ♣❛r❡❝❡ s❡r ❝♦♥s✐❞❡r❛❜❧❡ ② ❛❧❣✉♥❛s ❞❡ ❡st❛s ❢❛♠✐❧✐❛s ❝♦♥tr✐❜✉②❡♥ ❛ ♠❛♥t❡♥❡r ❜❛❥♦

❝♦♥tr♦❧ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ♠❡♠♦r✐❛✳

✻✳✸✳ ❘❡s✉❧t❛❞♦s s♦❜r❡ ✐♥st❛♥❝✐❛s ❞❡ ♠❡❞✐❛♥❛ ❞❡♥s✐❞❛❞

P❛r❛ ✐♥st❛♥❝✐❛s ❞❡ ❜❛❥❛ ② ♠❡❞✐❛♥❛ ❞❡♥s✐❞❛❞✱ ❧❛s ❧✐♠✐t❛❝✐♦♥❡s ❞❡ ♠❡♠♦r✐❛ ♥♦ s♦♥ ❣❡♥❡r❛❧♠❡♥t❡

✉♥ ♣r♦❜❧❡♠❛✱ ♣♦r ❧♦ t❛♥t♦ ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ ✐♥st❛♥❝✐❛s ♥✉❡str♦ ♦❜❥❡t✐✈♦ ❡s ❤❛❧❧❛r ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥

❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ② ✉♥ ❥✉❡❣♦ ❛❞❡❝✉❛❞♦ ❞❡ ♣❛rá♠❡tr♦s ❞❡❧ ❛❧❣♦r✐t♠♦ q✉❡ ♣❡r♠✐t❛♥ r❡s♦❧✈❡r ❧❛

♠❛②♦r ❝❛♥t✐❞❛❞ ❞❡ ✐♥st❛♥❝✐❛s ♣♦s✐❜❧❡ ❡♥ t✐❡♠♣♦s ❞❡ ❡❥❡❝✉❝✐ó♥ r❛③♦♥❛❜❧❡s✳ ❈♦♥ ❡st❡ ♦❜❥❡t✐✈♦✱ ❧❧❡✈❛♠♦s

❛ ❝❛❜♦ ✉♥ ♣r♦❝❡s♦ ❞❡ ❛❥✉st❡ ❞❡ ❛❧❣✉♥♦s ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡❧ ❇✫❈✱ ❡♥ ♣❛rt✐❝✉❧❛r ❡❧ s❦✐♣ ❢❛❝t♦r ✭✐✳❡✳✱ ❧❛

❝❛♥t✐❞❛❞ ❞❡ ♥♦❞♦s ❞❡❧ ❜r❛♥❝❤ ✫ ❝✉t ♦♠✐t✐❞♦s ❡♥tr❡ ❞♦s r♦♥❞❛s ❞❡ ❝♦rt❡s ❝♦♥s❡❝✉t✐✈❛s✮✱ ❡❧ ♥ú♠❡r♦ ❞❡

r♦♥❞❛s ❞❡ ❝♦rt❡ ✉t✐❧✐③❛❞❛s ❡♥ ❧❛ ❢❛s❡ ❞❡ ♣❧❛♥♦s ❞❡ ❝♦rt❡s ❞❡ ❝❛❞❛ ♥♦❞♦✱ ② ❡❧ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❝♦rt❡s

♣♦r r♦♥❞❛✳

P❛r❛ ✐♥st❛♥❝✐❛s s❡❧❡❝❝✐♦♥❛❞❛s ❛❧❡❛t♦r✐❛♠❡♥t❡✱ ❡❥❡❝✉t❛♠♦s ❡❧ ❛❧❣♦r✐t♠♦ ❇✫❈ ♣❛r❛ ❧❛s ❝♦♠❜✐♥❛❝✐♦♥❡s

❑✱ ❑✰✷❈ ② ❑✰❉❈ ❝♦♥ ✈❛❧♦r❡s ❞✐❢❡r❡♥t❡s ♣❛r❛ ❧♦s tr❡s ♣❛rá♠❡tr♦s ❛♥t❡r✐♦r♠❡♥t❡ ♠❡♥❝✐♦♥❛❞♦s✱ ❡s ❞❡❝✐r✱

s❦✐♣ ❢❛❝t♦r ∈ {1, 3, 5, 10, 20}✱ r♦♥❞❛s ❞❡ ❝♦rt❡ ∈ {1, 2, 3, 4, 5} ② ♠á①✐♠❛ ❝❛♥t✐❞❛❞ ❞❡ ❝♦rt❡s ♣♦r r♦♥❞❛

∈ {5, 10, 20, 30}✳ ▲❛ ❋✐❣✉r❛ ✻✳✸ ♠✉❡str❛ ❡❧ ♣r♦♠❡❞✐♦ ❞❡ ❧♦s t✐❡♠♣♦s ❞❡ ❡❥❡❝✉❝✐ó♥ ♦❜t❡♥✐❞♦s ② ❧❛ ❝❛♥t✐❞❛❞

♣r♦♠❡❞✐♦ ❞❡ ♥♦❞♦s ❡♥ ❡❧ ár❜♦❧ ❞❡ ❡♥✉♠❡r❛❝✐ó♥✳ ❊♥ ❛♠❜♦s ❝❛s♦s✱ ❧♦s ♠❡❥♦r❡s r❡s✉❧t❛❞♦s s❡ ♦❜t✉✈✐❡r♦♥

✉t✐❧✐③❛♥❞♦ ✉♥ s❦✐♣ ❢❛❝t♦r ❞❡ ✶✱ ❝♦♥ ✉♥❛ s♦❧❛ r♦♥❞❛ ❞❡ ❝♦rt❡s ♣♦r ♥♦❞♦ ② ✉♥ ❧í♠✐t❡ ❞❡ ✶✵ ❝♦rt❡s ♣♦r r♦♥❞❛✳



✼✾

❚❛❜❧❛ ✻✳✸✿ ❚✐❡♠♣♦s ❞❡ ❡❥❡❝✉❝✐ó♥ ❝♦♥ ❞✐❢❡r❡♥t❡s ❝♦♥❥✉♥t♦s ❞❡ ♣❛rá♠❡tr♦s

❱ért✐❝❡s

✶✻ ✶✽ ✷✵

❝♦t❛ ❞✉❛❧ ❝♦t❛ ❞✉❛❧ ❝♦t❛ ❞✉❛❧

❋❛♠✐❧✐❛ r❡s✉❡❧t♦s t✐❡♠♣♦ ♥♦❞♦s ❡♥ ❧❛ r❛í③ r❡s✉❡❧t♦s t✐❡♠♣♦ ♥♦❞♦s ❡♥ ❧❛ r❛í③ r❡s✉❡❧t♦s t✐❡♠♣♦ ♥♦❞♦s ❡♥ ❧❛ r❛í③

❑ ✺ ✶✻✷ ✶✶✼✶ ✸✳✷✵ ✺ ✸✶✹ ✶✹✽✸ ✸✳✽✵ ✺ ✺✺✷ ✷✶✶✼ ✹✳✵✵

❑✰✷❈ ✺ ✷✽✶ ✶✸✵✵ ✸✳✷✵ ✺ ✸✼✹ ✶✷✷✵ ✸✳✽✵ ✺ ✺✷✽ ✶✷✽✼ ✹✳✵✵

❑✰❉❈ ✺ ✶✺✶ ✾✸✾ ✸✳✷✵ ✺ ✷✶✶ ✾✼✼ ✸✳✽✵ ✺ ✸✾✷ ✶✷✼✼ ✹✳✵✵

❑✰✸❈❱ ✺ ✷✾✼ ✶✸✸✺ ✸✳✷✵ ✺ ✹✷✵ ✶✹✹✵ ✸✳✽✵ ✺ ✻✽✼ ✶✼✻✸ ✹✳✵✵

❑✰✹❈❱ ✺ ✷✹✸ ✶✶✼✵ ✸✳✷✵ ✺ ✹✵✾ ✶✹✼✽ ✸✳✽✵ ✺ ✺✵✷ ✶✺✵✽ ✹✳✵✵

❑✰P❱ ✺ ✷✵✼ ✶✵✵✺ ✸✳✷✵ ✺ ✸✽✼ ✶✸✽✷ ✸✳✽✵ ✺ ✹✼✺ ✶✹✶✺ ✹✳✵✵

❑✰❘✷❈ ✺ ✸✸✻ ✶✶✻✺ ✸✳✷✵ ✺ ✹✷✾ ✶✸✶✼ ✸✳✽✵ ✹ ✹✶✻ ✶✺✸✽ ✹✳✵✵

❑✰❆▲▲ ✺ ✹✻✷ ✽✼✼ ✸✳✷✵ ✺ ✺✺✹ ✾✶✹ ✸✳✽✵ ✺ ✾✹✷ ✶✷✻✻ ✹✳✵✵

❚❛❜❧❛ ✻✳✹✿ ❚✐❡♠♣♦s ❞❡ ❡❥❡❝✉❝✐ó♥ ② ♥♦❞♦s ❞❡❧ ❜r❛♥❝❤ ✫ ❜♦✉♥❞ ✭✐♥st❛♥❝✐❛s ❞❡ ❞❡♥s✐❞❛❞ ♠❡❞✐❛✮✳

❈♦♥ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣❛rá♠❡tr♦s ♦❜t❡♥✐❞♦✱ ❡❥❡❝✉t❛♠♦s ❡❧ ❛❧❣♦r✐t♠♦ ❇✫❈ s♦❜r❡ ✶✺ ✐♥st❛♥❝✐❛s ❞❡

❞❡♥s✐❞❛❞ ♠❡❞✐❛ ❣❡♥❡r❛❞❛s ❛❧❡❛t♦r✐❛♠❡♥t❡ ❞❡ ✶✻✱ ✶✽ ② ✷✵ ✈ért✐❝❡s✳ ◆✐♥❣✉♥❛ ✐♥st❛♥❝✐❛ ❝♦♥ ✷✷ ✈ért✐❝❡s

♣✉❞♦ s❡r r❡s✉❡❧t❛ ❡♥ ❢♦r♠❛ ó♣t✐♠❛ ❞❡♥tr♦ ❞❡❧ ❧í♠✐t❡ ❞❡ t✐❡♠♣♦ ❞❡ ✸✵ ♠✐♥✉t♦s✳ ❊♥ ❧❛ ❚❛❜❧❛ ✻✳✹ ❧❛ ❝❛♥t✐❞❛❞

❞❡ ✐♥st❛♥❝✐❛s r❡s✉❡❧t❛s ❡♥ ❢♦r♠❛ ó♣t✐♠❛✱ ❧♦s t✐❡♠♣♦s ❞❡ ❡❥❡❝✉❝✐ó♥ ② ❧♦s ♥♦❞♦s ❞❡❧ ár❜♦❧ ❞❡ ❡♥✉♠❡r❛❝✐ó♥

♣❛r❛ ❝❛❞❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ❥✉♥t♦ ❝♦♥ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝❧✐q✉❡✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❧❛ ú❧t✐♠❛

❝♦❧✉♠♥❛ ✐♥❢♦r♠❛ ❡❧ ♣r♦♠❡❞✐♦ ❞❡ ❧❛ ❝♦t❛ ❞✉❛❧ ♦❜t❡♥✐❞♦ ❡♥ ❧❛ r❛í③ ❝♦♥ ✉♥ ❛❧❣♦r✐t♠♦ ♣✉r♦ ❞❡ ♣❧❛♥♦s ❞❡

❝♦rt❡s✱ ❝♦♠♦ ❡♥ ❧❛ ❚❛❜❧❛ ✻✳✶✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✷❈ ② ❉❈ s♦♥ s❡♣❛r❛❞❛s ✉t✐❧✐③❛♥❞♦ ✉♥ ♠ét♦❞♦ ❞❡

❜❛❝❦tr❛❝❦✐♥❣✳ ❚❛♠❜✐é♥ ♠♦str❛♠♦s ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ✉t✐❧✐③❛♥❞♦ s♦❧♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝❧✐q✉❡ ②

✉t✐❧✐③❛♥❞♦ t♦❞❛s ❧❛s ❢❛♠✐❧✐❛s✳

◆✉❡str♦s r❡s✉❧t❛❞♦s ♠✉❡str❛♥ q✉❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❉❈ ❝♦♥tr✐❜✉②❡♥ ❛ ❧♦s t✐❡♠♣♦s ❞❡ ❡❥❡❝✉❝✐ó♥ ② ❧❛

❝❛♥t✐❞❛❞ ❞❡ ♥♦❞♦s ❞❡❧ ár❜♦❧ ❞❡❧ ❇✫❇✳ ❊❧ ❛❣r❡❣❛❞♦ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❉❈ ❛ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝❧✐q✉❡

❛②✉❞❛ ❛ r❡❞✉❝✐r ❧♦s t✐❡♠♣♦s ❞❡ ❡❥❡❝✉❝✐ó♥ ❡♥ ✉♥ ♣r♦♠❡❞✐♦ ❞❡ ✷✻✳✺✪ ② ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ♥♦❞♦s ❡♥ ✉♥ ✸✶✳✷✪✳



✻✳✸✳ ❘❡s✉❧t❛❞♦s s♦❜r❡ ✐♥st❛♥❝✐❛s ❞❡ ♠❡❞✐❛♥❛ ❞❡♥s✐❞❛❞ ✽✵

❆ ♣❡s❛r q✉❡ ♥✉❡str❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❡s ❜❛st❛♥t❡ ❞✐r❡❝t❛ ②✱ ♣♦r ❧♦ t❛♥t♦✱ ❡st♦s ❡①♣❡r✐♠❡♥t♦s s♦♥

♣r❡❧✐♠✐♥❛r❡s✱ ❧♦s r❡s✉❧t❛❞♦s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s s✉❣✐❡r❡♥ q✉❡ ❡❧ ❛❣r❡❣❛❞♦ ❞✐♥á♠✐❝♦ ❞❡ ❛❧❣✉♥❛s ❞❡ ❧❛s

❞❡s✐❣✉❛❧❞❛❞❡s ♣r❡s❡♥t❛❞❛s ❡♥ ❡st❡ tr❛❜❛❥♦ s❡rí❛♥ út✐❧❡s ❡♥ ❡❧ ♠❛r❝♦ ❞❡ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ♣❧❛♥♦s ❞❡ ❝♦rt❡✳

❊♥ ♥✉❡str❛ ♦♣✐♥✐ó♥✱ ❛❧✐❡♥t❛ ❛ ❜✉s❝❛r ♠ás ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ② ❛ ❛❥✉st❛r ❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡

s❡♣❛r❛❝✐ó♥✳ ❆❧❣✉♥❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❡❝❡♥ ♥♦ ❝♦♥tr✐❜✉✐r ❛ ♥✉❡str❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥✱ ♣♦r ❧♦

t❛♥t♦✱ s❡ ❞❡❜❡♥ ❧❧❡✈❛r ❛ ❝❛❜♦ ♠ás ❡①♣❡r✐♠❡♥t♦s ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❞❡t❡r♠✐♥❛r ❧♦s ♠❡❥♦r❡s ❡❧❡♠❡♥t♦s ❛

✐♥❝♦r♣♦r❛r ❡♥ ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ♣rá❝t✐❝♦ ❜❛s❛❞♦ ❡♥ ❧❛ té❝♥✐❝❛ ❞❡ ❇✫❈ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✳



❈❛♣ít✉❧♦ ✼

❈♦♥❝❧✉s✐♦♥❡s

❊♥ ❡st❛ t❡s✐s r❡❛❧✐③❛♠♦s ✉♥ ❡st✉❞✐♦ t❡ór✐❝♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ❞❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛

❞❡ ❧❛ ♣r♦❣r❛♠❛❝✐ó♥ ❧✐♥❡❛❧ ❡♥t❡r❛✳ Pr❡s❡♥t❛♠♦s ✉♥❛ ❢♦r♠✉❧❛❝✐ó♥ ♥❛t✉r❛❧ ❞❡❧ ♣r♦❜❧❡♠❛✱ ❜❛s❛❞❛ ❡♥ ✉♥❛

❢♦r♠✉❧❛❝✐ó♥ ❝♦♥♦❝✐❞❛ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❝❧ás✐❝♦ ❞❡ ❝♦❧♦r❡♦✱ ❡♥ tér♠✐♥♦s ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ❛s✐❣♥❛❝✐ó♥ ② ❞❡

✉s♦ ❞❡ ❝♦❧♦r❡s✳ ❉❡♠♦str❛♠♦s q✉❡✱ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❝❧ás✐❝♦✱ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦

❛❝í❝❧✐❝♦ ♥♦ ♣✉❡❞❡ s❡r ❢♦r♠✉❧❛❞♦ ❡♥ tér♠✐♥♦s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❛s✐❣♥❛❝✐ó♥ ② ❞❡ ♦r❞❡♥✳

❈♦♠❡♥③❛♠♦s ❝♦♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❡str✉❝t✉r❛ ❞❡❧ ♣♦❧✐❡❞r♦ ❛s♦❝✐❛❞♦ ❝♦♥ ❡st❛ ❢♦r♠✉❧❛❝✐ó♥✳ Pr✐♠❡r♦

❡st✉❞✐❛♠♦s ♣r♦♣✐❡❞❛❞❡s ❣❡♥❡r❛❧❡s ❞❡ ❡st❡ ♣♦❧✐❡❞r♦✳ ❉❡♠♦str❛♠♦s s✉ ❞✐♠❡♥s✐ó♥ ♣❛r❛ ❡❧ ❝❛s♦ ❡♥ q✉❡

❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❝♦❧♦r❡s ❡s ♠❛②♦r q✉❡ ❡❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❛❝í❝❧✐❝♦✱ ♠♦str❛♥❞♦ ✉♥ s✐st❡♠❛ ♠✐♥✐♠❛❧ ❞❡

❡❝✉❛❝✐♦♥❡s✳ ▲✉❡❣♦✱ ❡✈❛❧✉❛♠♦s ❝✉á❧❡s ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ❞❡✜♥❡♥ ❢❛❝❡t❛s✳ ❖tr♦ r❡s✉❧t❛❞♦

✐♥t❡r❡s❛♥t❡ ❡s ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ s✐ ♦♣t✐♠✐③❛♠♦s s♦❜r❡ ❧❛ r❡❧❛❥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡❧ ♣♦❧✐❡❞r♦ ❡❧ ó♣t✐♠♦ ❡s

s✐❡♠♣r❡ ✷✳ P♦r ❧♦ t❛♥t♦✱ ❧❛ ❝♦t❛s q✉❡ s❡ ♦❜t✐❡♥❡♥ ♣❛r❛ ❡❧ ó♣t✐♠♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥t❡r♦ s♦♥ ♠✉② ❞é❜✐❧❡s

❛❧ ♦♣t✐♠✐③❛r s♦❜r❡ ❧❛ r❡❧❛❥❛❝✐ó♥ ❧✐♥❡❛❧✳

P❛r❛ ❡st❡ ♣♦❧✐❡❞r♦ ♣r❡s❡♥t❛♠♦s ❞♦s t✐♣♦s ❞❡ ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ❡stá♥ ❞❡✜♥✐❞❛s s♦❜r❡

❝✐❝❧♦s ♣❛r❡s ✐♥❞✉❝✐❞♦s ❞❡❧ ❣r❛❢♦✳ P♦r ✉♥ ❧❛❞♦✱ ✐♥tr♦❞✉❝✐♠♦s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ✐♥✈♦❧✉❝r❛♥

✉♥❛ ❝❛♥t✐❞❛❞ ✜❥❛ ❞❡ ❝♦❧♦r❡s ②✱ ♣♦r ♦tr♦ ❧❛❞♦✱ ❢❛♠✐❧✐❛s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❝♦♥❥✉♥t♦s ❞❡ ❝♦❧♦r❡s✳ P❛r❛ ❡st❛s

❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ❝❛r❛❝t❡r✐③❛♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ② s✉✜❝✐❡♥t❡s ♣❛r❛ ❧❛s ❝✉❛❧❡s

❞❡✜♥❡♥ ❢❛❝❡t❛s✳ ❚♦❞❛s ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s s✉r❣❡♥ ❞❡ ❛r❣✉♠❡♥t♦s ❝♦♠❜✐♥❛t♦r✐♦s s♦❜r❡ ❝✐❝❧♦s ❡♥ ❡❧ ❣r❛❢♦✱

② ❞❡♠✉❡str❛♥ q✉❡ ❡❧ ♣♦❧✐t♦♣♦ ❛s♦❝✐❛❞♦ ❛ ❡st❛ ❢♦r♠✉❧❛❝✐ó♥ t✐❡♥❡ ✉♥❛ ❡str✉❝t✉r❛ ❜❛st❛♥t❡ ❝♦♠♣❧✐❝❛❞❛✳

❉❛❞♦ q✉❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❜❛s❛❞❛s ❡♥ ❝❧✐q✉❡s ❞❡♠♦str❛r♦♥ s❡r ♠✉② ❡❢❡❝t✐✈❛s ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛

❝❧ás✐❝♦ ❞❡ ❝♦❧♦r❡♦ ❞❡♥tr♦ ❞❡ ✉♥ ❝♦♥t❡①t♦ ❞❡ ♣❧❛♥♦s ❞❡ ❝♦rt❡s✱ ♣r❡s❡♥t❛♠♦s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s

✈á❧✐❞❛s✱ q✉❡ ✐♥❞✉❝❡♥ ❢❛❝❡t❛s✱ ❜❛s❛❞❛s ❡♥ ❝♦♠❜✐♥❛❝✐♦♥❡s ❞❡ ❝✐❝❧♦s ♣❛r❡s ② ❝❧✐q✉❡s✳ ❱❛r✐❛s ❞❡ ❡st❛s ❢❛♠✐❧✐❛s

s❡ ♦❜t✉✈✐❡r♦♥ ❣❡♥❡r❛❧✐③❛♥❞♦ ❧❛s ❞❡✜♥✐❞❛s s♦❜r❡ ❝✐❝❧♦s ♣❛r❡s ✐♥❞✉❝✐❞♦s✳ ❊st❛s ❢❛♠✐❧✐❛s ❣❡♥❡r❛❧✐③❛❞❛s ❡stá♥

✽✶



✼✳✶✳ ❚r❛❜❛❥♦s ❢✉t✉r♦s ✽✷

❞❡✜♥✐❞❛s s♦❜r❡ ✉♥❛ ❡str✉❝t✉r❛ ❧❧❛♠❛❞❛ K✲❝✐❝❧♦✱ ❞❡✜♥✐❞♦ ✐♥❢♦r♠❛❧♠❡♥t❡ ❝♦♠♦ ✉♥ ✏❝✐❝❧♦ ❞❡ ❝❧✐q✉❡s✑✳

❈♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ t❡♥❡r ✉♥❛ ♠❡❞✐❞❛ t❡ór✐❝❛ ❞❡ ❧❛ ❝❛❧✐❞❛❞ ❞❡ ❛❧❣✉♥❛s ❞❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❧❛s ❞❡s✐❣✉❛❧✲

❞❛❞❡s ✈á❧✐❞❛s✱ ❡st✉❞✐❛♠♦s s✉ r❛♥❣♦ ❞✐s②✉♥t✐✈♦✱ q✉❡ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❡❧ ♦♣❡r❛❞♦r ❇❈❈ ✐♥tr♦❞✉❝✐❞♦

♣♦r ❇❛❧❛s✱ ❈❡r✐❛✱ ❛♥❞ ❈♦r♥✉é❥♦❧s✳ ❆♣❧✐❝❛♥❞♦ ✐t❡r❛t✐✈❛♠❡♥t❡ ❡st❡ ♦♣❡r❛❞♦r✱ ♣❛rt✐❡♥❞♦ ❞❡ ❧❛ r❡❧❛❥❛❝✐ó♥

❧✐♥❡❛❧✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ♣♦❧✐❡❞r♦s✱ ❝❛❞❛ ✉♥♦ ✐♥❝❧✉✐❞♦ ❡♥ ❡❧ ❛♥t❡r✐♦r✱ ❤❛st❛ ❧❧❡❣❛r✱ ❧✉❡❣♦ ❞❡ ✉♥

♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣❛s♦s✱ ❛ ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛✳ ❉❛❞❛ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛ ♣❛r❛ ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛✱ s✉

r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡t❡r♠✐♥❛ ❡❧ ♠í♥✐♠♦ ♥ú♠❡r♦ ❞❡ ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❡st❡ ♦♣❡r❛❞♦r ♥❡❝❡s❛r✐♦s ♣❛r❛ ♦❜t❡♥❡r

✉♥ ♣♦❧✐❡❞r♦ q✉❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛✳ ❆❞❡♠ás✱ ✐♥tr♦❞✉❝✐♠♦s ✉♥ ❝♦♥❝❡♣t♦ ❞✉❛❧✱ ❡❧ ❛♥t✐✲r❛♥❣♦

❞✐s②✉♥t✐✈♦ ❞❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛✱ q✉❡ ♥♦s ❞✐❝❡✱ ❡♥ ❡st❡ ❝❛s♦✱ ❡❧ ♥ú♠❡r♦ ♥❡❝❡s❛r✐♦ ❞❡ ✐t❡r❛❝✐♦♥❡s

❇❈❈ ♣❛r❛ s✐❡♠♣r❡ ♦❜t❡♥❡r ✉♥ ♣♦❧✐t♦♣♦ q✉❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✳

❊s ✐♥t❡r❡s❛♥t❡ ♥♦t❛r q✉❡ ❡❧ r❛♥❣♦ ❞✐s②✉♥t✐✈♦ ❞❡ ❛❧❣✉♥❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ♥♦ ♣❛r❡❝✐❡r❛ t❡♥❡r

✉♥ ❝♦rr❡❧❛t♦ ❝♦♥ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ♣rá❝t✐❝❛ ❞❡ ❧❛s ♠✐s♠❛s ❛ ✉♥❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦

❜r❛♥❝❤✲❛♥❞✲❝✉t ♣❛r❛ ❡❧ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✳ ❊♥ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ✐♠♣❧❡♠❡♥t❛❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r

✭✸✳✶✮ ② ❧❛s ❞✐st✐♥❣✉✐s❤❡❞ ❝♦❧♦rs ✭✹✳✶✮ ♣❡r♠✐t✐❡r♦♥ ❛❧❝❛♥③❛r ❡❧ ♠❡❥♦r ❞❡s❡♠♣❡ñ♦✳ ❊st❛ ♦❜s❡r✈❛❝✐ó♥ ♥♦

♣❛r❡❝✐❡r❛ ❝♦rr❡❧❛❝✐♦♥❛rs❡ ❝♦♥ ❧♦s r❛♥❣♦s ❞✐s②✉♥t✐✈♦s ♣r❡s❡♥t❛❞♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✺✳

Pr❡s❡♥t❛♠♦s✱ ❞❡ ♠❛♥❡r❛ ♣r❡❧✐♠✐♥❛r✱ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❛❧❣✉♥♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s s♦❜r❡

✉♥ ❛❧❣♦r✐t♠♦ ❜r❛♥❝❤ ✫ ❝✉t ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❡①♣❧♦r❛r ❧❛ ❡❢❡❝t✐✈✐❞❛❞ ♣rá❝t✐❝❛ ❞❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❛❧❣✉♥❛s

❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥❝♦♥tr❛❞❛s✳ ❚❡st❡❛♠♦s ❡❧ ❛❧❣♦r✐t♠♦ s♦❜r❡ ✐♥st❛♥❝✐❛s ❣❡♥❡r❛❞❛s ❛❧❡❛t♦r✐❛♠❡♥t❡ ②

❝♦♥ ❞✐❢❡r❡♥t❡s ❞❡♥s✐❞❛❞❡s✳ ❊♥ ❧❛s ✐♥st❛♥❝✐❛s ❞❡ ❛❧t❛ ❞❡♥s✐❞❛❞ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ♠❡♠♦r✐❛ s♦♥ ❝r✉❝✐❛❧❡s✳

❆❧❣✉♥❛s ❞❡ ❧❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❛②✉❞❛r♦♥ ❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ♠❡♠♦r✐❛ ♣❡r♦ ♥♦ ♠❡❥♦r❛♥ ❡❧

✈❛❧♦r ❞❡ ❧❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦ ❡♥ ❧❛ r❡❧❛❥❛❝✐ó♥ ❧✐♥❡❛❧✳ ❙ó❧♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s t✇♦✲❝♦❧♦r ② ❧❛s ❞✐st✐♥❣✉✐s❤❡❞

❝♦❧♦rs ❝♦♥tr✐❜✉②❡r♦♥ ❛ ❡♥❝♦♥tr❛r ❝♦t❛s ♣r✐♠❛❧❡s ♠❡❥♦r❡s✳ P❛r❛ ❧❛s ✐♥st❛♥❝✐❛s ❞❡ ♠❡❞✐❛♥❛ ② ❜❛❥❛ ❞❡♥s✐❞❛❞

❡❧ ♦❜❥❡t✐✈♦ ❢✉❡ ❤❛❧❧❛r ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣❛rá♠❡tr♦s ❛❞❡❝✉❛❞♦s ② ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s

q✉❡ ♣❡r♠✐t✐❡r❛♥ r❡s♦❧✈❡r ❡❧ ♠❛②♦r ♥ú♠❡r♦ ❞❡ ✐♥st❛♥❝✐❛s ❡♥ ❡❧ ♠❡♥♦r t✐❡♠♣♦ ♣♦s✐❜❧❡✳ ▲❛s ❞❡s✐❣✉❛❧❞❛❞❡s

❞✐st✐♥❣✉✐s❤❡❞ ❝♦❧♦rs ❝♦♥tr✐❜✉②❡r♦♥ ❛ ♠❡❥♦r❛r ❧♦s t✐❡♠♣♦s ❞❡ ❡❥❡❝✉❝✐ó♥ ② ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ♥♦❞♦s ❡♥ ❡❧

ár❜♦❧ ❞❡ ❡♥✉♠❡r❛❝✐ó♥✳

✼✳✶✳ ❚r❛❜❛❥♦s ❢✉t✉r♦s

❊st❛ t❡s✐s ❞❡❥❛ ❛❜✐❡rt❛s ♠✉❝❤❛s ❧í♥❡❛s ❞❡ ❞❡s❛rr♦❧❧♦ ❢✉t✉r♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❡❧ ❡st✉❞✐♦ ♣♦❧✐❡❞r❛❧ ❞❡❧

♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✳ ▼❡♥❝✐♦♥❛♠♦s ❡♥ ❡st❛ s❡❝❝✐ó♥ ❛❧❣✉♥❛s ❞❡ ❡❧❧❛s✳

❙❡rí❛ ✐♥t❡r❡s❛♥t❡ ❡♥❝♦♥tr❛r ♥✉❡✈❛s ❢❛♠✐❧✐❛s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s✱ ❡s♣❡❝✐❛❧♠❡♥t❡ s♦❜r❡ ❡str✉❝t✉✲

r❛s ♥♦ ❝♦♥t❡♠♣❧❛❞❛s ❡♥ ❡st❛ t❡s✐s✳ ▲❛ ❡str❛t❡❣✐❛ ♠ás ♥❛t✉r❛❧ ♣❛r❛ ❜✉s❝❛r ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ♣r♦♣✐❛s



✽✸

❞❡ ❡st❛ ❢♦r♠✉❧❛❝✐ó♥ ❡s ❛♥❛❧✐③❛r ❞❡s✐❣✉❛❧❞❛❞❡s ❝✉②♦ s♦♣♦rt❡ s❡❛ ✉♥ ❝✐❝❧♦ ♣❛r✱ ② ❡st❛ t❛r❡❛ s❡ r❡❛❧✐③ó

♣❛r❝✐❛❧♠❡♥t❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❡st❛ t❡s✐s✳ ❙❡ ❝♦♠❜✐♥❛r♦♥ ❛❧❣✉♥❛s ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❤❛❧❧❛❞❛s ❝♦♥ ❝❧✐q✉❡s

❛❞②❛❝❡♥t❡s ♣❡r♦ s❡rí❛ ✐♥t❡r❡s❛♥t❡ ❝♦♥s✐❞❡r❛r ♦tr❛s ❡str✉❝t✉r❛s✱ ♣❛r❛ ❛♥❛❧✐③❛r ❡❧ t✐♣♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s

q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❡st♦s ❝❛s♦s✳

❊s ✐♠♣♦rt❛♥t❡ ❡st✉❞✐❛r ❧❛ ❝♦♠♣❧❡❥✐❞❛❞ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ s❡♣❛r❛❝✐ó♥ ❛s♦❝✐❛❞♦s

❝♦♥ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ♣r❡s❡♥t❛❞❛s ❡♥ ❡st❡ tr❛❜❛❥♦✱ t❛r❡❛ q✉❡ ♥♦ ❢✉❡ ❛❝♦♠❡t✐❞❛ ❡♥ ❡st❛ t❡s✐s✳

❊s ♣♦s✐❜❧❡ q✉❡ ♠✉❝❤♦s ❞❡ ❡st♦s ♣r♦❜❧❡♠❛s s❡❛♥ ◆P✲❝♦♠♣❧❡t♦s ②✱ ❡♥ ❡st♦s ❝❛s♦s✱ s❡ ❞❡❜❡rá ❝♦♥t❡♠✲

♣❧❛r ❡❧ ❞✐s❡ñ♦ ❞❡ ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡ s❡♣❛r❛❝✐ó♥ ❤❡✉ríst✐❝♦s✳ ❙❡rí❛ út✐❧ ❝♦♥t✐♥✉❛r ❡❧ ❡st✉❞✐♦ ♣r❡❧✐♠✐♥❛r

❝♦♠♣✉t❛❝✐♦♥❛❧ r❡❛❧✐③❛❞♦ ❡♥ ❡st❛ t❡s✐s✱ ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ r❡✜♥❛r ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ♣rá❝t✐❝♦ ❡♥ ❝✉❛♥t♦ ❛

❧❛s ♠❡❥♦r❡s ❡str❛t❡❣✐❛s ♣❛r❛ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ✉♥ ❛❧❣♦r✐t♠♦ ❜❛s❛❞♦ ❡♥ té❝♥✐❝❛s ❞❡ ♣r♦❣r❛♠❛❝✐ó♥

❡♥t❡r❛ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✳

❯♥❛ ♣r♦♣✐❡❞❛❞ ✐♥t❡r❡s❛♥t❡ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡❧ ❡st✉❞✐♦ ♣♦❧✐❡❞r❛❧ ❞❡ ✉♥ ♣r♦❜❧❡♠❛ ❡s ❝❛r❛❝t❡r✐③❛r ❡♥

❢♦r♠❛ ❝♦♠♣❧❡t❛ ❡❧ ♣♦❧✐❡❞r♦ ♣❛r❛ ❝❛s♦s ❡♥ ❧♦s q✉❡ ❡❧ ♣r♦❜❧❡♠❛ s❡❛ r❡s♦❧✉❜❧❡ ❡♥ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ ✭♦ ❜✐❡♥

♠♦str❛r ❧❛ ♣♦❧✐♥♦♠✐❛❧✐❞❛❞ ❞❡ ❡s❡ ❝❛s♦ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ q✉❡ ♣❡r♠✐t❛ s❡♣❛r❛r ❧❛s ❢❛❝❡t❛s

❡♥ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✮✳ P❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✱ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❣r❛❢♦s ♠ás s❡♥❝✐❧❧❛ s♦❜r❡ ❧❛

❝✉❛❧ s❡ ♣♦❞rí❛ r❡❛❧✐③❛r ❡st❡ ❡st✉❞✐♦ s♦♥ ❧♦s ❝✐❝❧♦s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡❧ ♣♦❧✐❡❞r♦ ❛s♦❝✐❛❞♦ ❛ ❧❛ ❢♦r♠✉❧❛❝✐ó♥

❡q✉✐✈❛❧❡♥t❡ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❝❧ás✐❝♦ ♥♦ s❡ ❡♥❝✉❡♥tr❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❝❛r❛❝t❡r✐③❛❞♦ ♣❛r❛ ❝✐❝❧♦s✱

❝♦♥ ❧♦ ❝✉❛❧ ❡st✐♠❛♠♦s q✉❡ ❡st❛ t❛r❡❛ ♣✉❡❞❡ s❡r ♠✉② ❞✐❢í❝✐❧ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦✳

◆♦ s❡ ❧♦❣ró ❝❛r❛❝t❡r✐③❛r ❡❧ r❛♥❣♦ ② ❛♥t✐✲r❛♥❣♦ ❞✐s②✉♥t✐✈♦s ❞❡ t♦❞❛s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♣r❡s❡♥t❛❞❛s ❡♥

❡st❛ t❡s✐s✳ ❙❡rí❛ ✐♥t❡r❡s❛♥t❡ ❝♦♥t✐♥✉❛r ❝♦♥ ❡st❡ ❛♥á❧✐s✐s✱ ♣❛r❛ ❝♦♠♣❧❡t❛r ❧❛s ❝❛r❛❝t❡r✐③❛❝✐♦♥❡s ♣❛r❝✐❛❧❡s

❛q✉í ♦❜t❡♥✐❞❛s✳ ❆❞❡♠ás✱ ❡♥ ❡st❡ tr❛❜❛❥♦ ♥♦s ❧✐♠✐t❛♠♦s ❛ ❡①♣❧♦r❛r ❡❧ r❛♥❣♦ ❛s♦❝✐❛❞♦ ❝♦♥ ❡❧ ♦♣❡r❛❞♦r

❇❈❈✱ ❞❛❞♦ q✉❡ ❡st❡ ♦♣❡r❛❞♦r ♣r❡s❡♥t❛ ♣r♦♣✐❡❞❛❞❡s út✐❧❡s ♣❛r❛ s✉ ❡st✉❞✐♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ s❡ ♣♦❞rí❛♥

❝♦♥s✐❞❡r❛r ❧♦s r❛♥❣♦s ❛s♦❝✐❛❞♦s ❝♦♥ ♦tr♦s ♦♣❡r❛❞♦r❡s ❧✐❢t✲❛♥❞✲♣r♦❥❡❝t ♣❛r❛ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♣r❡s❡♥t❛❞❛s

❡♥ ❡st❛ t❡s✐s✱ ❡♥ ♣❛rt✐❝✉❧❛r ♣❛r❛ ❝♦♠♣❛r❛r s✐ ❧♦s r❛♥❣♦s ❞❡ ❞✐st✐♥t♦s ♦♣❡r❛❞♦r❡s s♦♥ s✐♠✐❧❛r❡s ♣❛r❛ ❡st❛s

❞❡s✐❣✉❛❧❞❛❞❡s✳ ❋✐♥❛❧♠❡♥t❡✱ ❡st✉❞✐❛r ❡❧ r❛♥❣♦ ❞❡ ❈❤✈át❛❧ ❞❡ ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♣✉❡❞❡ s❡r ✐♥t❡r❡s❛♥t❡✱

❛✉♥q✉❡ ❡s ♣♦s✐❜❧❡ q✉❡ s❡ tr❛t❡ ❞❡ ✉♥❛ t❛r❡❛ q✉❡ ♣r❡s❡♥t❡ ❝✐❡rt❛ ❞✐✜❝✉❧t❛❞✳





❆♣é♥❞✐❝❡ ❆

❈♦♥❝❡♣t♦s ❜ás✐❝♦s

❆✳✶✳ ❚❡♦rí❛ ❞❡ ❣r❛❢♦s

❯♥ ❣r❛❢♦ G = (V,E) ❝♦♥s✐st❡ ❡♥ ✉♥ ❝♦♥❥✉♥t♦ V ❞❡ ✈ért✐❝❡s✱ ✜♥✐t♦ ② ♥♦ ✈❛❝í♦✱ ② ✉♥ ❝♦♥❥✉♥t♦ E ✜♥✐t♦

❞❡ ♣❛r❡s ♥♦ ♦r❞❡♥❛❞♦s ❞❡ ✈ért✐❝❡s ❞✐st✐♥t♦s ❞❡ V ✱ ❧❧❛♠❛❞♦s ❛r✐st❛s✳ ❙✐ e = {i, j} ∈ E ❡s ✉♥❛ ❛r✐st❛✱

❞❡❝✐♠♦s q✉❡ e ✉♥❡ ❧♦s ✈ért✐❝❡s i ② j✱ ② ❧♦ ❡s❝r✐❜✐♠♦s ❡♥ ❢♦r♠❛ r❡s✉♠✐❞❛ e = ij✳ ❉♦s ✈ért✐❝❡s q✉❡ ❡stá♥

✉♥✐❞♦s ♣♦r ✉♥❛ ❛r✐st❛ s❡ ❧❧❛♠❛♥ ❛❞②❛❝❡♥t❡s ♦ ✈❡❝✐♥♦s✳ ▲❛ ✈❡❝✐♥❞❛❞ ❞❡ ✉♥ ✈ért✐❝❡ i ∈ V ❡s ❡❧ ❝♦♥❥✉♥t♦

NG(i) = {j ∈ V : ij ∈ E}✳ ❙✐ ♥♦ ❤❛② r✐❡s❣♦ ❞❡ ❝♦♥❢✉s✐ó♥✱ s✐♠♣❧❡♠❡♥t❡ ❧❧❛♠❛♠♦s N(i) ❛ ❡st❡ ❝♦♥❥✉♥t♦✳

❙✐ A ⊆ V ✱ ❞❡✜♥✐♠♦s ❛ ❧❛ ✈❡❝✐♥❞❛❞ ❞❡ A ❝♦♠♦ N(A) = {j ∈ V : ij ∈ E ♣❛r❛ ❛❧❣ú♥ i ∈ A}✳ ❚❛♠❜✐é♥

❞❡✜♥✐♠♦s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❛r✐st❛s E(A) = {ij ∈ E : i ∈ A ② j ∈ A}✳ ❯♥ ❣r❛❢♦ G′ = (V ′, E′) ❡s ✉♥

s✉❜❣r❛❢♦ ❞❡ G = (V,E) s✐ V ′ ⊆ V ② E′ ⊆ E✳ ❊❧ s✉❜❣r❛❢♦ ❞❡ G ✐♥❞✉❝✐❞♦ ♣♦r ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s

A ⊆ V ❡s GA(A,E
′)✱ ❝♦♥ E′ = E(A)✳ ❊st❡ ❣r❛❢♦ s❡ ❞❡♥♦♠✐♥❛ ✉♥ s✉❜❣r❛❢♦ ✐♥❞✉❝✐❞♦ ❞❡ G✳

❯♥❛ s❡❝✉❡♥❝✐❛ ❞❡ ✈ért✐❝❡s ❞✐st✐♥t♦s v1, . . . , vk ❡s ✉♥ ❝❛♠✐♥♦ ❡♥ G s✐ vivi+1 ∈ E ♣❛r❛ i = 1, . . . , k−1✳

❊❧ ♥ú♠❡r♦ k ❡s ❧❛ ❧♦♥❣✐t✉❞ ❞❡❧ ❝❛♠✐♥♦✳ ❯♥❛ s❡❝✉❡♥❝✐❛ ❞❡ ✈ért✐❝❡s ❞✐st✐♥t♦s v1, . . . , vk ❡s ✉♥ ❝✐❝❧♦ ❡♥

G s✐ vivi+1 ∈ E ♣❛r❛ i = 1, . . . , k − 1 ② v1vk ∈ E✳ ❊❧ ♥ú♠❡r♦ k ❡s ❧❛ ❧♦♥❣✐t✉❞ ❞❡❧ ❝✐❝❧♦✳ ❯♥ ❝✐❝❧♦ ❞❡

❧♦♥❣✐t✉❞ ✸ s❡ ❧❧❛♠❛ tr✐á♥❣✉❧♦✳ ❯♥ ❝✐❝❧♦ ❡s ✐♠♣❛r r❡s♣✳ ♣❛r s✐ s✉ ❧♦♥❣✐t✉❞ ❡s ✐♠♣❛r r❡s♣✳ ♣❛r✳ ❚♦❞❛ ❛r✐st❛

vivj ❡♥ ❡❧ s✉❜❣r❛❢♦ ❞❡ G ✐♥❞✉❝✐❞♦ ♣♦r ❧♦s ✈ért✐❝❡s v1, . . . , vk ❝♦♥ j 6= i+ 1 ❡s ✉♥❛ ❝✉❡r❞❛ ❞❡❧ ❝✐❝❧♦✳ ❯♥

❝✐❝❧♦ s✐♥ ❝✉❡r❞❛s s❡ ❧❧❛♠❛ ❝✐❝❧♦ ✐♥❞✉❝✐❞♦ ♦ ❤♦❧❡✱ s✐ s✉ ❧♦♥❣✐t✉❞ ❡s ❛❧ ♠❡♥♦s ✹✳ P❛r❛ n ≥ 1✱ ❞❡♥♦t❛♠♦s

Cn = (V,E) ❛❧ ❣r❛❢♦ ❞❡ n ✈ért✐❝❡s t❛❧ q✉❡ V = {v1, . . . , vn} ② E = {vi, vi+1 : i = 1, . . . , n−1}∪{v1vn}✳

❈✉❛♥❞♦ ❡❧ ✈❛❧♦r ❞❡ n ❡stá ✜❥♦ ♣♦r ❡❧ ❝♦♥t❡①t♦✱ ❞❡♥♦t❛♠♦s ❞✐r❡❝t❛♠❡♥t❡ C ❛ ❡st❡ ❝✐❝❧♦✳

❯♥ ❣r❛❢♦ s❡ ❞✐❝❡ ❝♦♠♣❧❡t♦ s✐ t♦❞♦ ♣❛r ❞❡ ✈ért✐❝❡s ❡stá ✉♥✐❞♦ ♣♦r ✉♥❛ ❛r✐st❛✳ ❯♥❛ ❝❧✐q✉❡ ❡♥ ✉♥ ❣r❛❢♦

G ❡s ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s q✉❡ ✐♥❞✉❝❡♥ ✉♥ s✉❜❣r❛❢♦ ❝♦♠♣❧❡t♦ ❞❡ G ✭♥♦t❛r q✉❡ ♥♦ ♣❡❞✐♠♦s q✉❡ ❡st❡

❝♦♥❥✉♥t♦ s❡❛ ♠❛①✐♠❛❧✮✳ ❯♥ ❝♦♥❥✉♥t♦ ❡st❛❜❧❡ ❡s ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s q✉❡ ♥♦ s♦♥ ❛❞②❛❝❡♥t❡s ❞♦s ❛

✽✺



❆✳✷✳ ❚❡♦rí❛ ♣♦❧✐❡❞r❛❧ ✽✻

❞♦s✳ ❯♥ ❝♦❧♦r❡♦ ❞❡ G ❡s ✉♥❛ ♣❛rt✐❝✐ó♥ ❞❡ V ❡♥ ❝♦♥❥✉♥t♦s ❡st❛❜❧❡s ❞✐s❥✉♥t♦s✳ ▲❧❛♠❛♠♦s k✲❝♦❧♦r❡♦ ❛ ✉♥

❝♦❧♦r❡♦ q✉❡ ✉t✐❧✐③❛ k ❝♦♥❥✉♥t♦s ❡st❛❜❧❡s✱ ② ❞❡♥♦t❛♠♦s χ(G) ❛❧ ♠í♥✐♠♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❥✉♥t♦s ❡st❛❜❧❡s

♥❡❝❡s❛r✐♦s ♣❛r❛ ❡s❛ ♣❛rt✐❝✐ó♥ ❞❡ V ✳ ❊st❡ ♣❛rá♠❡tr♦ s❡ ❞❡♥♦♠✐♥❛ ❡❧ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❞❡ G✳

❆✳✷✳ ❚❡♦rí❛ ♣♦❧✐❡❞r❛❧

❯♥ ❝♦♥❥✉♥t♦ ❞❡ ✈❡❝t♦r❡s K ❡s ❝♦♥✈❡①♦ s✐ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ♣✉♥t♦s x, y ∈ K t❛♠❜✐é♥ ❝♦♥t✐❡♥❡ ❡❧

s❡❣♠❡♥t♦ [x, y] = {λx+ (1− λ)y : 0 ≤ λ ≤ 1} q✉❡ ❧♦s ✉♥❡✳ P❛r❛ ❝✉❛❧q✉✐❡r ❝♦♥❥✉♥t♦ ❞❡ ✈❡❝t♦r❡s K✱ ❧❛

❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❞❡ K✱ ❞❡♥♦t❛❞❛ ♣♦r conv(K)✱ ❡s ❡❧ ♠❡♥♦r ✭❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ❧❛ ✐♥❝❧✉s✐ó♥ ❞❡ ❝♦♥❥✉♥t♦s✮

❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ q✉❡ ❝♦♥t✐❡♥❡ ❛ K✱ ✐✳❡✳✱ conv(K) = ∩{K ′ ⊆ R
n : K ⊆ K ′ ② K ′ ❡s ❝♦♥✈❡①♦}✳ ❙✐

K = {x1, . . . , xk} ❡s ✜♥✐t♦✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r conv(K) ❝♦♠♦ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❧❛s ❝♦♠❜✐♥❛❝✐♦♥❡s

❝♦♥✈❡①❛s ❞❡ s✉s ❡❧❡♠❡♥t♦s✿

conv(K) =
{ k∑

i=1

λixi : λ ≥ 0 ②
k∑

i=1

= 1
}

.

❯♥ ❝♦♥♦ C ⊆ R
n ❡s ✉♥ ❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦ ❞❡ ✈❡❝t♦r❡s t❛❧ q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r ❝♦♥❥✉♥t♦ ✜♥✐t♦

❞❡ ✈❡❝t♦r❡s ❞❡ C✱ ❡❧ ❝♦♥❥✉♥t♦ C t❛♠❜✐é♥ ❝♦♥t✐❡♥❡ t♦❞❛s s✉s ❝♦♠❜✐♥❛❝✐♦♥❡s ❧✐♥❡❛❧❡s ❝♦♥ ❝♦❡✜❝✐❡♥t❡s

♥♦ ♥❡❣❛t✐✈♦s✳ P❛r❛ ✉♥ s✉❜❝♦♥❥✉♥t♦ ❛r❜✐tr❛r✐♦ K ⊆ R
n✱ ❞❡✜♥✐♠♦s s✉ ❝á♣s✉❧❛ ❝ó♥✐❝❛ cone(K) ❛ ❧❛

✐♥t❡rs❡❝❝✐ó♥ ❞❡ t♦❞♦s ❧♦s ❝♦♥♦s ❡♥ R
n q✉❡ ❝♦♥t✐❡♥❡♥ ❛ K✳ ❙✐ K = {x1, . . . , xk} ❡s ✜♥✐t♦✱ ♣♦❞❡♠♦s

❡s❝r✐❜✐r✿

cone(K) =
{ k∑

i=1

λixi : λ ≥ 0
}

.

▲❛ s✉♠❛ ❞❡ ▼✐♥❦♦✇s❦✐ ❞❡ ❞♦s ❝♦♥❥✉♥t♦s P,Q ⊆ R
n s❡ ❞❡✜♥❡ ❝♦♠♦ P +Q = {x+ y : x ∈ P, y ∈ Q}✳

❯♥ ♣♦❧✐❡❞r♦ P ⊆ R
n ❡s ❧❛ ✐♥t❡rs❡❝❝✐ó♥ ❞❡ ✉♥ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ s❡♠✐❡s♣❛❝✐♦s✱ ✐✳❡✳✱ P = {x ∈ R

n : Ax ≤ b}

♣❛r❛ ✉♥❛ ♠❛tr✐③ A ∈ R
m×n ② ✉♥ ✈❡❝t♦r b ∈ R

m✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❧♦s ♣♦❧✐❡❞r♦s s❡ ♣✉❡❞❡♥ ❞❡s❝r✐❜✐r

♣♦r ❧❛ s✉♠❛ ❞❡ ▼✐♥❦♦✇s❦✐ ❞❡ ✉♥❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛ ② ✉♥❛ ❝á♣s✉❧❛ ❝ó♥✐❝❛ ❣❡♥❡r❛❞❛s ✜♥✐t❛♠❡♥t❡✱ ✐✳❡✳✱

P = conv(K)+ conv(W ) ♣❛r❛ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ✈❡❝t♦r❡s ✜♥✐t♦s K,W ∈ R
n✳ ❯♥ ♣♦❧✐t♦♣♦ ❡s ✉♥ ♣♦❧✐❡❞r♦

❛❝♦t❛❞♦✳ ❯♥ ♣♦❧✐t♦♣♦ P ♣✉❡❞❡ só❧♦ ❞❡s❝r✐❜✐rs❡ ♣♦r ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ✈❡❝t♦r❡s✱

✐✳❡✳✱ P = conv(K) ♣❛r❛ ❛✉♥ ❝♦♥❥✉♥t♦ ✜♥✐t♦ K ∈ R
n✳

▲♦s ✈❡❝t♦r❡s x1, . . . , xk ∈ R
n s♦♥ ❛❢í♥♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s s✐

∑k
i=1 αixi = 0 ②

∑k
i=1 αi = 0 ✐♠♣❧✐❝❛

q✉❡ αi = 0 ♣❛r❛ i = 1, . . . , k✳ ❙✐ P ⊆ R
n ❡s ✉♥ ♣♦❧✐❡❞r♦ ② {x1, . . . , xk} ⊆ R

n ❡s ✉♥ s✉❜❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧

❞❡ ✈❡❝t♦r❡s ❛❢í♥♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ P ✱ ❡♥t♦♥❝❡s ❞❡❝✐♠♦s q✉❡ P t✐❡♥❡ ❞✐♠❡♥s✐ó♥ k✱ ② ❧♦ ❞❡♥♦t❛♠♦s

dim(P ) = k✳ ❙✐ dim(P ) = n✱ ❞❡❝✐♠♦s q✉❡ P t✐❡♥❡ ❞✐♠❡♥s✐ó♥ ❝♦♠♣❧❡t❛✳ ❊❧ ♣♦❧✐t♦♣♦ P t✐❡♥❡ ❞✐♠❡♥s✐ó♥

k s✐ ② s♦❧♦ s✐ ✉♥ s✐st❡♠❛ ♠❛①✐♠❛❧ ❞❡ ❡❝✉❛❝✐♦♥❡s ❧✐♥❡❛❧❡s ♣❛r❛ P t✐❡♥❡ ❡①❛❝t❛♠❡♥t❡ n − k ❡❝✉❛❝✐♦♥❡s

❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s✳



✽✼

❯♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❧✐♥❡❛❧ cx ≤ c0 ❡s ✈á❧✐❞❛ ♣❛r❛ ✉♥ ♣♦❧✐❡❞r♦ P s✐ ❧❛ s❛t✐s❢❛❝❡♥ t♦❞♦s ❧♦s ✈❡❝t♦r❡s

x ∈ P ✳ ❯♥❛ ❝❛r❛ ❞❡ P ❡s ❝✉❛❧q✉✐❡r ❝♦♥❥✉♥t♦ ❞❡ ❧❛ ❢♦r♠❛ F = P ∩{x ∈ R
n : cx = c0}✱ ❞♦♥❞❡ cx ≤ c0 ❡s

✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ✈á❧✐❞❛ ♣❛r❛ P ✳ ❯♥❛ ❝❛r❛ F s❡ ❧❧❛♠❛ ♣r♦♣✐❛ s✐ F 6= ∅ ② F 6= P ✳ ▲❛s ❝❛r❛s ❞❡ ❞✐♠❡♥s✐ó♥

✵✱ ✶ ② dim(P ) − 1 s❡ ❧❧❛♠❛♠ ♣✉♥t♦s ❡①tr❡♠♦s✱ ❛r✐st❛s ② ❢❛❝❡t❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❧♦s

✈ért✐❝❡s s♦♥ ❧❛s ❝❛r❛s ♠✐♥✐♠❛❧❡s ♥♦ ✈❛❝í❛s ② ❧❛s ❢❛❝❡t❛s s♦♥ ❧❛s ❝❛r❛s ♣r♦♣✐❛s ♠❛①✐♠❛❧❡s✳ ❊❧ ❝♦♥❥✉♥t♦

❞❡ ❧♦s ♣✉♥t♦s ❡①tr❡♠♦s ❞❡ P s❡ ❞❡♥♦t❛ vert(P )✳ ❚♦❞♦ ♣♦❧✐t♦♣♦ ❡s ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❞❡ s✉s ✈ért✐❝❡s✱

② s✐ P = conv(K) ❡♥t♦♥❝❡s vert(P ) ⊆ K✳

❆✳✸✳ ❈♦♠♣❧❡❥✐❞❛❞ ❝♦♠♣✉t❛❝✐♦♥❛❧

❯♥ ♣r♦❜❧❡♠❛ ❞❡ ❞❡❝✐s✐ó♥ Π ❝♦♥s✐st❡ ❡♥ ✉♥ ❝♦♥❥✉♥t♦ DΠ ❞❡ ✐♥st❛♥❝✐❛s ② ✉♥ s✉❜❝♦♥❥✉♥t♦ YΠ ⊆ DΠ ❞❡

✐♥st❛♥❝✐❛s ❛✜r♠❛t✐✈❛s✳ ❊❧ ❝♦♥❥✉♥t♦ ❞❡ ✐♥st❛♥❝✐❛s ❡s ❣❡♥❡r❛❧♠❡♥t❡ ❞❡s❝r✐♣t♦ ♣♦r ✉♥❛ ❞❡✜♥✐❝✐ó♥ ❣❡♥❡r❛❧

❞❡ t♦❞♦s s✉s ♣❛rá♠❡tr♦s✱ ② ❧❛s ✐♥st❛♥❝✐❛s ❛✜r♠❛t✐✈❛s s♦♥ ❞❡✜♥✐❞❛s ♣♦r ✉♥❛ ♣r❡❣✉♥t❛✱ ❝✉②❛ r❡s♣✉❡st❛

❡s ✏sí✑ ♦ ✏♥♦✑✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡❧ ♣r♦❜❧❡♠❛✳ ❊♥ ❡st❡ ♠❛r❝♦✱ ✉♥❛ ✐♥st❛♥❝✐❛ ❞❡❧ ♣r♦❜❧❡♠❛ s❡

♦❜t✐❡♥❡ ❡s♣❡❝✐✜❝❛♥❞♦ ✈❛❧♦r❡s ♣❛rt✐❝✉❧❛r❡s ♣❛r❛ t♦❞♦s ❧♦s ♣❛rá♠❡tr♦s ❞❡❧ ♣r♦❜❧❡♠❛✳ ❆s✉♠✐♠♦s q✉❡ ❝❛❞❛

♣r♦❜❧❡♠❛ t✐❡♥❡ ✉♥ ❡sq✉❡♠❛ ❞❡ ❝♦❞✐✜❝❛❝✐ó♥✱ q✉❡ ♠❛♣❡❛ ✐♥st❛♥❝✐❛s ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❝❛❞❡♥❛s ✜♥✐t❛s ❞❡

✉♥ ❛❧❢❛❜❡t♦ ❞❛❞♦✳ ▲❛ ❧♦♥❣✐t✉❞ ❞❡ ❧❛ ❡♥tr❛❞❛ ❞❡ ✉♥❛ ✐♥st❛♥❝✐❛ I ∈ DΠ ❡stá ❞❡✜♥✐❞❛ ♣♦r ❧❛ ❝❛♥t✐❞❛❞ ❞❡

sí♠❜♦❧♦s ❡♥ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ♦❜t❡♥✐❞❛ ❛ ♣❛rt✐r ❞❡❧ ❡sq✉❡♠❛ ❞❡ ❝♦❞✐✜❝❛❝✐ó♥ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛✱ ② s❡ ❞❡♥♦t❛

▲❡♥❣t❤✭I✮✳ ▲❛ ❢✉♥❝✐ó♥ ❞❡ ❧♦♥❣✐t✉❞ ▲❡♥❣t❤✿ DΠ → Z+ ❡s ✉t✐❧✐③❛❞❛ ❝♦♠♦ ❧❛ ♠❡❞✐❞❛ ❢♦r♠❛❧ ❞❡❧ t❛♠❛ñ♦

❞❡ ❧❛ ✐♥st❛♥❝✐❛✳

▲❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦♠♣❧❡❥✐❞❛❞ ❝♦♠♣✉t❛❝✐♦♥❛❧ TA : Z+ → Z+ ❞❡ ✉♥ ❛❧❣♦r✐t♠♦ A ❡①♣r❡s❛ s✉s r❡q✉❡r✐✲

♠✐❡♥t♦s ❞❡ t✐❡♠♣♦ ❞❛♥❞♦✱ ♣❛r❛ ❝❛❞❛ ♣♦s✐❜❧❡ ❧♦♥❣✐t✉❞ ❞❡ ❧❛ ❡♥tr❛❞❛✱ ❧❛ ♠❛②♦r ❝❛♥t✐❞❛❞ ❞❡ ♦♣❡r❛❝✐♦♥❡s

❡❧❡♠❡♥t❛❧❡s ❞❡❧ ❛❧❣♦r✐t♠♦ ♣❛r❛ r❡s♦❧✈❡r ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❡s❡ t❛♠❛ñ♦✳ ❯♥ ❛❧❣♦r✐t♠♦ A s❡ ❧❧❛♠❛ ❛❧❣♦r✐t✲

♠♦ ❞❡ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ s✐ ❡①✐st❡ ✉♥❛ ❢✉♥❝✐ó♥ ♣♦❧✐♥ó♠✐❝❛ p : R → R t❛❧ q✉❡ TA(n) ≤ p(n) ♣❛r❛ t♦❞♦

n ∈ Z+✳ ▲❛ ❝❧❛s❡ P ❡stá ❢♦r♠❛❞❛ ♣♦r ❧♦s ♣r♦❜❧❡♠❛s q✉❡ ♣✉❡❞❡♥ r❡s♦❧✈❡rs❡ ♣♦r ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ t✐❡♠♣♦

♣♦❧✐♥♦♠✐❛❧✳

❯♥ ❛❧❣♦r✐t♠♦ ♥♦ ❞❡t❡r♠✐♥íst✐❝♦ ❡s ✉♥ ❛❧❣♦r✐t♠♦ ❢♦r♠❛❞♦ ♣♦r ✉♥❛ ❡t❛♣❛ ❞❡ ♣r❡❞✐❝❝✐ó♥ ② ✉♥❛ ❡t❛♣❛ ❞❡

✈❡r✐✜❝❛❝✐ó♥✳ ❉❛❞❛ ✉♥❛ ✐♥st❛♥❝✐❛ ❞❡❧ ♣r♦❜❧❡♠❛✱ ❧❛ ❡t❛♣❛ ❞❡ ♣r❡❞✐❝❝✐ó♥ ❣❡♥❡r❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ♠❛♥❡r❛

♥♦ ❞❡t❡r♠✐♥íst✐❝❛✳ ▲✉❡❣♦ s❡ ✐♥❣r❡s❛ ❡st❛ ❡str✉❝t✉r❛ ❛ ❧❛ ❡t❛♣❛ ❞❡ ✈❡r✐✜❝❛❝✐ó♥✱ q✉❡ ❝♦♠♣✉t❛ ❞❡ ♠❛♥❡r❛

❞❡t❡r♠✐♥íst✐❝❛ ♥♦r♠❛❧ ② t❡r♠✐♥❛ ❝♦♥ ✉♥❛ r❡s♣✉❡st❛ ❞❡ ✏sí✑ ♦ ✏♥♦✑✳ ❯♥ ❛❧❣♦r✐t♠♦ ♥♦ ❞❡t❡r♠✐♥íst✐❝♦

r❡s✉❡❧✈❡ ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❞❡❝✐s✐ó♥ s✐ ❡①✐st❡ ❛❧❣✉♥❛ ❡str✉❝t✉r❛ ♣r❡❞✐❝❤❛ t❛❧ q✉❡ ❡♥ ❧❛ ❡t❛♣❛ ❞❡ ✈❡r✐✜❝❛❝✐ó♥

r❡s♣♦♥❞❡ ✏sí✑ s✐ ② s♦❧♦ s✐ ❧❛ ✐♥st❛♥❝✐❛ ❡s ❛✜r♠❛t✐✈❛✳ ❯♥ ❛❧❣♦r✐t♠♦ ♥♦ ❞❡t❡r♠✐♥íst✐❝♦ s❡ ❞✐❝❡ q✉❡ ♦♣❡r❛

❡♥ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ s✐ ♣❛r❛ t♦❞❛ ✐♥st❛♥❝✐❛ ❛✜r♠❛t✐✈❛ ❤❛② ❛❧❣✉♥❛ ❡str✉❝t✉r❛ ♣r❡❞✐❝❤❛ q✉❡ ❝♦♥❞✉❝❡ ❛



❆✳✸✳ ❈♦♠♣❧❡❥✐❞❛❞ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✽✽

❧❛ ❡t❛♣❛ ❞❡ ✈❡r✐✜❝❛❝✐ó♥ ❛ ✉♥❛ r❡s♣✉❡st❛ ❛✜r♠❛t✐✈❛ ❡♥ ✉♥ t✐❡♠♣♦ ❛❝♦t❛❞♦ ♣♦r ✉♥❛ ❢✉♥❝✐ó♥ ♣♦❧✐♥ó♠✐❝❛

❡♥ ❡❧ t❛♠❛ñ♦ ❞❡ ❡♥tr❛❞❛✳ ▲❛ ❝❛s❡ NP s❡ ❞❡✜♥❡ ❝♦♠♦ t♦❞♦s ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ❞❡❝✐s✐ó♥ q✉❡ s❡ r❡s✉❡❧✈❡♥

♣♦r ✉♥ ❛❧❣♦r✐t♠♦ ♥♦ ❞❡t❡r♠✐♥íst✐❝♦ ❡♥ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✳ ❈❧❛r❛♠❡♥t❡ P ⊂ NP✱ ♣❡r♦ ♥♦ s❡ ❝♦♥♦❝❡ s✐

❡st❛ ✐♥❝❧✉s✐ó♥ ❡s ❡str✐❝t❛ ♦ ♥♦✳

❯♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❞❡❝✐s✐ó♥ Π ❛ ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❞❡❝✐s✐ó♥ Π′ ❡s ✉♥❛

❢✉♥❝✐ó♥ f : DΠ → DΠ′ t❛❧ q✉❡ f ❡s ❝❛❧❝✉❧❛❞❛ ♣♦r ✉♥ ❛❧❣♦r✐t♠♦ ❞❡t❡r♠✐♥íst✐❝♦ ❡♥ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧

②✱ ♣❛r❛ t♦❞♦ I ∈ DΠ✱ I ∈ YΠ s✐ ② s♦❧♦ s✐ f(I) ∈ YΠ′ ✳ ❙✐ ❤❛② ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ♣♦❧✐♥♦♠✐❛❧ ❞❡ Π ❛

Π′✱ ❡s❝r✐❜✐♠♦s Π ∝ Π′✳ ❊s ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❧❛ r❡❧❛❝✐ó♥ ✐♥❞✉❝✐❞❛ ♣♦r ∝ ❡s tr❛♥s✐t✐✈❛ ② r❡✢❡①✐✈❛✳ ❯♥

♣r♦❜❧❡♠❛ ❞❡ ❞❡❝✐s✐ó♥ Π s❡ ❞❡✜♥❡ ❝♦♠♦ NP✲❝♦♠♣❧❡t♦ s✐ Π ∈ NP ② Π ∝ Π′ ♣❛r❛ t♦❞♦ Π′ ∈ NP✳ P❛r❛

❞❡♠♦str❛r q✉❡ ✉♥ ❞❡t❡r♠✐♥❛❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡❝✐s✐ó♥ Π ❡s NP✲❝♦♠♣❧❡t♦✱ ❡s s✉✜❝✐❡♥t❡ ❞❡♠♦str❛r q✉❡

Π ∈ NP ② q✉❡ Π′ ∝ Π ♣❛r❛ ❛❧❣ú♥ ♣r♦❜❧❡♠❛ NP✲❝♦♠♣❧❡t♦ Π′✳ ❙✐ Π ❡s NP✲❝♦♠♣❧❡t♦✱ ❡♥t♦♥❝❡s ❡①✐st❡

✉♥ ❛❧❣♦r✐t♠♦ ❞❡ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ q✉❡ r❡s✉❡❧✈❡ Π s✐ ② s♦❧♦ s✐ P = NP ✳

❯♥ ♣r♦❜❧❡♠❛ ❞❡ ❜úsq✉❡❞❛ Π ❝♦♥s✐st❡ ❡♥ ✉♥ ❝♦♥❥✉♥t♦DΠ ❞❡ ✐♥st❛♥❝✐❛s ②✱ ♣❛r❛ ❝❛❞❛ ✐♥st❛♥❝✐❛ I ∈ DΠ✱

✉♥ ❝♦♥❥✉♥t♦ SΠ(I) ❞❡ s♦❧✉❝✐♦♥❡s✳ ❉❡❝✐♠♦s q✉❡ ✉♥ ❛❧❣♦r✐t♠♦ r❡s✉❡❧✈❡ ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❜úsq✉❡❞❛ Π s✐✱

❞❛❞❛ ❝✉❛❧q✉✐❡r ✐s♥t❛♥❝✐❛ I ∈ DΠ ❝♦♠♦ ❡♥tr❛❞❛✱ ❞❡✈✉❡❧✈❡ ❛❧❣✉♥❛ s♦❧✉❝✐ó♥ ♣❡rt❡♥❡❝✐❡♥t❡ ❛ SΠ(I) s✐❡♠♣r❡

q✉❡ ❡st❡ ❝♦♥❥✉♥t♦ ♥♦ s❡❛ ✈❛❝í♦✳ ❯♥❛ r❡❞✉❝❝✐ó♥ ❞❡ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❜úsq✉❡❞❛ Π ❛

✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❜úsq✉❡❞❛ Π′ ❡s ✉♥ ❛❧❣♦r✐t♠♦ A q✉❡ r❡s✉❡❧✈❡ Π ✉t✐❧✐③❛♥❞♦ ✉♥❛ s✉❜r✉t✐♥❛ ❤✐♣♦tét✐❝❛ S

♣❛r❛ r❡s♦❧✈❡r Π′ t❛❧ q✉❡✱ s✐ S ❡s ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ Π′ ❡♥t♦♥❝❡s A ❡s ✉♥ ❛❧❣♦r✐t♠♦

❞❡ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ Π✳ ❙✐ ❡①✐st❡ ✉♥❛ r❡❞✉❝❝✐ó♥ ❞❡ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ ❞❡ Π ❛ Π′ ✱ ❡s❝r✐❜✐♠♦s

Π ∝R Π′✳ ❯♥ ♣r♦❜❧❡♠❛ ❞❡ ❜úsq✉❡❞❛ Π ❡s NP✲❤❛r❞ s✐ ❡①✐st❡ ❛❧❣ú♥ ♣r♦❜❧❡♠❛ NP✲❝♦♠♣❧❡t♦ Π′ t❛❧ q✉❡

Π′ ∝R Π✳ ❯♥ ♣r♦❜❧❡♠❛ ❞❡ ❜úsq✉❡❞❛ NP✲❤❛r❞ ♥♦ ♣✉❡❞❡ s❡r r❡s✉❡❧t♦ ❡♥ t✐❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ ❛ ♠❡♥♦s

q✉❡ P = NP ✳



❆♣é♥❞✐❝❡ ❇

❍❡rr❛♠✐❡♥t❛s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s

❊❧ ❡st✉❞✐♦ ♣♦❧✐❡❞r❛❧ r❡❛❧✐③❛❞♦ ❡♥ ❡st❛ t❡s✐s s❡ ✈✐♦ ❛♣♦②❛❞♦ ♣♦r ❤❡rr❛♠✐❡♥t❛s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s q✉❡

♣❡r♠✐t✐❡r♦♥ ❛♥❛❧✐③❛r ❡❧ ♣♦❧✐❡❞r♦ ❞❡ ❝♦❧♦r❡♦ ❛❝í❝❧✐❝♦ ♣❛r❛ ✐♥st❛♥❝✐❛s ♣❡q✉❡ñ❛s✳ ❊st♦ ❡s ❤❛❜✐t✉❛❧ ❡♥ ❧❛

❞✐s❝✐♣❧✐♥❛✱ ❞❛❞♦ q✉❡ ❡①✐st❡♥ ❤❡rr❛♠✐❡♥t❛s q✉❡ ♣❡r♠✐t❡♥ ❝❛r❛❝t❡r✐③❛r ❡♥ ❢♦r♠❛ ❝♦♠♣❧❡t❛ ❧❛s ❢❛❝❡t❛s ❞❡

✐♥st❛♥❝✐❛s ♣❡q✉❡ñ❛s✱ ② ❡st♦s r❡s✉❧t❛❞♦s ❤❛❜✐t✉❛❧♠❡♥t❡ s♦♥ ❧❛ ❜❛s❡ s♦❜r❡ ❧❛ ❝✉❛❧ s❡ ♦❜t✐❡♥❡♥ ❞❡s✐❣✉❛❧✲

❞❛❞❡s ✈á❧✐❞❛s ❣❡♥❡r❛❧❡s✳ ❊♥ ❡st❡ ❛♥❡①♦ ❞❡s❝r✐❜✐♠♦s ❜r❡✈❡♠❡♥t❡ ❧❛s ❤❡rr❛♠✐❡♥t❛s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s q✉❡

s❡ ✉t✐❧✐③❛r♦♥ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ t❡s✐s✳

❇✳✶✳ P❖❘❚❆

P❖❘❚❆ ❡s ✉♥ ❝♦♥❥✉♥t♦ ❞❡ r✉t✐♥❛s ♣❛r❛ ❛♥❛❧✐③❛r ♣♦❧✐t♦♣♦s ② ♣♦❧✐❡❞r♦s✳ P❖❘❚❆ ❡s ❧❛ ❛❜r❡✈✐❛t✉r❛

❞❡ P❖❧②❤❡❞r♦♥ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚r❛♥s❢♦r♠❛t✐♦♥ ❆❧❣♦r✐t❤♠ ② ❤❛❝❡ r❡❢❡r❡♥❝✐❛ ❛ ✉♥❛ ❞❡ s✉s ❢✉♥❝✐♦♥❡s

❜ás✐❝❛s✳ ▲♦s ♣♦❧✐❡❞r♦s s❡ ♣✉❡❞❡♥ r❡♣r❡s❡♥t❛r ❝♦♠♦ ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s ♠ás

❡❧ ❝♦♥♦ ❝♦♥✈❡①♦ ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✈❡❝t♦r❡s ♦ ❝♦♠♦ ✉♥ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ② ❞❡s✐❣✉❛❧❞❛❞❡s ❧✐♥❡❛❧❡s✳

P❖❘❚❆ r❡❛❧✐③❛ ❧❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❞❡ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❤❛❝✐❛ ❧❛ ♦tr❛✳ ❊♥ ♥✉❡str♦ ❝❛s♦ t❡♥❡♠♦s ❧❛

r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ♥✉❡str♦ ♣♦❧✐❡❞r♦ ❝♦♠♦ ❧❛ ❝á♣s✉❧❛ ❝♦♥✈❡①❛ ❞❡ ❧♦s ♣✉♥t♦s q✉❡ ❝✉♠♣❧❡♥ ✉♥ s✐st❡♠❛ ❞❡

❡❝✉❛❝✐♦♥❡s ② ❞❡s✐❣✉❛❧❞❛❞❡s ❧✐♥❡❛❧❡s✳ ❙❡ ❡s♣❡❝✐✜❝❛ ❡st❡ s✐st❡♠❛ ❡♥ ✉♥ ❛r❝❤✐✈♦ ❝♦♥ ❢♦r♠❛t♦ ✳✐❡q✳ ❆❞❡♠ás

❞❡ ❡st❛ ✐♥❢♦r♠❛❝✐ó♥✱ ❡❧ ❛r❝❤✐✈♦ ❞❡❜❡ ❝♦♥t❡♥❡r ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ✈❛r✐❛❜❧❡s✱ ❝♦t❛s s✉♣❡r✐♦r❡s ❡ ✐♥❢❡r✐♦r❡s ❞❡

❝❛❞❛ ✈❛r✐❛❜❧❡ ② ✉♥❛ s♦❧✉❝✐ó♥ ❢❛❝t✐❜❧❡✳ ❯♥❛ ✈❡③ ♦❜t❡♥✐❞♦ ❡❧ ❛r❝❤✐✈♦ ❝♦♥ t♦❞❛s ❧❛s s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s✱

P❖❘❚❆ r❡❛❧✐③❛ ❧❛ tr❛♥s❢♦r♠❛❝✐ó♥ ♦❜t❡♥✐❡♥❞♦ ✉♥ ❛r❝❤✐✈♦ ❝♦♥ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡❧ ♣♦❧✐❡❞r♦ ❛ tr❛✈és ❞❡

t♦❞❛s s✉s ❢❛❝❡t❛s✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ♥✉❡str♦ ♣r♦❜❧❡♠❛✱ P❖❘❚❆ r❡s♦❧✈✐ó ♠✉② ♣♦❝❛s ✐♥st❛♥❝✐❛s✱ t♦❞❛s ❝♦♥ ✉♥ ♥ú♠❡r♦

♠✉② ♣❡q✉❡ñ♦ ❞❡ ✈❛r✐❛❜❧❡s✳ ❊♥ ❧❛ ♠❛②♦rí❛ ❞❡ ❧♦s ❝❛s♦s ♥✐ s✐q✉✐❡r❛ ♦❜t✉✈✐♠♦s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ s♦❧✉❝✐♦♥❡s

✽✾



❇✳✸✳ ❧rs ✾✵

❢❛❝t✐❜❧❡s✳ P♦r ❡st♦ ✐♠♣❧❡♠❡♥t❛♠♦s ✉♥ ♣r♦❣r❛♠❛ ❡♥ ❥❛✈❛ ♣❛r❛ ❣❡♥❡r❛r t♦❞❛s ❧❛s s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s ❞❡

❛❧❣✉♥❛s ✐♥st❛♥❝✐❛s✳

❇✳✷✳ Pr♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛❝✐ó♥ ❧✐♥❡❛❧

❊♥ ✉♥ ✐♥t❡♥t♦ ♣♦r ♦❜t❡♥❡r ❢❛❝❡t❛s ❞❡ ❧❛s ✐♥st❛♥❝✐❛s q✉❡ ♥♦ ♣✉❞✐❡r♦♥ s❡r ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r P❖❘❚❆✱

❞❡❝✐❞✐♠♦s tr❛❜❛❥❛r ❝♦♥ ❡❧ ♣♦❧❛r ❞❡❧ ♣♦❧✐❡❞r♦ ♣❛r❛ ❛❧❣✉♥❛s ✐♥st❛♥❝✐❛s ❝✉②❛s s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s ♣♦❞í❛♥

s❡r ❡♥✉♠❡r❛❞❛s ❡♥ ❢♦r♠❛ ❝♦♠♣❧❡t❛ ❝♦♥ ♥✉❡str❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❡♥ ❥❛✈❛✳

❉❡✜♥✐❝✐ó♥ ❇✳✶✳ ❊❧ ♣♦❧❛r ❞❡❧ ♣♦❧✐❡❞r♦ P = {x ∈ R
n : Ax ≤ b} ❡s ❡❧ ❝♦♥❥✉♥t♦ Π = {(π, π0) ∈ R

n+1 :

πx− π0 ≤ 0, ∀x ∈ P} ❞❡ t♦❞❛s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s ❞❡ P ✳

▲❛s s♦❧✉❝✐♦♥❡s ❢❛❝t✐❜❧❡s ❞❡❧ ♣r♦❜❧❡♠❛ ❡s♣❡❝✐✜❝❛♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ❞❡✜♥❡♥ ❡❧

♣♦❧❛r ❞❡❧ ♣♦❧✐❡❞r♦✳ ❊❧ ♣♦❧❛r ❡s ✉♥ ❝♦♥♦ ♣♦❧✐❡❞r❛❧ ❝✉②♦s r❛②♦s ❡①tr❡♠♦s ♣❡r♠✐t❡♥ ❝❛r❛❝t❡r✐③❛r ❧❛s ❢❛❝❡t❛s

❞❡ P ✳

❚❡♦r❡♠❛ ❇✳✶✳ ❬✾✼❪ ❙✐ dim(P ) = n✱ rg(A) = n✱ ② π∗ 6= 0✱ ❡♥t♦♥❝❡s (π∗, π∗
0) ❡s ✉♥ r❛②♦ ❡①tr❡♠♦ ❞❡ Π

s✐ ② s♦❧♦ s✐ (π∗, π∗
0) ❞❡✜♥❡ ✉♥❛ ❢❛❝❡t❛ ❞❡ P ✳

P♦r ❧♦ t❛♥t♦✱ ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❡♥❝♦♥tr❛r ❢❛❝❡t❛s ❞❡❧ ♣♦❧✐❡❞r♦✱ ❞❡❝✐❞✐♠♦s ❝♦rt❛r ❡❧ ❝♦♥♦ ❝♦♥ ❛❧❣✉♥❛

✐❣✉❛❧❞❛❞✱ ♣♦r ❡❥❡♠♣❧♦
∑

i πi = 1 ② ❧✉❡❣♦ ♦♣t✐♠✐③❛♠♦s ❞✐❢❡r❡♥t❡s ❢✉♥❝✐♦♥❡s ♦❜❥❡t✐✈♦ s♦❜r❡ ❡st❡ ♥✉❡✈♦

♣♦❧✐❡❞r♦✳ ❉❛❞♦ q✉❡ ést❡ ❡s ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛❝✐ó♥ ❧✐♥❡❛❧✱ ✉t✐❧✐③❛♠♦s ❡❧ s♦❧✈❡r ❙❈■P✳ ❯t✐❧✐③❛♥❞♦

❡st❡ ♠ét♦❞♦ s♦❧♦ ❡♥❝♦♥tr❛♠♦s ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s tr✐✈✐❛❧❡s ② ❛❧❣✉♥❛s ❢❛❝❡t❛s q✉❡ ❡r❛♥ ❝♦♠❜✐♥❛❝✐♦♥❡s

❧✐♥❡❛❧❡s ❞❡ ❧❛s ②❛ ❡♥❝♦♥tr❛❞❛s✳

❇✳✸✳ ❧rs

❊❧ ❛❧❣♦r✐t♠♦ ❧rs ❞❡ ❡♥✉♠❡r❛❝✐ó♥ ❞❡ ✈ért✐❝❡s ❡stá ❜❛s❛❞♦ ❡♥ ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❜úsq✉❡❞❛ r❡✈❡rs❛ ❞❡

❆✈✐s ② ❋✉❦✉❞❛ ✭✶✾✾✷✮✳ ▲❛ ♣r✐♥❝✐♣❛❧ ❢✉♥❝✐ó♥ ❞❡ ❡st❡ ♣r♦❣r❛♠❛ ❡s ❤❛❧❧❛r ✈ért✐❝❡s ② r❛②♦s ❡①tr❡♠♦s ❞❡ ✉♥

♣♦❧✐❡❞r♦ q✉❡ ❡stá ❞❡s❝r✐♣t♦ ♣♦r ✉♥ s✐st❡♠❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❧✐♥❡❛❧❡s✳

❆❧ tr❛❜❛❥❛r ❝♦♥ ❡❧ ❛❧❣♦r✐t♠♦ ❧rs s♦❜r❡ ❡❧ ❝♦♥♦ ❞❡❧ ♣♦❧❛r tr✉♥❝❛❞♦✱ ♦❜t✉✈✐♠♦s ❧♦s ✈ért✐❝❡s ❞❡❧ ♣♦❧✐❡❞r♦

r❡s✉❧t❛♥t❡✱ q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❢❛❝❡t❛s ❞❡❧ ♣♦❧✐❡❞r♦ P ✳ ❊st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ ♥♦s ♣❡r♠✐t✐ó ❡♥❝♦♥tr❛r

❛❧❣✉♥❛s ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ❧✉❡❣♦ ❢✉❡r♦♥ ❣❡♥❡r❛❧✐③❛❞❛s ② r❡s✉❧t❛r♦♥ ❡♥ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s

❜❛s❦❡t ✭✹✳✻✮✳



❇✐❜❧✐♦❣r❛❢í❛

❬✶❪ ◆✳ ❆❣✉✐❧❡r❛✱ ❙✳ ❇✐❛♥❝❤✐✱ ② ●✳ ◆❛s✐♥✐✱ ❘❡❧❛❝✐♦♥❡s ❡♥tr❡ ❧♦s r❛♥❣♦s ❞❡ ❧❛s ❢❛❝❡t❛s ❞❡ ♣r♦❜❧❡♠❛s

❛s♦❝✐❛❞♦s ❛ ♠❛t❝❤✐♥❣✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❳❱■■■ ❏❆■■❖ ✭✶✾✾✾✮ ✶✵✕✷✶✳

❬✷❪ ❘✳ ❆❤✉❥❛✱ ❚✳ ▼❛❣♥❛♥t✐✱ ② ❏✳ ❖r❧✐♥✱ ◆❡t✇♦r❦ ❋❧♦✇s✿ ❚❤❡♦r②✱ ❆❧❣♦r✐t❤♠s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ Pr❡♥t✐❝❡

❍❛❧❧✱ ✶✾✾✸✳

❬✸❪ ▼✳ ❖✳ ❆❧❜❡rts♦♥ ② ❉✳ ▼✳ ❇❡r♠❛♥✱ ❚❤❡ ❛❝②❝❧✐❝ ❝❤r♦♠❛t✐❝ ♥✉♠❜❡r✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❙❡✈❡♥t❤ ❙♦✉t✲

❤❡❛st❡r♥ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠❜✐♥❛t♦r✐❝s✱ ●r❛♣❤ ❚❤❡♦r② ❛♥❞ ❈♦♠♣✉t✐♥❣✱ ❈♦♥❣r❡ss✉s ◆✉♠❡r❛♥t✐✉♠✱

❳❱■■ ✭✶✾✼✻✮✱ ✺✶✕✻✾✳

❬✹❪ ▼✳ ❖✳ ❆❧❜❡rts♦♥ ② ❉✳ ▼✳ ❇❡r♠❛♥✱ ❊✈❡r② ♣❧❛♥❛r ❣r❛♣❤ ❤❛s ❛♥ ❛❝②❝❧✐❝ ✼✲❝♦❧♦r✐♥❣✱ ■sr❛❡❧ ❏♦✉r♥❛❧ ♦❢

▼❛t❤❡♠❛t✐❝s ✷✽ ✭✶✾✼✼✮ ✶✻✾✕✶✼✹✳

❬✺❪ ▼✳ ❖✳ ❆❧❜❡rts♦♥ ② ❉✳ ▼✳ ❇❡r♠❛♥✱ ❆♥ ❛❝②❝❧✐❝ ❛♥❛❧♦❣✉❡ t♦ ❍❡❛✇♦♦❞✬s t❤❡♦r❡♠✱ ●❧❛s❣♦✇ ▼❛t❤❡✲

♠❛t✐❝❛❧ ❏♦✉r♥❛❧ ✶✾ ✭✶✾✼✽✮ ✶✻✸✕✶✻✻✳

❬✻❪ ▼✳ ❖✳ ❆❧❜❡rts♦♥✱ ●✳ ●✳ ❈❤❛♣♣❡❧❧✱ ❍✳ ❆✳ ❑✐❡rst❡❛❞✱ ❆✳ ❑ü♥❞❣❡♥✱ ② ❘✳ ❘❛♠❛♠✉rt❤✐✱ ❈♦❧♦r✐♥❣ ✇✐t❤

♥♦ ✷✲❝♦❧♦r❡❞ P4✬s✱ ❊❧❡❝tr♦♥✐❝ ❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦r✐❝s ✶✶ ★❘✷✻ ✭✷✵✵✹✮✳

❬✼❪ ◆✳ ❆❧♦♥✱ ❈✳ ▼❝❉✐❛r♠✐❞✱ ② ❇✳ ❘❡❡❞✱ ❆❝②❝❧✐❝ ❝♦❧♦✉r✐♥❣ ♦❢ ❣r❛♣❤s✱❘❛♥❞♦♠ ❙tr✉❝t✉r❡s ❛♥❞ ❆❧❣♦r✐t❤♠s

✷ ✭✶✾✾✶✮ ✷✼✼✕✷✽✽✳

❬✽❪ ◆✳ ❆❧♦♥✱ ❇✳ ▼♦❤❛r✱ ② ❉✳P✳ ❙❛♥❞❡rs✱ ❖♥ ❛❝②❝❧✐❝ ❝♦❧♦r✐♥❣s ♦❢ ❣r❛♣❤s ♦♥ s✉r❢❛❝❡s✱ ■sr❛❡❧ ❏♦✉r♥❛❧ ♦❢

▼❛t❤❡♠❛t✐❝s ✾✹ ✭✶✾✾✻✮ ✷✼✸✕✷✽✸✳
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